EXPONENTS OF DIOPHANTINE APPROXIMATION IN DIMENSION TWO
FOR A GENERAL CLASS OF NUMBERS

ANTHONY POELS

ABSTRACT. We study the Diophantine properties of a new class of transcendental real numbers
which contains, among others, Roy’s extremal numbers, Bugeaud-Laurent Sturmian continued frac-
tions, and more generally the class of Sturmian type numbers. We compute, for each real number
& of this set, several exponents of Diophantine approximation to the pair (5,52)7 together with
w3 (€) and w3 (€), the so-called ordinary and uniform exponent of approximation to ¢ by algebraic
numbers of degree < 2. As an application, we get new information on the set of values taken by
w3 at transcendental numbers, and we give a partial answer to a question of Fischler about his
exponent fo.

1. INTRODUCTION

Given a real number £, we are interested in the following six classical exponents of Diophantine
approximation: the exponent A\y(¢) of simultaneous rational approximation to & and &2, the dual
exponent wa (&), the exponent w3 (§) of approximation to £ by algebraic numbers of degree at most
2, and the corresponding uniform exponents Ay (€), @2(€), @5(€) (the precise definitions are recalled
in the next section, see also [10] and [1I]). By [II, Theorem 2.3], for almost all real numbers £
(with respect to the Lebesgue measure), we have

(1) A2(€) = A2(§) = 5 and  wa(§) = D2(§) = w(§) = @(§) = 2.

Moreover, if £ is algebraic of degree at least 3, then still holds as a consequence of Schmidt’s
subspace Theorem (see [II, Theorem 2.4]). There are currently few explicit families of transcen-
dental numbers of which all exponents are known. Under the condition A2(§) < 1 (which excludes
Liouville numbers, see [10, Corollary 5.4]), we have Roy’s extremal numbers [28] and Fibonacci
type numbers [30], Bugeaud and Laurent Sturmian continued fractions [11], and more generally
the class of Sturmian type numbers [24] which generalizes the two last families. In some cases com-
binatorics on words provides numbers for which the six exponents can be computed. Given a word
w written on the alphabet of positive integers we associate the real number ,, = [0; w] whose par-
tial quotients are successively 0 and the letters of w. Some combinatorial properties of w translate
into Diophantine properties of &,,. For example, in [3] Allouche, Davison, Queffélec, and Zamboni
proved that when w is a Sturmian or quasi-Sturmian sequence (see [22] and [13] for the definitions),
then w3 (&) > 2, and thus & is transcendental. Bugeaud and Laurent [11] studied in depth the
special case of Sturmian characteristic words. Their work generalizes a previous construction of
Roy based on the Fibonacci word [27]. To state their result, let us recall some definitions. Fix an
alphabet A := {a, b}, where a, b are two distinct positive integers, and let A* denote the monoid of
finite words on A for the concatenation. Given an infinite sequence s = (sj)x>1 of positive integers
or an irrational number ¢ € (0,1) with continued fraction expansion ¢ = [0; s1, s2,...], we define
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recursively a sequence of finite words (wy)r>o in A* by
wo=>b, w;=0b"1la and wp4 = wzk“wk_l (k>1).

This sequence converges to an infinite word w, = limy_,o, wy, called the Sturmian characteristic
word of slope ¢ on A = {a,b}. These words are important in combinatorics on words, see for
examples [22], [I7], [I6]. We associate to w,, the real numbers &, := &, and

1
(2) o(s) := liminf .
k—+o00 [8k+1; Sky - 81]
Note that o(s) < 1/, where v = [1;1,---] = (1 ++/5)/2 denotes the golden ratio. Bugeaud and

Laurent proved the following result [11, Theorem 3.1].
Theorem 1.1 (Bugeaud-Laurent, 2005). Let ¢ = [0; s1,52,...] € [0,1]\ Q and let 0 = o(s). Then

~ ~ ~ 1
BaEe) = B3(6) =200 Kal€) = 5o

) =W3(E) = 241, MalE) =1

The set of values taken by 2+1/0(s) is called Cassaigne’s spectrum (see [I4] §4]). It is a compact
subset of [0, +oo] with empty interior. Let us describe shortly the ideas behind the computation
of the exponents of £,. The theory of continued fractions (see for example [35, Chapter I]) ensures
that the numerator and denominator of the convergents of £, are given by the coefficients of the
matrices ®(u), where u is a prefix of w, and ® : A* — M := Matay2(Z) NGL2(Q) is the morphism
of monoids defined by

(3) @(a):(‘f [1)) and @(b):(ll) é)

Moreover, when u is a palindrome, the matrix ®(u) is symmetric and the mirror formula provides
good simultaneous approximations (p;/q;, pj—1/q;) to (£,,€2) (see [I] and [2] for other results based
on this property). Yet, w, has a lot of palindromic prefixes (see [II, Lemma 5.3]). They yield
enough explicit simultaneous approximations to &, 5?0 to compute A2(&,) and Xg(f‘p). To obtain
w3 (&,) and ©3(&,), Bugeaud and Laurent consider the quadratic numbers oy, := [0; wpwy - - -] for
kE > 1 (see [I1} §6]). They are very good approximations to &, since w,ﬁs’“’l is a common prefix
of wy, and wiwy - -+ (see [II, Lemma 5.2]). Finally, to get the last pair wa(&,), @2(&y), they use
the polynomials Py defined below. They notice that 1/« is the fixed point of the homography
(fractional linear transformation) associated to the matrix wy := ®(wy). In particular, setting

(4) U(w) := —c+ (a — d)X +bX? for each w = ( Z Z ) € Matay2(R),

and defining P, := U(wy), we have Py(ay) = 0, and Py (&) tends to 0 very “quickly”.

