SIMULTANEOUS RATIONAL APPROXIMATION TO
SUCCESSIVE POWERS OF A REAL NUMBER

ANTHONY POELS AND DAMIEN ROY

ABSTRACT. We develop new tools leading, for each integer n > 4, to a significantly improved
upper bound for the uniform exponent of rational approximation Xn(f) to successive powers
1,€,...,&" of a given real transcendental number £. As an application, we obtain a refined
lower bound for the exponent of approximation to & by algebraic integers of degree at most
n + 1. The new lower bound is n/2 4+ a/n + 4/3 with a = (1 — log(2))/2 ~ 0.153, instead
of the current n/2 4+ O(1).

1. INTRODUCTION

In their seminal 1969 paper [§], Davenport and Schmidt introduce a novel approach to
study how well a given real number & may be approximated by algebraic integers of degree
at most n + 1, for a given positive integer n. Using geometry of numbers, they show that if,
for some ¢ > 0 and A > 0, there are arbitrarily large values of X for which the conditions

: < P <eX
(1.1) lzo] < X and 1%%}(”]:505 x| <X

admit no non-zero integer solution x = (xy,...,,) € Z"!, then for some ¢ > 0 there are

infinitely many algebraic integers a of degree at most n + 1 such that
€ —af < dH(a)™/

where H () stands for the height of a, namely the largest absolute value of the coefficients of
its irreducible polynomial over Z. Assuming that £ is not itself an algebraic number of degree
at most n, they further show that admissible values for A are A = 1if n = 1, A = (=1++/5)/2
ifn=2 A=1/2ifn=3and A =1/|n/2| if n > 4. Since then, their results have been
extended to many other settings which include approximation to & by algebraic integers
of a given degree [6], by algebraic units of a given degree [27] and by conjugate algebraic
integers [19]. A p-adic analog is given in [28] and an extension to a variety of inhomogeneous
problems is proposed in [4]. Refined values for A have also been established by Laurent [10],
by Schleischitz [22), 23] and by Badziahin [1].

For each ¢ € R and each integer n > 1, let /):n(f) (resp. A\n(&)) denote the supremum
of all A > 0 such that, for ¢ = 1, the conditions (1.1) admit a non-zero integer solution
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x = (zg,...,x,) € Z"" for each sufficiently large X (resp. for arbitrarily large values of X).
Further, let 7,,41(§) denote the supremum of all 7 > 0 for which there exist infinitely many
algebraic integers a of degree at most n + 1 with [ — «| < H(a)~7. Then, in crude form,
the observation of Davenport and Schmidt is that

(1.2) a1 (6) 2 M(©) 71+ 1.

Thus any upper bound on /):n(f ) yields a lower bound on 7,.1(&).

Assume now that £ is not itself an algebraic number of degree at most n, namely that
1,€,...,&" are linearly independent over Q, or equivalently that [Q(£) : Q] > n. Then a
result of Dirichlet [24], §11.1, Theorem 1A] yields 1/n < Xn(ﬁ) and, expecting the equality, it
is natural to conjecture that 7,,41(§) > n+ 1 as in |25, §5]. For n = 1, we have /)\\1(5) =1
and the conjectured lower bound 75(§) > 2 follows. However, for n = 2, the upper bound
Xg(f) < (=1 ++/5)/2 = 0.618 from [8, Theorem 1a] is best possible by [I5, Theorem 1.1],
and the corresponding lower bound 73(£) > (3 + 1/5)/2 = 2.618 is also best possible by [I6,
Theorem 1.1] (see also [20]). This disproves the natural conjecture for n = 2 and suggests
that it might be false as well for each n > 3. Any counterexample £ would have [Q(£) : Q] > n
and Xn(g) > 1/n. So, it would be transcendental over Q according to Schmidt’s subspace
theorem [24, §VI.1, Corollary 1E]. Although the existence of such number remains an open
problem for n > 3, we know by contrast large families of transcendental real numbers ¢ with
/):2(5) > 1/2. In chronological order, they are the extremal numbers £ of [15], the Sturmian
continued fractions of [B], Fischler’s numbers from [9], the Fibonacci type numbers of [17]
and the Sturmian type numbers of [I3], all contained in the very general class of numbers
studied in [14]. In particular, we know by [I7, Corollary] that the values As(€) with ¢ real
and transcendental form a dense subset of the interval [1/2, (—1 + v/5)/2].

For n > 3, recent progresses have been made on upper bounds for Xn(g ). The estimates
}:g(f) < 1/2 and Xn(g) < 1/|n/2] for n > 4 from [8, Theorems 2a and 4a] have been refined
by Laurent [10] to A, (€) < 1/[n/2] for each n > 3, together with an important simplification
in the proof. When n = 3, the best computed upper bound (yet not optimal) remains that
of [18],

-~

(1.3) X3(€) < a=04245-- -

where « is the root of the polynomial 1 — 3z + 42® — 2 in the interval [1/3,1/2]. For even
integers n = 2m > 4, Schleischitz [22], 23] refined the upper bound Xn(f) < 1/m by reducing
to the case where \,,(§) < 1/m and then by using a transference inequality of Marnat and
Moshchevitin [I1] relating A, (¢) and Xn(é’) Nevertheless, all those refinements, including
those of the recent preprint of Baziahin [I], are of the form A\,(¢) < 1/(n/2 + ¢,) with
0 < ¢, < 1. Our main result below improves significantly on this when n is large.
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Theorem 1.1. For any integer n > 2 and any & € R with [Q(€) : Q] > n, we have
~ 1
1.4 N (6) < .
(14) (f)_n/2+a\/ﬁ+1/3
where a = (1 —log(2))/2 = 0.1534.

Note that the multiplicative constant a in the denominator is not optimal and could be
improved with additional work. The same applies to the additive constant 1/3 given the

actual choice of a. In view of (1.2)), this gives

Tup1(§) > /2 +avn+4/3
for the same n and &.

As explained by Bugeaud in [3| Prop. 3.3|, the arguments of Davenport and Schmidt
leading to can also be adapted to Wirsing’s problem of approximating real numbers £
by algebraic numbers, yielding w?(§) > Xn(ﬁ)_l for any integer n > 1, where w? (&) denotes
the supremum of all w > 0 for which there exist infinitely many algebraic numbers « of
degree at most n with | — «| < H(a)™7'. Thus when [Q(£) : Q] > n, the inequality
implies that w*(¢) > n/2 + ay/n + 1/3. However, this is superseded by the recent
breakthrough of Badziahin and Schleischitz who showed in [2] that w?(£) > n/v/3 when
[Q(&) : Q] > n > 4. Previous to their work, the best lower bounds for large values of n were
of the form n/2 + O(1).

For small values of n, namely for n odd with 5 < n < 49 and for n even with 4 < n < 100,
we obtain the following estimates which improve on Theorem [I.1]

Theorem 1.2. Suppose that n = 2m+1 > 5 is odd. Then for each & € R with [Q(§) : Q] > n,

we have
)\2m+1<5) S (67%°%
2

where o, is the positive root of the polynomial P, (x) =1 — (m + 1)z — ma*.

Theorem 1.3. Suppose that n = 2m > 4 is even. Then for each & € R with [Q(§) : Q] > n,

we have

;\\2m (5) S 6771

where B3, is the positive root of the polynomial

1 —mx —ma* —m(m— 1Dz ifm >3,
Qm<x>: 2 3 4 ; —
1-3z+4+2°—22° - 22 if m=2.

Again, these upper bounds could be slightly improved with more work, at least for each
n > 6 (even or odd). Note that they are relatively close to 1/(m + 2) as one finds

! < < ! + 2 d ! < B < ! + ‘
e A an m
m + 2 m+2  (m+2)3 m + 2 m+2  (m+2)3
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for each m > 2. The table below shows how they compare to those of Laurent (L.) for odd
n < 13 and to those of Schleischitz (S.) and Badziahin (B.) for even n < 12.

n L. S. B. new

4 0.3706 - -- | 0.3660--- | 0.3370 - - -
5 110.3333--- 0.2807 - - -
6 0.2681--- | 0.2637--- | 0.2444 - - -
7 [ 0.2500 - - - 0.2152---
8 0.2107--- 1 0.2071--- | 0.1919 - - -
9 1 0.2000- - - 0.1753 - - -
10 0.1737--- | 0.1708 --- | 0.1587 - - -
11 ] 0.1666 - - - 0.1483 - - -
12 0.1478--- | 0.1454--- | 0.1357 - - -
131 0.1428 - - - 0.1286 - - -

Ficure 1. Upper bounds for /):n

For the proof we develop new tools. The main one concerns the behavior of the function
f(0) = dimU*(A) for £ € {0,1,...,n + 1} where A is any subspace of R""! and U*(A)
stands for the subspace of R" ! spanned by the images of A through the projections
(o, -y @p) > (T -+ s Thyne) for k= 0,...,¢, with the convention that U"**(A) = 0. In
Sections [3] and [4, we show that such a function is concave and monotone increasing as long
as U'(A) # R 1. We also study the degenerate cases where f(¢) < dim(A)+¢ < n—{+1.

In Section , we form a sequence of minimal points (x;);>o for ¢ in Z"*!, and recall how
the exponents Xn(f) and A, (§) can be computed from this data. Given integers 0 < j,¢ < n,
we say that Property P(7, £) holds if, for any subspace A = (x;,...,x,) of dimension at most
7 + 1 spanned by consecutive minimal points with a large enough initial index ¢, we have
dimU*(A) > dim(A) + ¢. This is a crucial notion with the remarkable feature that P(j, ()
implies P(j + 1,/ — 1) when ¢ > 1.

In Sections [f] and [7, we establish some consequences of Properties P(0,¢) and P(1,¢)
respectively and we provide lower bounds on Xn (&) which ensure that these properties hold.
In Section 6, we also study the general situation where P(j,¢ — 1) holds but not P(j, £) for
some integer ¢ > 1. In Sections [§ and [0 we provide two types of upper bounds for the
height of U*(A) when P(j, ¢) holds and A = (x;,...,%,) has dimension j + 1. In particular,
the estimate of Section [J] yields a strong constraint on the growth of the norms X; = ||x,].
These tools are combined in Section [10] to prove Theorem [I.1] Finally Theorems [I.2] and
are proved respectively in Sections [I2] and [I3] with the help of a new construction presented
in Section 11l
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We start in the next section by fixing some notation, including our notion of height for
the subspaces of R™ defined over Q.

2. HEIGHTS

For each integer m > 1, we view R™ as an Euclidean space for the usual scalar product
of points x, y € R™ written x -y, and we denote by ||x|| = v/x - x the Euclidean norm of a
point x € R™. For each integer k£ = 1,...,m, we also identify /\k R™ with R(%) via a choice
of ordering of the Pliicker coordinates and we denote by ||| the resulting Euclidean norm

of a point o € A*R™.
For any subset A of R™, we denote by (A) the linear subspace of R™ spanned by A over

R. When A is a finite set {xy,...,X;}, we simply write (x1,...,Xy).

Let V be an arbitrary vector subspace of R™ defined over Q. If V' # 0, we define its
height H(V') as the covolume of the lattice V' N Z™ inside V. Explicitly, if dim(V') = k and
if {x1,...,xx} is a basis of V NZ"™ over Z, then

For V' =0, we set H(0) = 1. Then, we have the duality relation
(2.2) H(\V)=H(V")

where V+ denotes the orthogonal complement of V' in R™ [26, Chapter I, §8]. In particular,
this gives H(R™) = H(0+) = 1. If x € Z™ is primitive, namely if the ged of its coordinates
is 1, we have H((x)) = H({x)) = ||x||. We will also need the following important inequality
of Schmidt

(2.3) HUNV)HU+V)< HU)H(V),
valid for any subspaces U and V of R™ defined over Q [26, Chapter I, Lemma 8A].
Finally, given £ € R and x = (g, ..., %) € Z™\ {0}, we define
_ J_ oy
Le(x) = max |zof” -,
and note that
Le() = [[Em Ax]| where Sy = (LE,..., ")
with implicit constants depending only on £ and m. The latter relation is instructive since
the product ||Z,, A x| ||Z,]7||x||~* represents the sine of the angle between Z,, and x. We

will repeatedly use the following generalization of [§, Lemma 9].

Lemma 2.1. Suppose that x,...,x; € Z™ are linearly independent. Then

k
H((xt,-xi) < o A Axgl| <Y [l T Ze(xs)
i=1 i
with an implied constant which depends only on & and m.
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This follows from (2.1) by writing x; = z,0=,, + A; for j = 1,... &k, where z;( stands
for the first coordinate of x;, and then by expanding the exterior product upon noting that
1A = Le(x;).

3. THREE CRUCIAL PROPOSITIONS

Let £,n be integers with 0 < ¢ < n. For each x = (zy,...,z,) € R"™! we denote by
xF0 = (23, .. Tpgng) € R (0 <k <0,
the points consisting of n + 1 — ¢ consecutive coordinates of x, and we denote by
Ul(x) = (x00 . xt0) C R+~
the vector subspace of R"*1~¢ which they generate. In general, for each non-empty subset

A of R"! we define
U'(A)=> U'(x) and U"'(A)=0.
xEA

Then, we have U* (U *(A)) = U (A) = U*((A)) for any integers 0 < k < £ <n+ 1.

k,0)

Our interest in the truncated points x**) comes from the fact that, when x € Z"*! and

¢ < n, they belong to Z"*1=* and, for given £ € R, they satisfy

(3.1) Ix®0 < x| and  Le(x®) < Le(x)

with implied constants depending only on ¢ and n. So Lemma yields

(3.2) HU (x)) < ||x]|Le(x)if d = dimU“(x) > 0.

In general, when A is a subspace of R*! defined over Q, the subspace U*(A) of R*+1-¢

is also defined over Q and, as the above example shows, we need some information on its

dimension in order to estimate its height.

In this section, we state three propositions concerning U*(A) as a function of ¢, for a fixed
subspace A of R™™!, but postpone their proofs to the next section. In order to state the first
one, we recall that a function f : {0,...,n+ 1} — R is convez if it satisfies the following

equivalent conditions

(1) f@) = f—1) < fli+1) = f(@) fori=1,....n;
2) f(j)—f(i) < f(k')—f(j)
J—t k—3j

whenever 0 <i < j <k <n+1.

We say that f is concave if —f is convex. We also fix a positive integer n.

Proposition 3.1. Let A be a subspace of R™L. Then f(¢) = dimU*(A) is a concave function
of £ €{0,...,n+1}. Moreover, there is an integer m € {0,...,n+1} for which the function
f is monotonically increasing on {0, ..., m}, while strictly decreasing with f(¢) =n — €+ 1
forte{m,...,n+ 1}.
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Figure [2|illustrates this result. Taking it for granted, we deduce a useful corollary.

F(0) = dimU“(A)

n—m-+1+

dim(A) s

0

FI1GURE 2. Graph of the piecewise linear function interpolating the values
f(0) = dimU*(A) at integers £ € {0,...,n+ 1}.

Corollary 3.2. Let A be a subspace of R™™ and let £ € {1,...,n}. Then

(i) min{dimU*(A), dim(A) + ¢ — 1} < dimU*~1(A);
(ii) min{dimU*~1(A), n — £+ 1} < dimU*(A).

Proof. Let f and m be as in Proposition . If fl—1)=n—~¢+2,then?{—12>m, so
f(0) =n—£€+1 and we are done. Otherwise the function f is concave and monotonically
increasing on {0,...,¢}, hence f(¢ —1) < f({), so (ii) holds. If f({ —1) = f(¢) orif £ =1,
then (i) also holds since f(0) = dimU"(A) = dim(A). So we may further assume that
f(¢—1) < f(¢) and that ¢ > 1. By concavity of f, we deduce that
(—1)—
PEDTO S p - pe-n =1
hence f({ —1) > f(0) + ¢ —1=dim(A) + ¢ — 1, and (i) holds again. O

The second proposition provides additional information in the degenerate situation where
dimU*(A) < dim(A) + ¢.

Proposition 3.3. Let j,¢ > 0 be integers with j + 20 < n, and let A be a subspace of R"*1
of dimension j+ 1 defined over Q. Suppose that
= dimU“(A) < j+ ¢,
and set V. =U""YA). Then, we have 0 < d—j—1<{<n—d and
dimU*(A) =d and HU'(A)) < H(V)" 4!

foreacht=d—j—1,...,n—d, with implied constants depending only on n. Moreover, for
such t and for x € R™™! the condition U'(x) C U'(A) is equivalent to U"%(x) C V, thus
independent of t.
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The last result exhibits the generic behavior of a family of linear maps.

Proposition 3.4. Let £ € {0,...,n} and let V be a subspace of R"~“*1. Suppose that a
vector subspace A of R satisfies dim(A) <n — €+ 1 and U*(A) € V. Then, there exists
a point a = (ayg, . ..,a;) € Z*+ with Zi:o lar] < (n+ 1) such that the linear map

Ta: Rn—i—l s Rn—f—i—l

(33) X — Zizoakx(k’@

is injective on A with T,(A) € V.

4. PROOFS OF THE THREE PROPOSITIONS

Our goal is to prove the statements of the preceding section by re-interpreting them in a
polynomial setting similar to that of [19]. In particular, we will connect the function f of
Proposition to the Hilbert-Samuel function of a graded module over a polynomial ring
in two variables. To this end, we start by fixing some notation.

Let E = R[T},T}] denote the ring of polynomials in two variables Ty and T over R, and
let D = R[dp, 01] denote the subring of Endg(FE) spanned by the partial derivatives

0 0
60—8_% and 51_8_E

restricted to E. It is easily seen that these commuting linear operators are algebraically
independent over R. Thus, D is a commutative ring isomorphic to E. In particular, both D
and F are graded rings (by the degree) as well as unique factorization domains. Moreover,
FE is a D-module for the natural action of the differential operators of D on F.

For each integer n > 0, we denote by E,, = R[Tg, T1],, and D,, = R[do, d1],, the homogeneous
parts of £ and D of degree n. We also denote by ,,: R*"™! — E, the linear isomorphism

sending a point x = (zo, ..., r,) € R" to the polynomial
— (n —irpi
Pn(x) = Z <i>xiT5L T7.

i=0

When n > 1, we find that

(4.1) Sothn(%) = ntbp_1 (xOV) and  G1hn(x) = napu_a (x*),

thus D19, (x) = ¥,_1(U'(x)). We deduce that, for any subspace A of R""! we have
D19, (A) = ¢,,_1 (U (A)) and so, by induction,

(4.2) Dptp(A) = n_o(U(A))  for each £ € {0,...,n}.

Thus, if we identify R"*! with E,, for each n > 0, then U‘(A) becomes simply D, A for each
subspace A of F,, and each / =0,...,n+ 1, including £ = n + 1 because D, 1A = 0.
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From now on, we fix a positive integer n, a subspace A of R"™!, and a spanning set
{x1,...,%xs} of A as a vector space over R. We set P, = 1,,(x;) for each i = 1,...,s, and
form the D-module homomorphism ¢: D* — E given by

p(d) = di P+ -+ ds Py
for each d = (dy,...,ds) € D®. Then M := ker(yp) is a graded submodule of D*. Define
f0) =dim(p(D;)) and g(¢) = dim(M,) for each ¢ € {0,1,...,n+ 1},

where M, = M N Dj stands for the homogeneous part of M of degree ¢, and the dimensions
are taken over R. Then, we have

(4.3) f(0) =dim(D;) —dim(M;) = ((+1)s —g(f) (0<l<n+1).
By (4.2), we also have p(D§) = Dyp,(A) = tn_o(U*(A)) for £ = 0,...,n. Comparing

dimensions, this gives

(1.4) F(0) = dim@*(4)) (0<L<n+1)

upon noting that for £ = n + 1 both sides vanish. Finally, we define

(4.5) h(€) =gl +1) — g(0) = dim(Myy1 /61 M) for each £ € {0,1,...,n}.
With this notation, our main observation is the following.

Lemma 4.1. For each ¢ € {1,...,n}, we have h({ — 1) < h({) with equality if and only if
Mgy = D M,.

Proof. Fix an integer ¢ € {1,...,n}, and consider the linear map v: M, — My,1/01 M,
given by v(d) = dod + 6; M, for each d € M,. If d € ker(v), then dod = Jju for some
u € M, C Dj. Hence d, divides d;u in D*, so u = dyv for some v € D;_,, and then d = §;v.
Since d,u € M;, we find 0 = ¢(u) = dpp(v) and 0 = ¢(d) = d1¢(v), thus ¢(v) = 0. This
means that v € M, 1, and so d = §;v € §; M,_1. This shows that ker(v) C §; M, ;. As the
reverse inclusion is clear, we conclude that ker(v) = d;M,_1, and so v induces an injective
map from M,/d M,_1 to Myq /61 M,. Comparing dimensions, we deduce that h(¢—1) < h(f).
Moreover, we have the equality h(¢ — 1) = h(¢) if and only if v is surjective, a condition
which amounts to M1 = 0o M, + 6, M, or equivalently to My, = D1 M,. O

As a consequence, we deduce the first assertion of Proposition [3.1]

Corollary 4.2. The function g(¢) = dim(M,) is convex on {0,1,...,n + 1}, while the
function f(¢) = dim(U*(A)) is concave on the same set.

Proof. The assertion for g follows directly from the lemma and the definition of A in (4.5)).
Then (4.3 gives f(¢) as the sum of two concave functions of ¢ on {0,...,n + 1}, namely
(¢ +1)s and —g(¥), thus f is concave. O
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For each m > 0, we note that the action of D on E induces a non-degenerate bilinear form

D, xFE, — R
(0,P) —— 6P

which identifies D,, with the dual of E,,, the dual of the natural basis (73" "T})o<i<m of En,

being
5o}
(m =) ) o ciem

So, for each subspace W of E,, (resp. W of D,,), its orthogonal space
Wt ={6€D,,; W=0}CD,, (tesp. W-={PeE,;WP=0}CE,)
satisfies dim(W=) = m + 1 — dim(W) and (W+)t = W. We can now prove the following.

Lemma 4.3. Let W be a proper subspace of E,, for some m > 0. Then there are at most

m real numbers a for which the differential operator § = dg + ady is not injective on W.

Proof. Without loss of generality, we may assume that W has codimension 1 in F,,. Then
W+ = (v) for some non-zero v € D,,. Suppose that § = §y+ad; € D, is not injective on W,
for some a € R. Then 0W is a proper subspace of E,,_; and so S6W = 0 for some non-zero
B € D,,_;. Therefore 3§ belongs to W+, and so is proportional to v. This means that §
divides v in D. As 7 has degree m, it admits at most m non-associate divisors of degree 1.
Thus a belongs to a set of at most m numbers. 0

The next result is the second part of Proposition [3.1

Corollary 4.4. There is a smallest integer m € {0,...,n+ 1} for which f(m) =n—m+1.
For this choice of m, the function f is monotonically increasing on {0, ..., m}, while strictly
decreasing with f({) =n—L+1 for £ € {m,...,n+ 1}.

Proof. The existence of m follows from the fact that f(n + 1) = 0. For that m, we have
©(D;,) = Ey—p. Thus for each £ € {m,...,n+ 1}, we find ¢(D}) = Dy_p,E—, = E,—¢ and
so f({) =n — €+ 1. Tt remains to prove that f is monotonically increasing on {0, ..., m}.
This is automatic if m = 0. Otherwise, since f is concave on {0,...,n + 1}, this amounts
to showing that f(m — 1) < f(m). By the choice of m, the vector space W = p(D2, _,) is a
proper subspace of E,,_,41. Then, by Lemma [£.3] there is some § € D; which is injective
on W, thus f(m) = dim(D;W) > dim(6W) = dim(W) = f(m — 1). O

Similarly, we will derive Proposition [3.4] from the following result.

Proposition 4.5. Let ¢ € {0,...,n} and let S be a subspace of E,,_,. Suppose that a subspace
B of E, satisfies dim(B) < n—{¢+1 and D;B Z S. Then, there exist ay, ...,a; € 7 with
Zi:o lar| < (n+1)" such that the differential operator § = Zi:o apd FoF € Dy is injective
on B with 0B € S.
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Proof. We proceed by induction on ¢. For ¢ = 0, the result is automatic, it suffices to
take ag = 1. Suppose that £ > 1 and set S* = {P € E,_4.1; D1P C S}. Then S* is a
subspace of F, 4.1 and D, 1B € S*. So, by induction, we may assume the existence of
ay,...,a;, € Z with Y0t |ai| < (n+ )" for which 6* = Y, ¢ a5 "6k € D,y is
injective on B with §*B ¢ S*. Then, W = §*B is a proper subspace of E, ;.1 because its
dimension is dim(B) < n — ¢+ 1. Since W Z S*, we also have D;W € S, and so there is at
most one a € R for which v = §y + ad; satisfies YW C S. By Lemma [4.3, we can therefore
choose a € Z with |a| < n — ¢+ 1 < n such that ~ is injective on W with vWW ¢ S. Then
0 = 70" has the required properties. O

To deduce Proposition[3.4] we simply apply the above result with S = t,_(V), B = 1,,(A)
and note that, by virtue of (4.1, we have o, = n(n —1)---(n — £ + 1)1h,,_y o Ta, With

a=(ag,...,a).

Finally, for the proof of Proposition [3.3, we need to extend the notion of height on the
homogeneous components of D and E. For each m > 0, we denote by ¥* : R™" — D, the
isomorphism which is dual to v, : R™"! — E,, in the sense that ¢ (y)¥m(x) = y - x for any
x,y € R™"1. We say that a subspace S of D,, (resp. E,,) is defined over Q if it is generated
by elements of Q[do, d1],, (resp. Q[Ty, T1]m) or equivalently if (¢*)71(S) (resp. () (S) is
a subspace V' of R™! defined over Q, and we define its height H(S) to be H(V). Then the
formula translates into H(S) = H(S*) for each subspace S of E,, defined over Q, and
its orthogonal space S* in D,,. Moreover, for each non-zero 6 € Q[dy, d1],» and each k > 0,
the subspace D6 of Dy, is defined over Q of dimension &+ 1 and, by [19, Proposition 5.2],
its height satisfies

(4.6) H(Dy8) < H((5))F
with implied constants that do not depend on §.

In this setting, Proposition follows immediately from the next result upon setting
B = 1¢,(A) and noting that our choice of height yields H(D;B) = H(U'(A)) for each
t=0,...,n.

Proposition 4.6. Let j,¢ > 0 be integers with j + 20 < n, and let B be a subspace of E, of
dimension j + 1 defined over Q. Set d = dim(DyB) and suppose that d < j + ¢. Then, we
have 0 < d —j—1< ¢ <n—d and there exists a non-zero operator 6 € Q[dy, d1|q such that

DtB = (.andft(s)l’ dlm(DtB) — d and H(DtB) - H(<(5>)nid7t+1
fort=d—j—1,...,n—d, with implied constants depending only on n. Moreover, for such

t and for P € E,, the condition D;,P C DB 1is independent of t and amounts to 6P = 0.

Proof. We may assume that B = 1,,(A) (with A defined over Q), and then f(¢) = dim(D;B)
fort =0,...,n+ 1. Let m be as in Corollary so that f is monotonically increasing on
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{0,...,m}. Since f({) =d < j+ ¢ <n— L€+ 1, this corollary gives £ < m. We deduce that
JO)=j+1< f()=d< f(m)=n—m+1,
thus 1 < d — 7, while the hypotheses yield d — 7 < ¢ < n — d. In turn this gives
fld=3) < f{l) = f(0) + (d—j) - L.
So, f is not strictly increasing on {0,...,d — j}. Being concave, it is therefore constant on
{d—j—1,...,m}, equal to f(¢) = d. In particular, we obtain m =n+1— f(m) =n—d+1,

and so f(n —d) = d. This means that D,,_4B has codimension 1 in E,. As it is defined over
Q, we deduce that (D,,_4B)* = () for some non-zero § € Q[dy, 61]a-

Foreacht =d—j—1,...,n—d, the subspace D, B of E,_; has dimension d, while D,,_4_;0
has codimension d in D,,_;. Since their product is
(Dp—q-40)(DyB) = 0D,,_4B =0,
we deduce that D,B = (D,,_q_;6)*. Thus, using , we obtain
H(D:B) = H(D,_4_6) < H({5))" 4",

Finally, for P € E,, the condition D;P C D;B may be rewritten as (D,,_q_:0)(D;P) = 0, so
it is equivalent to 6P € D;- , =0 (inside E,_4). O

5. MINIMAL POINTS AND PROPERTIES P(j, ()

From now on, we fix a positive integer n and a real number ¢ with [Q(&) : Q] > n. Our
goal is to establish an upper bound for ;\\n(f ) which depends only on n.

Since [Q(€) : Q] > n, non-zero points x,y € Z""! which satisfy L¢(x) = L¢(y) < 1 have
a non-zero first coordinate and come by pairs y = +x. Thus, for each large enough real
number X > 1, there is a unique pair of non-zero points +x in Z"™! with ||x|| < X for
which L¢(x) < 1 is minimal. We choose the one whose first coordinate is positive and, like
Davenport and Schmidt in [8], we call it the minimal point corresponding to X. This differs

slightly from their own definition, but it plays the same role.

We order these minimal points in a sequence (X;);>o by increasing norm. Then,

e their norms X; = ||x;|| are positive and strictly increasing,
e the quantities L; = L¢(x;) are strictly decreasing,

o if L¢(x) < L; for some i > 0 and some non-zero x € Z"*!, then ||x| > X,1.

In terms of the associated sequences (X;);>o and (L;);>0, we have the well-known formulas

: — log(L) N . —log(L;)

5.1 M (&) =limsup ———— and A\,(§) =liminf —————=

51) © i—><>op log(X;) ©) iwoo log(Xi1)
which follow from the definition of these exponents given in the introduction. In particular,

if Xn(f) > ) for some A € R, then L; = o(X;}}) and a fortiori
(5.2) L < X,



SIMULTANEOUS RATIONAL APPROXIMATION 13

where from now on all implicit multiplicative constants are independent of i.

By construction, each minimal point x; is primitive and so we have

For subspaces spanned by two consecutive minimal points, a simple adaptation of the proofs
of [7, Lemma 2] and [I5, Lemma 4.1] yields the following estimate.

Lemma 5.1. For each i > 0, we have H((Xi,xi+1>) = [|x; A x| < Xig1 Ly

More generally, we are interested in the subspaces (x;, . .., x,) of R"*! spanned by minimal
points with consecutive indices, as in [12, §3] (see also [11]). It is well-known that, for each
1 > 0, we have

[e.e]

(5.3) (Xi Xis1, o) = Y _(x) =R

k=i
because these are subspaces of R"™! defined over Q which contain limy . [|xz||7'x; =
IZ||71= where = = (1,¢,...,£") has Q-linearly independent coordinates. This justifies the
following construction.
Definition 5.2. For each ¢ > 0 and each j =0,...,n — 1, we set
o;(i)=q, A;(@)=(xi...,%,) and Y;(i) =X,

where ¢ > i is the largest index for which dim(x;,...,x,) = j + 1. We also set

A,(i) =R"™ and Y (i) = X;.

So, for j =0,...,n — 1, we have
dim(A;(7)) =j+1 and Aj1(1) = (X;,..., X4, Xg+1) where ¢ = 0;(1).
For j = 0, we note that o¢(i) = i, Ag(i) = (x;) and Yy(i) = X;11. For j > 1, the following

notation is useful.

Definition 5.3. We denote by I the set of indices ¢ > 1 such that x;_1,x;,x;,1 are linearly
independent. We say that i < j are consecutive elements of I or that j is the successor of i
in [ if 7 is the smallest element of I with j > 1.

When n = 1, the set I is empty. However, when n > 1, we may form ¢ = o;(i) for each
i>1landeach j=1,...,n—1. Since (x,-1,%x,) C A;(7) and x,1 ¢ A;(i), we deduce that
q € I. Thus [ is infinite. Moreover, if ¢ < j are consecutive elements of I, we have

(Xi,Xit1) =+ = (X1, %)) # (X5, X541),
Applying Lemma [5.1] we obtain the following useful estimate.

Lemma 5.4. Suppose that n > 2. Then I is an infinite set and for each pair i < j of
consecutive elements of I, we have X;L; 1 < X;11L;.
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The above also shows that, for each integer ¢ > 0, we have oy (i) = j where j is the smallest
element of I with j >4, s0 A;(i) = A1(j — 1) and As(i) = A2(j — 1) = (xj_1,Xj, Xj41)-

In the next sections, we will provide upper bound estimates for the height of the subspaces
U'(A;(i)) when the following condition is fulfilled.

Definition 5.5. Let j, ¢ € {0,...,n}. We say that property P(j,¢) holds if, for each suffi-
ciently large integer i > 0 and each m = 0, ..., 5, we have dimU*(A,,(i)) > m + ¢ + 1.

Of course, this depends on our fixed choice of £ and n. Clearly P(n,0) holds, because
U°(A,, (7)) = A,n(i) has dimension m + 1 for each ¢ > 0 and each m = 0,...,n. Moreover

P(4,¢) implies P(j — 1,¢) if j > 0. The next result provides a further crucial implication.

Proposition 5.6. Suppose that property P(j, ) holds for some j, £ € {0,...,n}. Then we
have j + 20 < n. If moreover £ > 0, then P(j + 1, — 1) holds as well.

Proof. By hypothesis, U(A;(i)) is a subspace of R"*™ of dimension at least j + ¢ + 1 for
each large enough i. Comparing dimensions yields j 4+ 2¢ < n. Now, suppose that £ > 0, and
set A = A,, (i) for a choice of integers m € {0,...,j+ 1} and ¢ > 0. By Corollary [3.2]1i), we
have

min{dimU*(B),m + £} < dimU*"(A)

for any subspace B of A. If m < j, we choose B = A,,,(i). Otherwise, we choose B = A,,,_1(1).
Then, assuming i large enough, we have dimU*(B) > dim(B) +{ > m+{ because of P(j, (),
and so dimU*~1(A) > m + ¢. Thus P(j + 1,¢ — 1) holds. O

6. PROPERTY P(0, ()

We keep the notation of the preceding section, and fix a real number A\ with 0 < \ < Xn(g ),
thus A < 1. In this section, we derive useful consequences of the assumption that, for some
j > 0and ¢ > 1, we have P(j,¢ — 1) but not P(j,¢). As an example of application, we
recover an important result of Badziahin and Schleischitz from [2] which yields P(0, ¢) under
a simple condition on ¢. We recall our convention that all implicit multiplicative constants

are independent of 7, and we start with two general lemmas.

Lemma 6.1. Let 0 < 5, ¢ < n be integers. Suppose that

d := liminf dimU*(A;(i)) < n — L.

1—00

Then there are arbitrarily large integers i > 1 for which

(6.1) dimU“(A;j(i)) =d and U'(xi1) € U (A;(7)).
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Proof. Set V; = U*(A;(i)) for each i > 0, and let E denote the infinite set of integers i > 0
for which dim(V;) = d. Choose p € E large enough so that dim(V;) > d for each i > p.

Using ((5.3)), we find

> Vi =U((%p, Xpy1, ) = U (R = R

1=p
Thus, there exists a smallest ¢ € F with ¢ > p such that > |V, = R"=“+1. Since V,, has
dimension d < n — £, it is a proper subspace of R"“*!. So, we must have ¢ > p, and thus
V,—1 # Vg by the choice of ¢q. As dim(V,_1) > d = dim(V},), this means that V,_; ¢ V, and
therefore (6.1)) holds for : = ¢ > p. O

For any integer m > 1, any subspace of R™ defined over Q has height at least 1. The next

lemma provides an instance where this lower bound can be improved.

Lemma 6.2. Let £ € {0,...,n} and let V be a subspace of R*™1=¢ defined over Q. Suppose
that U*(x;) CV and that U*(x,_1) € V for some i > 1. Then, 1 < H(V)L;_;.

Proof. Choose m € {0, ..., ¢} such that y := x\™" ¢ V and set U = (y, z) where z := x\"™".
Then, we have UNV = (z) and so H{UNV) = g7 !||z| < ¢g7' X; where g denotes the gcd of

the coordinates of z. Since y and g~ 'z are integer points of U, we also find
HU) < |yng 'zl =g Iy Azl < g7 XiLiy,
thus 1< HU+ V)< HUNV)YH{U)H(V) < H(V)L;_;. O
We now come to the main result of this section.
Proposition 6.3. Let j > 0 and ¢ > 1 be integers with j+ 2¢ < n. Suppose that P(j,{ —1)
holds but not P(j,¢). Then, there are arbitrarily large values of i > 1 for which
(6.2) dimU (A;(i)) =L+7 and U'(xi1) € U(A;()) ¢ R
For those i, we further have

(6.3) 1< H(U M A;@)) L

Proof. Since P(j,¢ — 1) holds, Corollary [3.2(ii) gives
dimU“(A;(7)) > min{l+j,n—(+1} =+
for each sufficiently large i. Since P(j,¢) does not hold, we conclude that
lim inf dim U (A;j(i)) =L+ 5 <n— L
Then, Lemma provides infinitely many ¢ for which holds. For such ¢, Proposition
applies with A = A;(i), d={¢+j and t € {¢ — 1,¢}. Setting V =U""*7I(A), it gives

HUTHA) < HV)" 7722 and U™ (x,4) L V.
Since U™ *I(x;) C V, Lemma [6.2) yields 1 < H(V)L;_;. Then (6.3) follows. O
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The following restatement of [2, Lemma 3.1] is central to the present paper.

Proposition 6.4 (Badziahin-Schleischitz, 2021). Suppose that Xn(f) > 1/(n—{+1) for some
integer £ with 0 < £ < n/2. Then P(0,£) holds. More precisely, we have dimU*(x;) = £ + 1
for each sufficiently large i .

The proof given in [2] is based on a method of Laurent from [I0]. To illustrate Proposition
[6.3] we give the following alternative argument.

Proof. Since P(0,0) holds, there is a largest integer m > 0 for which P(0, m) holds. Suppose
that m < ¢. Since P(0,m + 1) does not hold and 2(m + 1) < n, Proposition [6.3| shows the

existence of arbitrarily large values of ¢ for which
1< HU™(xi)) L7

As (3.2) gives H(U™(x;)) < X;L™, this yields 1 < X;L! ™. Then, by the formulas (5.1)),

we deduce that \,(¢) < 1/(n —m) < 1/(n— ¢+ 1). This contradiction shows that P(0,¢)
holds. The second assertion of the lemma follows since dimU¢(x;) < £+ 1 for each i > 0. O

If P(0,¢) holds for some ¢ > 1, then dimU*‘(x;) = ¢+ 1 for each large enough i and, for
these i, we obtain 1 < H(U'(x;)) < X;L! < X; X5 by (3.2) and our choice of . This
implies that A < 1/¢ and so /):n(f) < 1/¢. Combined with Proposition , this observation
yields

~

A (€) <max{1/(n—L¢+1),1/¢}

for each integer ¢ with 1 < ¢ < n/2. Thus, if n > 2, we obtain Xn(é’) <1/|n/2], which is the
estimate of Davenport and Schmidt from [8] mentioned in the introduction. We conclude
with another consequence of P(0, ¢).

Lemma 6.5. Suppose that P(0,¢) holds for some integer £ > 1 with 20 < n. Then, there
are infinitely many i > 1 for which U*(x;_1) € U*(x;) and, for those i, we have

2
X2, < X; where 9= T

Proof. Since P(0,£) holds, we have dimU‘(x;) = £+ 1 < n — ¢ for each sufficiently large 1.
By Lemma 6.1} we deduce that both dimU*(x;) = ¢ + 1 and U*(x;_1) € U*(x;) for infinitely
many i > 1. For those i, we have H(U*(x;)) < X;L¢ by (3.2)), and Lemma gives

1< HU (%)) Lioy < X;LELi < XP X219,

so X/, < X O
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7. PROPERTY P(1,()

With the notation of the preceding sections (including the choice of \), we provide below
a sufficient condition on ¢ and A for property P(1,¢) to hold. We also establish consequences
of P(1,¢). The results of this section provide a first step towards the proof of Theorems
and We start with a crude height estimate.

1—

Lemma 7.1. If P(1,£) holds for some £ >0, then H(U"(x;,%i11)) < Xi+1(é+1)/\-

Proof. For giveni > 0and £ € {0,...,n}, the subspace U*(x;, x;11) of R"~**! is generated by

the set {xgo’z), . ,XEM), X,E%), . ,xgi?} which consists of integer points y with ||y|| < X1
and L¢(y) < L;. If P(1,£) holds and i is large enough, this space has dimension d > ¢ + 2,
and so Lemma [2.1| gives H(U"(x;,Xi41)) < X L§™' < XZ-1+_1(€+1)’\. O

By the above, property P(1, ¢) implies that A < 1/(¢+ 1) and so A, (€) < 1/(¢ + 1). The

next lemma provides finer estimates.

Lemma 7.2. Suppose that n > 2 and that P(1,¢) holds for some integer £ > 0. Then, for

each pair of consecutive elements i < j of I, we have

HU (x4, %11)) < X; 5 X! and  HU (%21, %5, %441)) < X, 0X X7,

7

where e = dimU*(x;_1, X, Xi41) — £ — 2.

Proof. For a pair of consecutive elements i < j of I, we have (x;,%;+1) = (X;j_1,%;). Thus
we have a chain of subspaces
U= ng(xj) Q V= Z/{K(Xi,XH_l) =U —FZ/{K(Xj_l)
CW =U (X1, X, Xi11) = V + U (xi-1).
If 7 is large enough, then by property P(1, /) we have dim(U) = ¢+ 1, dim(V) = dim(U) +a
and dim(W) = dim(V') + b for some integers a > 1 and b > 0. As each subspace U*(xy,) is
generated by integer points y with ||y|| < X}, and L¢(y) < Lj, Lemma gives

H(V) < X;LELS , and H(W) < X;L5L (LY ).

J -1 75 —-1
Finally, by Lemma [5.4] we have X;L;_; < X1 L;. Since a > 1, we deduce that
H(V) < LiX;L;y < LiX;aL; and HW) < LEX;L; (LS | =< LiXi LiL§_y,
where e = a + b — 1 = dim(W) — ¢ —2 > 0. The conclusion follows. O

Under the hypotheses of Lemma m, we have 1 < HU (x;,%x41)) < X j_f{\XilJr_l)‘ and so
XV, < Xjp with 9 = €A/(1 — X), for each pair of consecutive elements i < j of I. A
fortiori, this implies that X’ ; < X; for each i > 0. The following result yields a weaker
estimate but assumes P(1,¢ — 1) instead of P(1, ).
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Eemma 7.3. Suppose that P(1,¢ — 1) holds for some integer £ with 1 < { < n/2, and that
M (§) > 1/(20). Then, for each i > 0, we have X;L{ > 1 and so X < X; .
Proof. By definition of property P(1,¢ — 1) we have,
dimU N (x 1, %) > +1 and  dimU(x;) > ¢
for each sufficiently large ¢ > 1. Fix such an integer ¢. Then, Corollary [3.2{ii) gives
dimU*(x;) > min{dim U (x;),n — £+ 1} > L.

If dimU*(x;) > ¢+ 1, then 1 < H(U(x;)) < X;Lf and we are done. Otherwise, U*(x;) has
dimension ¢. Then, Proposition applies with A = (x;), 1 =0,d =¢, V =U""*(x;) and
t=10—1. 1t gives

dimU“(x;) =¢ and HU"'(x;)) < H(V)""2"2 > H(V).

Moreover, since dimU*~*(x;_1,x;) > £, we have U~ (x;_1) € U*(x;) and so the proposition
also gives U"“(x;_1) € V. By Lemma [6.2] this in turn yields H(V)L;_; > 1, thus we find

< HUT ()2, < L2 < X2 L
As M(€) > 1/(20), we may assume that A > 1/(2¢). This gives 1 < Xil_l/eLf_1 and so
1< X;LE. O

We now come to the main result of this section.

Proposition 7.4. Suppose that, for some integer £ > 1 with 1 + 2¢ < n, property P(0, )
holds but not P(1,(). Then we have 0 < 1 — (n — )\ — (A%

Proof. Since P(0, ¢) holds, we have (+1 = dimU*(Ay(7)) < dimU*(A;(i)) for each sufficiently
large i > 0. Since P(1,£) does not hold, we also have dimU*(A;(i)) < ¢+ 1 for arbitrarily
large values of ¢. Thus, Lemma applies with 7 = 1 and d = ¢ + 1, and so there are
arbitrarily large integers ¢ > 1 with

dimU“ (A (i) =+1 and U'(x;_1) € U (AL(i)) C R

For these i, Proposition [3.3| applies with A = A;(i), j=1,d=/¢+ 1 and any t € {{ — 1,/(}.
Setting V = U""1(A, (7)), it gives

HU" Y (A1(i)) < H(V)" > and  H(U(A1(d)) < H(V)" 2

Since U (x;_1) € U (A,()), it also gives U1 (x;_1) € V. By Lemma , this implies
that 1 < H(V)L;_; < H(V)X;* and so

X} < H(V).
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Because of P(0, /), the subspace U’(x;) of U*(A;(i)) has dimension £ + 1 when i is large
enough, and then it coincides with U*(A;(i)). Moreover, P(1,¢ — 1) holds by Proposition
m. Thus using (3.2) and Lemma , the above estimates imply

Xi(n_gz)A < H(Ue(xi)) < XiLf < XiXi:-Zf\7

Xi(n722+1))\ << H(Z/{eil(Xi,XZq»l)) << Xil—‘:lf/\'

The second row of estimates implies 1 —¢X > 0 and provides a lower bound for X;,; in terms
of X;. Substituting it in the first row and comparing powers of X;, we deduce that

(I1=tN)(n=20A<(1—=0X)— (XN (n =204 1)),
which after simplications reduces to 0 < 1 — (n — £)XA — £)\2. O

Corollary 7.5. Suppose that n > 3. Let ¢ be an integer with 1 < ¢ < n/2 and let p
denote the unique positive root of the polynomial P(x) =1 — (n —£)x — z*. Then, we have

p>1/(n—C+1). If \(€) > p, then P(1,£) holds.

Proof. Let k =n—{+1. Since P(1/k) = (n—2(+1)/k* > 0, we have p > 1/k. Ian(g) > p,
we may assume that A\ > p. Then we have A\ > 1/k = 1/(n — ¢ + 1) and thus property
P(0,¢) holds by Proposition [6.4 Since A > p, we also have P()\) < 0, and so the preceding
proposition implies that P(1,¢) holds. O

We remarked after Lemma [7.1| that property P(1, ¢) implies :\\n(f) < 1/(£+1). Thus, with
the notation and hypotheses of the above corollary, we obtain

~

An(€) <max{1/({ + 1), p}.

If n =2m+ 1 > 3 is odd, we may choose { = m. Then p is the positive root of P(z) =
1— (m+ 1)z — ma?, denoted by ., in the statement of Theorem [1.2] As P(1/(m+1)) <0,
this yields A\, (£) < 1/(m + 1) = [n/2]~" which is the main result of Laurent in [10].

8. FIRST GENERAL HEIGHT ESTIMATES

With the notation of the preceding section (including the choice of \), we first show that
property P(j, () yields special bases for the subspaces U*(A;(i)). Then, we deduce an upper
bound on the height of these subspaces in terms of the quantities Y;(¢) from Definition [5.2]

Lemma 8.1. Suppose that P(j,0) holds for some integers j,¢ € {0,...,n}. For each large
enough integer i > 0 and each integer ¢ > i such that A;(i) = (x;,...,X,), there exist an
integer e > 0 and a basis {yo,y1, .-, Yerjre} of U(A;(i)) made of points of Z"1=¢ of norm
< X, with

Le(ym) < X for 0 <m </,

Le(Yoem) < Ym() > for 1<m <,

Le(Yersom) < Yoli) > for 1<m<e.
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Proof. We proceed by induction on j. If j = 0, we have ¢ = 4, and U*(Ay(i)) = U*(x;) has
dimension ¢ + 1 for ¢ large enough. Then the points y,, = xgm’e) for m = 0,...,¢ have the
required properties. Now suppose that j > 1. For i large enough, U‘(A;(i)) has dimension
> ¢+ j+ 1. Choose ¢ > i such that A;(i) = (x;,...,%,), and choose p minimal with
i < p < ¢ such that dim(x,,...,x,) = j or equivalently such that 4, ;(p) = (x,,...,X%,).
Since P(j — 1, ¢) holds, we may assume by induction that, when i is large enough, the vector
space U'(A;_1(p)) contains linearly independent points yo,y1,. .., ye+j—1 of Z"™~¢ of norm
< X, with Le(ym) < XqJrl for 0 <m <l and Le(ypim) < Yj_1-m(p) ™ for 1 <m < j—1.

Since x,-1 ¢ (x,,...,X,), we have
dim(x;,...,x,) > 1+ dim(x,,...,X,)

for each » = p,...,q. Thus, for each integer m with 1 < m < j — 1, we have 0,,(i) <
om-1(p) < ¢, and so Y,,,(i) < Y,,_1(p). By the above, this means that L¢(yoim) < Yiom (i)™
for 1 <m < j — 1. Since {yo,y1,--.,¥et+j_1} is a linearly independent subset of U*(A; (7)),

we may complete it to a basis {yo,¥1,...,¥Yrt+jte} for some e > 0 by adding e + 1 points of

the form xﬁf’e) with i < h < gand 0 < s < £. These new points belong to Z"*'~*, have norm

< Xy, and satisfy Le(yesjim) < Li < Yo(i) ™ for 0 <m <ee. O

Proposition 8.2. Suppose that P(j,¢) holds for some integers j, £ € {0,...,n} with j > 1.
For each large enough © > 0, we have

H(L{@(A()))<<y37 1- &\(ﬁ}/} o ) (i)

m=1

with e = dimU*(A;(i)) — € —j — 1 > 0.

Proof. For given i > 0, choose ¢ > ¢ minimal such that A;(i) = (x;,...,%,). Then, assuming
i large enough so that e > 0, consider the basis {yo, y1, ..., yrrjre} of U*(A;(i)) provided by
Lemma By the choice of ¢, we have X, = Y, 1(i) < X, and so Le(ym) < Y;_1(i) ™
for 0 < m < £. Since this basis consists of integer points, we also have

H(U (A1) < lyoAyi A AYesjrell.

We conclude by applying Lemma along with the estimates of Lemma [3.1] 0

When ¢ = 0, property P(j,¢) holds and we obtain the following estimate.
Corollary 8.3. H(A;(1)) < Y;_ HY A forallj=0,...,n—1 and all i > 0.

Corollary 8.4. Suppose that P(j,) holds for some integers j > 1 and £ > 0 with j+2¢ < n.
Then there are arbitrarily large integers i > 1 for which U*(x;_1) € U*(x;) and

(8.1) 1< Y 1”(HY )
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Proof. Let d = liminf, ,o, dimU*(A;(i)). If d = ¢ + j + 1, then we have d < n — ¢ and
Lemma [6.1] provides infinitely many i > 1 for which U*(x;_1) € U*(A;(i)). For those i, we
have U'(x;_1) € U*(x;) and Lemma gives 1 < H(V)L;—; with V' = U*(A4;(i)). Then
follows using L; ; < X, and the upper bound for H (V') provided by Proposition
8.2l Otherwise, for each sufficiently large i, we have dimU*(A4;(i)) > £+ j + 1 and
follows directly from Proposition [8.2 using H (U*(A;(i))) > 1, Yo(i) = X;11 > X; and e > 1.
Moreover, as 2¢ < n, Lemma also gives U*(x;_1) € U*(x;) for infinitely many i > 1. O

9. AN ALTERNATIVE HEIGHT ESTIMATE

Keeping the same notation, we derive a second height estimate for :(A4;(i)) by an indirect
process, as in the proof of Lemma|6.2], namely by writing this space as a sum of two subspaces
with a well-chosen one dimensional intersection, and then by applying Schmidt’s height

inequality (2.3)).

Proposition 9.1. Suppose that P(j,¢) holds for some integers 1 < j < ¢ < n. For each

1 >0, we have
j—1

H (U (A1) < H(4;0))Y;(0) " [T Y (i) ™

m=1

The main feature of this estimate is that it involves a negative power of Y; () and so, as we
will see, it yields an upper bound for Y; (i) in terms of Y;(),...,Y;_1(¢). The proof requires
the following simple observation.

Lemma 9.2. Let 7,: R™ — R+ be the linear map given by (3.3)) for fized ¢ € {0,...,n}
and a = (ag, .. .,a;) € Z1\ {0}. Then we have ||7a(x;)]| < X; as i — .

Proof. Since lim;_,o, X; 'x; = ||Z|| 712 where Z = (1,¢,...,£&"), we find

lim X;'7,(x;) = [|2] 7' 7a(E) = 127 (a0 + ax€ + -+ + ag)(L,€, ..., £"7).

1—00

As [Q(§) : Q] > n > ¢, this limit is non-zero, and the conclusion follows. O

Proof of Proposition [9.1. We may assume that ¢ is large enough so that Lemma [8.1] applies.
Choose ¢ > 7 maximal such that A,(i) = (x;, ..., X,), and to simplify notation set A = A, (7).
Then, by definition, we have X1 = Y;(i). Moreover, we have j + 20 < n by P(j,{) (see
Proposition , thus dim(A) = j +1 < n, and so A is a proper subspace of R"™!. Using
the basis of U’(A) provided by Lemma for the present choice of ¢, we set

W = <YO7 Yi,--- 7y€+jfl> g RnJrlie-

Since dim(W) = ¢+ j < dimU*(A), we have U*(A) € W. As A is a proper subspace of
R™*1, Proposition [3.4] provides a non-zero point a = (ao, ..., a,) € Z** with ||aj| < 1 such
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that the linear map 7,: R"*! — R""1~¢ is injective on A with 7,(A) € W. Thus we have
dim(7a(A)NW) < j and so there are ¢ points zo, . .., z,—; among yo,y1,- . ., Ye+j—1 such that

Ta(A) N (2o, ..., 2¢1) = 0.

By construction, these are integer points of norm < X, and, since j < ¢, we may order them
so that

(9. {Le<zm> CXA =V, or0<m<(— )

Le(t-jim) < Yyon()™  for 1<m<j—1.

Since dimU*(A) = £+ j + 1 + e for some integer e > 0, we may complete {zg, ...,z 1} to
a maximal linearly independent subset {z, ..., 2, 1.} of U*(A) such that

L{Z(A) = Ta(A) ® (Z0, ..., Zp_11¢)

0

by adding integer points of the form xﬁf’ with 1 < h < q and 0 < s < /. These new points

have norm < X, and satisfy
(9.2) Le(Ze14m) < Li < Yp(i)™ for 1 <m <e.
Define
U=1a(A), z=ra(x,) and V =(z,20,...,2-14¢),
so that
U4V =U(A) and UNV =(z).
Since ||a]| < 1, we find
HU) < HA), 2l =X, and Le(z) < L, < X = V(0™
where the middle estimate ||z|| < X, comes from Lemma[9.2 We deduce that
HUNV) =g 'zl < ¢g7'X,

1

where g denotes the content of z. Since ¢~z is an integer point, we further have

HV)<|g'zAzo A ANzg_ryel| =g HZAZ0 A A Zp_iie||.

Applying Lemma [2.1] with the estimates (9.1]), (9.2)), this implies

1Y) < g7 XY, T] Vi) ¥a()

7j—1
< HU VY0 0 T Y li)
m=1
The conclusion follows since H(U*(A)) < H(U)H(V)/H(U NV) by (2.3). O

Combining Proposition with the crude estimate H(U‘(A;(i))) > 1 and the upper
bound for H(A;(i)) given by Corollary 8.3 we obtain the following upper bound for Y; ().
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Corollary 9.3. Suppose that P(j,€) holds for some integers 1 < j < { < n. Then, for each

1> 0, we have
j—1

}/}(i)(ﬁ-j-ﬁ-l))\ < Y;_1(2)< H Ym(i)_2)‘>Y()(’i)_>\.

m=1
When j = 1, this can be reformulated as follows.

Corollary 9.4. Suppose that P(1,¢) holds for some integer 1 < ¢ < n. Then the ratio
D)

1
satisfies 0 < ¥ < 1 and we have Y1(i)? < Yy(i) and Yo(i)? < Y_1(i) for each i > 0.

Proof. By Corollary [9.3} we have Y; (i) < Y;(i)'~* for each i > 0. Since A < 1, this yields
Y1 ()Y < Yy(i) for all i > 0 and thus ¢ < 1. For ¢ > 1, this in turn gives

Yo(i)! = X7 < V(i — 1) < Yo(i — 1) = X; = Y4 (i). O

(3

More generally, Corollary [9.3] admits the following consequence.

Corollary 9.5. Suppose that P(j,¢) holds for some integers 1 < j < { < n, and that
W 497 > 1 where ¥ is given by (9.3). Then we have Y,,(1)" < Y,,_1(i) for each eachi >0

and each m =0,1,...,7.

Proof. Since P(1,¢) holds, Corollary [9.4] gives 0 < ¥ < 1 and Y;,(4)” < Y;,_1(4) for m = 0, 1.
So, we are done if j = 1. Suppose now that j > 2. Since ¥ < 1, the hypothesis /=1 419/ > 1
implies that /=2 + /=1 > 1. Since P(j — 1,/) holds, we may assume by induction that
Y, (i)? < Y,,_1(4) for each i > 0 and each m = 0,...,j — 1. Then, using Corollary , we
obtain Y;(i)“=7+DYA <« Y, (i)? where

i1 1em) .
p:1—2)\<mz:119] ! ) A1

j—1 j—1
Z _ D I (=541
—1— o m—1 my o~ 27 _ i
and so Y;(i)? < Y;_1(i). O

10. MAIN PROPOSITION AND PROOF OF THEOREM [L.1

We first prove the following general statement and then optimize the choice of parameters
to deduce Theorem [I.I] The notation, including the choice of A is as in the preceding

sections.
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Proposition 10.1. Let 1 < k < ¢ be integers with k + 2¢ = n. Suppose that
D)
§§19k§1 where ﬁ:m

Then we have X < n~! where n = £ 49 + 92 + - - - + 9++L,

—_

Proof. Assume on the contrary that A > n~!. Since ¥y <1, we haven < l+k+1=n—/{+1,
thus A > (n—¢+1)~!, and so Proposition [6.4 shows that P(0, ¢) holds. By Lemmal6.5] this
implies that U‘(x;_1) € U*(x;) for infinitely many i > 1, and that

(10.1) Yo(i)” = XP < Yo4(i) = X;  whenever U'(x;-1) € U (x;).

Let j be the largest integer with 0 < j < k for which P(7,¢) holds. Since ¥ < 1, we have
W99 > 9 49k > 1. So, if § > 1, Corollarygives
(10.2) Y (i)? < Y;,_1(i) foreach m=0,1,...,5 and i>0.

Suppose that j < k. Then P(j + 1,¢) does not hold. However, by Proposition ,

P(j+ 1,£ — 1) holds because P(j,¢) does. Thus, by Proposition , there are arbitrarily
large ¢ > 1 for which

U'(x; 1) CU(Aj () and 1< H(u“l(Ajﬂ(i)))L?:lj—%H.

Using Proposition to estimate from above the height of U*~1(A4;,,(7)) and recalling that
n==k+20and L; , <<Y 1(i)7*, this glves

1 < Y;(i ( H Y, ) L (§) 3N,
For those 4, we have U*(x;_1) € U (x;). Thus using 1)) if j =0 and else, we find
0<1-\{—1) <ZW) (k — j + 1)1
k1
< 1—A<€—1+Zz9m> —1-
m=0

against the hypothesis that A\ > n™!

The above contradiction shows that j = k. Thus P(k,¢) holds and so P(k + 1,/ — 1)
holds as well (by Proposition [5.6)). As (k+1)+2(¢—1) =n—1 < n, Corollary [8.4] provides
arbitrarily large values of i for which

1 < Y (i (Hyk " ) Vo)~

Since j = k > 1, (10.2)) applies. So, we conclude that
k+1

Ogl—)\<£—1+219m>:1—/\77,

which again contradicts the hypothesis that A > n=L. O
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Proof of Theorem[1.1. For 2 < n < 3, the upper bound for Xn(ﬁ ) provided by the theorem
is weaker than the prior ones mentioned in the introduction. For 4 < n < 11, they are also
weaker than those coming from Theorems [1.3] and [1.2] and listed on Table [T} So, we may
assume that n > 12.

Suppose, by contradiction, that the upper bound for ;\\n(f ) given by Theorem does not
hold for such n. Then, we may assume that

1\ -1
-3+

where a = (1 —log(2))/2. Define

k+1

n log() B 2 B "
e_lz ¢‘+% k=n-20, ="y and n=L—1+) 9™

m=0

Since n > 9, we find that 1 < ¢ < n/2 and so k > 1. We will show further that

1
(10.3) 5 <vF <1 and np>AI"L

So this choice of parameters fulfills all the hypotheses of Proposition but not its con-
clusion. This will conclude the proof, by contradiction.

A quick computer computation shows that ((10.3) holds for 12 < n < 900. So, we may
assume that \/n > 30. This assumption will simplify the estimates below.

By choice of ¢, there is some t € (0, 2] such that
(= (n—1log(2)vn+1t)/2, andthen k =log(2)y/n —t.

Using the actual value of A, this gives

9= n—k  n—log(2)y/n+t

2(A"1=1)  n+2ay/n—4/3

Define
—(4/3+t
(10.4) ey YRZWEHY
n+ 2av/n —4/3
Asn > 12, we have 0 < e < 1, thus 0 < ¥ < 1, and so ¥* < 1. We set
log(2)
log(1 —¢€)
so that 9" = (1 —¢)" = 1/2. Since 0 < € < 1, we find
=Y og(1 -9 <3 el = 1
= —log(l —¢ € =
1—¢/2 2%1— &l = 1—¢

i1 i=1

thus, by definition of r,

(10.5) mgm(%—1>grgbgm(1—%).
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Moreover, ((10.4)) yields

| =

c
= b
A s o VY Wy
with b=2a+4/3+t and ¢ = b(4/3 +t) —4/3. As ¢ > 0, this implies that
1 c
10. - > b+ — > 1.64
(10.6) E_v%+ +¢ﬁ_v%+ 64,

so r > log(2)y/n > k, and thus 9% > 9" = 1/2. This proves the first condition in (10.3)).

To verify the second condition n > A™!, we first note that

1 c
10.7 - < b < 4.05
(107) SVt sy SV A,
using the hypothesis y/n > 30 and ¢ < 2. We set further
§=k+2 PR LA
= —7r an = — 0.
1—-9
As 9" =1/2, we find
1 — k2 11— 11—
— 14— —y_1 r
n==~ —1—1_19 l +1—19+191—19
n—=k 1 1 n r 1 FE
= —1+—+-(F+d)==—=-+—+ —.
2 +2€+2( +9) 2 2+26+2

Using the upper bound for r given by (10.5) and then the lower bound for 1/e given by
(10.6)), we deduce that

4 .n a log(2) E n 1
_ >4 7 Z_ (= il
N=AT 2o 2+mﬁ+3
log(2) 1 FE
> 1.64 — 4=
64a + 1 3—|— 5
)
20.09—1—5.

So it remains to show that £ > —0.18.

Lagrange remainder theorem gives

9 = (1-— 6)5 =1—Je+ 5(62_ D) (1-— e')5_262

for some real number ¢ with 0 < ¢ < ¢, and thus
11— §5(6—1)
2

E = —5=—

- (1—€) 2
As k < r, we have § < 2. Moreover, the upper bound for r given by together with
that of 1/e given by yields
5zk+2—bgm<%—%)z—zﬂ.
Since by we have € < 1/y/n < 1/30, we conclude that

—4.47
247847 (1ML 0
2 30

Bl < <
30



SIMULTANEOUS RATIONAL APPROXIMATION 27

11. A NEW CONSTRUCTION

In this section, we introduce a new construction which in some cases yields \;(§) > 1 for
an integer k£ > 1. We will use it in the proof of Theorems [I.2] and [I.3] in combination with
the following results of Schleischitz [21, Theorems 1.6 and 1.12].

Theorem 11.1 (Schleischitz, 2016). Let € € R\ Q. For each integer n > 1, we have

~

An(€) < max{1/n, 1/A:(8)}-
Moreover, if \i,(§) > 1 for some integer k > 1, then A\ (§) = k — 14+ kAp(§).

In fact, we will simply need the following weaker consequence.

Corollary 11.2. Let £ € R\ Q and let A € (1/n,1). Suppose that, for some integer k > 1,
there exist non-zero points C' € Z* for which Le(C) is arbitrarily small while the products
|C||Le(C)* remain bounded from above. Then, we have A, (£) < .

Proof. The hypothesis implies that Ax({) > 1/A > 1. By the above theorem, we conclude
that A(€) > 1/ and 0 A, (€) < max{1/n, A} = A. O

For each positive integer k£ and each non-zero subspace V of R**! defined over Q, it is

natural to define

Le(V) = ||lza A+ - Nz ANZ|
where {zy,...,2,} is a basis of V N Z*! over Z, and where =, = (1,&,...,&%). This is
independent of the choice of the basis, like for the height H(V) = ||z1 A -+ A zg]| of V. In
particular, if z is a primitive point of Z**!, we find

Le((2)) = 12 A Exll = Le(2)

with an implied constant that depends only on k and £ (see §2)). In general, if {yi,...,y,} is
a maximal linearly independent subset of V' N Z**!, then arguing as in the proof of Lemma

2.1] we find
Le(V) < lyi A Ays NSl < Le(yr) -+ Le(ys),

with an implied constant of the same nature. We can now present our construction.

Proposition 11.3. Let £ € R\ Q, let k, ¢ > 1 be integers, and let n = k + {. Suppose that
V is a subspace of R¥*1 of dimension k, and that x € Z"! satisfies U*(x) € V. Finally, let
{z1,...,21} be a basis of V NZFL. Then the point

C = (det(zb oz, xOO) det(zy, .. 2, X(M))) e 7!
18 mon-zero. It satisfies

IO < X[ Le(V) + H(V) Le(x)  and  Le(C) < H(V)Le(x)
with implied constants that depend only on k and .
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We will write C'(V,x) to denote this point C, although it is determined by V' and x only
up to multiplication by £1. In practice, this is no problem since this ambiguity does not
affect the quantities ||C|| and L¢(C).

Proof. Write x = (xg,...,2,) and C = (Cy,...,C;). Then we have x = x¢=, + A with
|A|| < L¢(x) and for each j =0,...,¢ we find

C; = xo&? det(zy, . . ., 2y, Zx) + det(zy, . . ., 2z, AUY).
The estimates for ||C]| and L¢(C') = max;<;< |C; — Co&?| follow. O

12. SMALL ODD DEGREE

This section is devoted to the proof of Theorem [I.2] So, we suppose that
n=2m+12>5

is an odd integer. We argue by contradiction, assuming that Xn(f ) > a where a = a,, is the
unique positive root of

P(z) =1— (m+ 1)z — ma?.
Then P(1,m) holds by Corollary [7.5 and so P(2,m — 1) holds as well by Proposition [5.6]
Thus, for each large enough ¢ € I, the vector space

Vi=U""N (%1, %, Xi11) C RS

has dimension at least m + 2 (see the definitions and remarks in Section [f]).

Lemma 12.1. With the above hypotheses, we have

mo 1
(12.1) XV < Xipr and X[y < X; where 9 = vl wr
for each pair of consecutive elements i < j of I. If i is large enough, then dim(V;) = m + 2,
(12.2) H(V) < X, 07 X0 X7 and Le(Vi) < Xm0 X35 X,

Proof. Since Xn(é) > a, we can choose € > 0 such that a+¢€ < Xn(é) Then the results of the
preceding sections apply with A = a+ €. In particular, for each pair of consecutive elements
i < jof I, Lemma[7.2] gives

HU™(xi,%i41)) < X;+T?QX21;1Q and H(V;) < Xj;(inil)aXz‘lJ:1a7€X;6(i)a

where e(i) = dim(V;) — (m + 1), because both P(1,m) and P(1,m — 1) hold. Since we have
H(U™(x;,Xi41)) > 1, the first estimate yields X7, < X;4; with ¢ as in (12.1)) (this also
follows from Corollary . So, if 7 is large enough to admit a predecessor h < ¢ in I, we also
have Xf+1 < Xp1 < X, thus X1 < XZ-HO‘. This proves . If furthermore V;, = R™*3,
then e(i) = 2 and using X1 > X;;1, we obtain

1 — H(V;) < Xil_i_ilmaieXZfQOé < Xi(lJra)(lfmafe)an _ X;(1+a)e’
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which forces i to be bounded. So, if i is large enough, we have dim(V;) = m+2, thus e(i) = 1
and the estimate for H(V;) in (12.2)) follows. Finally, the proof of Lemma [7.2 shows that V;
admits a basis of the form

{Xg(),m—l)’ ' X(m—l,m—l) X(p,m—l) Xéq,m—l)}

Ty ) j—l )

for some p,q € {0,1,...,m — 1} and some h € {i — 1,5 — 1}. So the considerations of the
preceding section provide L¢(V;) < LT L 1Ly < X1 X9 X7 O

It is now an easy matter to complete the proof of Theorem [1.2] By the preceding lemma,
there are arbitrarily large pairs of successive elements i < j of I for which dim(V;) = m+2 and
V; € V;. The latter condition means that U™ 1(x;41) € V;. So, for these pairs, Proposition
11.3| shows that the point

C; = C(V;,X]q_l) ezm
is non-zero. Using the estimates of the preceding lemma, it also gives
L&(Ci) < H(V»LJH < inﬁaXz'lJ:laX;aa
ICll < X Le(Vi) + H (Vi) Ljn < Xj " X9 X7

JHl i1
Using ([12.1)), we find that

@ —ma—ma? —a? —a—a? @ —a? —a/d
|Cil| Le(Ch)™ < X;H Xia X = X7 X9 X, /
o - o —a/19
is bounded from above, and that
—ma —ay—a —ma —a—ai —ma+1l—a—at —a29
Le(C) < XXt X < XX < Xt =X

tends to 0 as ¢ goes to infinity. By Corollary m, this implies that Xn(é) < a.

13. SMALL EVEN DEGREE

We conclude, in this section, with the proof of Theorem [1.3] So, we assume that
n=2m>4

is an even integer. For the proof, define 5 = f3,, to be the single positive root of

O () = 1 —mz —ma® —m(m —1)z® if m > 3,
T 1 = 3+ 2 — 228 — 20 it m =2,

as in the statement of the theorem, then write

_mtt s
m2 4+ 6m + 2
77 38/33 if m =3,

1/3 if m =2,
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and define § to be the single positive root of
Rp(z) =1—(m+ 1)z — (m —1)2>.
It is a simple matter to check that
I/(m+2)<d<vy<p.

We will prove that /):n(f ) < 8 through the following chains of implications

Ma(6) > = P(1,m—1) holds — P(2,m — 2) holds

M(6) >~ = P(2,m—1) does not hold = \,(¢) < 8.
Recall that A represents a fixed real number with 0 < A < Xn(é ).

Lemma 13.1. Suppose that Xn(ﬁ) > 0. Then both P(1,m — 1) and P(2,m — 2) hold.
Moreover, we have X[} < X; for each i > 0.

Proof. For the choice of f =m — 1, we have 1 < ¢ < n/2 and R,,(z) =1 — (n — )z — (2%
Thus, by Corollary 7.5, our hypothesis implies P(1,m — 1) which in turn implies P(2, m—2),
by the general Proposition . Since 0 > 1/(m + 2) > 1/(2m), the growth estimate follows

from Lemma [7.3 O
Lemma 13.2. Suppose that P(2,m — 1) holds and choose 9 € (0,1] such that
m —1 1
13.1 m-1_ so1_1
(13.1) 5 TU>

Then we have X?

i1 < Xipa for any large enough pair of consecutive elements i < j of I.

Proof. Property P(2,m — 1) means that U™ (x;_1,X;,X;11) = R™*2 for each large enough
i € I. By definition, it also implies property P(1,m — 1). Thus, for all but finitely many
triples h < 7 < j of consecutive elements of I, we obtain, by Lemma [7.2]

L= HU™ (%1, %, %501)) < X0 AXIXG A
using the crude estimate X; > X ,,. Taking logarithms, this gives

log(X;4+1) | log(Xpi1) _ 1-A 1
—1 < +O0(——).
(m )log(Xi—i-l) log(Xit1) = A <10g<Xi+1)>

Let p € [0, 1] denote the inferior limit of the ratio log(X;11)/log(X,41) as (i, j) runs through

the pairs of consecutive elements i < j of I. Then, there is a sequence of triples (h, 1, j), with
i going to infinity and h < ¢ < j consecutive in I, for which the ratio log(X;11)/log(X;41)
converges to p. Over that sequence, the inferior limit of log(Xp11)/log(X;41) is at least pu,
and so the above inequality implies that ¢ > 0 and

As m > 2, the expression (m — 1)/z + x is a strictly decreasing function of x on (0,1]. We
conclude that our choice of ¥ satisfies 0 < ¥ < p, and so ¥ < log(X;11)/log(X,+1) for any
pair of consecutive elements ¢ < j of I with i large enough. U
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Lemma 13.3. Suppose that Xn(ﬁ) > ~. Then P(2,m — 1) does not hold.

Proof. Suppose on the contrary that P(2,m — 1) holds. By the hypothesis, we may assume
that A > ~. A short computation shows that (m —1)/9 +9 > 1/y —1 for
1 if m = 2,
9 =4 15/17 it m =3,
(m—+4)/(m+5) ifm>4.
Thus this choice of ¢ fulfills the main condition (13.1)) of Lemma [13.2) and so we have

X;?+1 < Xj41 for each large enough pair of consecutive elements ¢ < j of I. For m = 2,

this becomes X1 < X,y which is already a contradiction because the sequence (X;);>0 is

strictly increasing. Thus, we may assume that m > 3.

Since P(2,m — 1) holds, Proposition implies that P(3,m — 2) holds as well. So, for
each large enough i, the subspace V; = U™ 2?(A3(i)) of R™*3 has dimension at least m + 2
and Proposition [8.2 gives

(132) H(‘/;) < }/é(i)l—(m—l))\}/l (Z-)—)\Yb(i)—(l-‘re(i)))\

where e(i) = dim(V;) —m — 2 € {0,1}. If V; # R™"3 for infinitely many 4, then Lemma
provides arbitrarily large ¢ € I for which U™ 2(x;_;) € V;. For those i, we have e(i) = 0 and
Lemma gives 1 < H(V;)L;—1. Then, we obtain

(13.3) 1 < Yo(i) =M= DAY, (1) 7AYo (4) A XA

Otherwise, we have e(i) = 1 for all sufficiently large ¢ € I and the above estimate follows
directly from (|13.2)) since 1 < H(V;) and Yy(i) = X;41 > X;. Thus (13.3)) holds for infinitely
many ¢ € I. Viewing such ¢ as part of a triple of consecutive elements h < ¢ < j of I, we
have Y1(7) = X141, Yo(7) = Xipq and X; > X1, thus
(13.4) Vi(i)? < Yo(i) and Yy(i)! < X;
by our initial observation at the beginning of the proof. So, we deduce that
(135) Yé(l.)l_(m_l))\ > }/l(i))\(1+19+192) > }/l(i)i%)\ﬁ
for arbitrarily large ¢ € I. Since m > 3, we may also apply Corollary with 7 = 2 and
¢ =m — 1. Using ((13.4), this gives

Y2<Z~>(m—2))\ < Yl(i)l—QAYO(Z-)—)\ < }G(i)l—w\—)\ﬁ
for each ¢ € I. Substituting this upper bound for Y5(i) into (13.5) and then comparing
powers of Yj(i), we conclude that

3(m — 2)A%9 < (1 — (m — )A)(1 — 2\ — \),

and thus 3(m —2)9 < (1/y—(m—1))(1/y—2—1), as A can be taken arbitrarily close to ~.
However, this inequality is false for the actual values of v and 1. This contradiction shows
that P(2,m — 1) does not hold. O
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Proof of Theorem . We may assume that v < A < Xn(f) Then P(1,m — 1) and
P(2,m — 2) hold while P(2,m — 1) does not hold, by Lemmas and [13.3] In particular,
Proposition [6.3] applies with j = 2 and ¢ = m — 1, and so there are infinitely many integers
7 > 1 for which

(13.6) dimU™ 1 (Ay(i) =m+1 and U™ '(xi1) U™ (Ay(i)) G R™F2
For those i, Lemma [6.2] and Proposition [6.3] further give
1< HU™ Y (Ay(i))) Ly and 1< HU™ 3(A(4)))L2 .
Any such 7 belongs to I and, upon denoting by j its successor in I, Proposition [8.2] gives
HU™ 2 (Ax(i))) < Vi) Po(0) 7 = X NG,
By P(1,m —1), we also have dimU™ *(A;(:)) > m+ 1 if ¢ is large enough. Comparing with
(13.6), this implies that U™ (Ay(i)) = U™ (A4, (i)) and so Lemma [7.2] gives
m— . m— . —(m—1)\ _
HU™ (A2() = HU™ (A1) < XX
By Lemma , we also have L; | < X;* < X;ﬁl’\?. Combining all the above inequalities,
we obtain
(13.7) 1< XX and 1< XM AN Y
As we can take ¢ arbitrarily large, this in turn implies that
0<(1—(m—DN1—=X=mA) —(m— DA\ +2mA\?).
If m > 3, the right hand side of this inequality simplifies to @,,(\). So, in that case, we
obtain A < g, thus \,(§) < B = B as needed.
For the case m = 2, we look more closely at the vector spaces
Vi = UM (A0 — 1) = U (xi 1, %) C R
for each integer « > 1. Since P(1,1) holds, we have dimU*(x;) = 2 and dim(V;) > 3 for each
large enough i. When V; = R*, we find 1 = H(V;) < X;L} | < X! since V; is generated
by points y € Z* with |ly]| < X; and L¢(y) < Li—1. As A > v = 1/3, we conclude that both
dimU*(x;) = 2 and dim(V;) = 3 for each large enough i, say for i > ig. Then, V; admits a
basis of the form {x*, x"" x"Y} for some p € {0,1}, thus
H(V) < X;LiLi s < X, X! and Le(V;) < LILioy < X2 X7
For each i > iy for which ((13.6) holds, we have U'(x;_1) € Viy1, thus V;NV;y; = U (x;) and
so U (x;41) € Vi. Then, by Proposition [11.3] the point C; = C(V;,x;,1) € Z* is non-zero
with
1Cil| < H(V;)Lis1 + Xip1Le(V;) < X2 X

Moreover, by Lemma the pair {x;,x;11} is a basis of A;(i) N Z° over Z. So, letting j
denote the successor of ¢ in I, we may write x; = ax; + bx;4; for some a,b € Z with b # 0.
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Since C(V;,x) is linear in x (for a fixed basis of V;) and since C(V;,x;) = 0, we find that
C(V;,x;) = bC;. Thus, by Proposition [11.3] we obtain

Le(Cy) < Le(C(Vi,x5)) < H(Vi) Ly < X AXAX]!

In particular, L¢(C;) < X} converges to 0 as i — oo, since A > 1/3. Thus, by Corollary
11.2} the product ||Cy||Le(C;i)* tends to infinity with i. So we have

_\2 _ _\2 _\2
1 < [|Gil|Le(Ci)* < XA X X
Using the estimate X7}, < X; from Lemma 13.1] we conclude that
(13.8) XN < Xponew

for each pair of consecutive elements i < j of I with ¢ > i, for which ((13.6)) holds. For these,
the two estimates ({13.7)) also apply. In particular, the second one yields

M43 1-X

Combining this with (13.8), we conclude that A?(\ 4+ 4\%) < (1 — A)(1 — 2X — A2 — 2)3),

-~

which simplifies to @Q2(A) > 0. This gives A < § and thus A\y(§) < 5 = Ss.
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