In a preceding paper [24], we consider instead a general morphism ® : A* — M where A := ®(a)
and B := ®(b) are any matrices of M such that det(AB — BA) # 0 and that the content of
wi = ®(wy) (defined as the greatest common divisor of the coefficients of wy) is bounded for
kE > 0. Surprisingly, it is still possible to built a sequence of symmetric matrices (y;);>o from
(Wk)k>0, which plays the exact same role as the one Laurent and Bugeaud construct from the
palindromic prefixes of w, (even though A and B are not necessarily symmetric themselves).
Under some technical conditions on the growth of (wy)r>0 and (det(wg))r>0, we prove that (y;)i>o0

L g
s £ &
for the four exponents Ao, Ao, wo and Wy associated to & when s is bounded. They generalize the
formulas of Theorem with the introduction of a second parameter § associated to the growth
of | det(wy)| in addition to o, see Theorem Indeed, compared to the morphism ® defined by

converges projectively to a symmetric matrix ( ) In [24] we further give explicit formulas
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(), which yields det(wy) = £1 for each k, this new construction provides a larger set of singular
points by allowing | det(wy)| to diverge, as Roy did for the Fibonacci word in [30].

In this paper, we complete and extend the results of [24] by considering a general sequence s (not
necessarily bounded) and by relaxing the condition that the content of the matrices wi = ®(wy)
is bounded, which brings in the delicate question of controlling it. Moreover, we also compute the
exponents w; and @W; that were left out in our previous study. To do this, we use the following
surprising phenomenon. For each k > 0, write P := U(wy) and denote by ay, the root of Py closest
to & Then Py (&) tends to 0 as k tends to infinity, and (ag)k>0 is the sequence of best quadratic
approximations to &, exactly as in the continued fraction case (although we are working with two
general matrices A and B). For each matrix w € Matay2(R) (resp. polynomial P) we denote by
||lwl|| (resp. H(P)) the largest absolute value of its coefficients.

Definition 1.2. Let s = (si)g>1 be a sequence of positive integers and write o := o(s) as in (2).
The set Sturm(s) consists of the real numbers ¢ which are neither rational nor quadratic, such
that there exists a sequence of matrices (wy)g>0 in M := Matay2(Z) N GL2(Q) with the following
properties. For each k > 0, we denote by ¢; the content of wi and we write W := c,:lwk and
Py, :=U(wg). Then

(i) w1 = wZ’“*lwk,l for each k£ > 1 and det(wow; — wywg) # 0.

(ii) There exists ¢ > 0 such that ||wi ™ wy_1|| > c||wg|/|[whwy_1] for each k,¢ with k > 1 and

0<0< sp41.
(iii) Py(&)/H(Py) tends to 0 as k tends to infinity.
(iv) |det(Wy)| < ||[wg|/(H)+e() a5 k tends to infinity.
We define the set Sturm by
Sturm := U Sturm(s).
S

According to our main result below each & € Sturm(s) satisfies A2(§) > 1/(1+0) > 1/2, and thus
is transcendental (see [10, Theorem 2.10]). As we will see Sturm(s) is countably infinite (see the
remarks after Definition . It also contains the real numbers &, associated to s, and Theorem
follows as a special case of our main result below, taking for granted that 6(§,) = 0.

Theorem 1.3. Let s be a sequence of positive integer and set o := o(s). There is a function
d : Sturm(s) — [0,0/(1 + 0)],

whose image A(s) is a dense subset of [0,0/(1 + o)|, with the following property. For each & €
Sturm(s), writing 0 := 6(£), we have

R P ~ (1= +o0)
0 =550 =1+ 40) 0 = LT oy
SO =3O ="""41-6  1-5< (@) <max(1-6 )
If moreover § satisfies the stronger condition § < h(c), where h(o) = 0/2+1—+/(6/2)2 + 1, then
(1-9)(1+0)

M) =1-6 and Apm(E) =
The formula for Ao(&) still holds if 6 = h(o).

The exponent Muin above, defined in [25] and related to work of Fischler [20], satisfies M < A
We recall its definition in the next section.

If s is unbounded, then o(s) is equal to 0 by definition. Theorem implies that for each
¢ € Sturm(s), we have §(§) = 0 = h(0) and

2 =03(6) =2, (€ =wiO) =00, M) =5 and (=1

240
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Recall that the spectrum of an exponent v is the set of its values spec(v) := v(R\ Q). The
spectrum of wy, resp. w3, is equal to [2,+oo] by a result of Bernik [7], resp. Baker and Schmidt
[5]. We also have spec(A2) = [1/2,+00] by [6] and [38]. However, the spectrum of the uniform
exponents is more mysterious and complicated. Let 1 = (s;)r>1 denote the constant sequence
s = 1 for each k > 1. Its associated Sturmian characteristic word is the Fibonacci word. The set
Sturm(1) is of particular interest, since it contains Roy’s extremal numbers [28] and Fibonacci type
numbers [30]. We have o(1) = 1/, where v = (1 4+ /5)/2 is the golden ratio, and the set A(1) is
dense in [0,1/9?]. From this we recover the result of Roy according to which the spectrum of Ao
and that of &y are dense in [1/2,1/4] and in [2,7?] respectively [30]. Our first corollary follows by
applying Theorem [I.3] to the sequence 1.

Corollary 1.4. The spectrum of @5 contains a dense subset of the interval [2,7?].

Theorem [1.1| gives 240 (s) € spec(wy) for each s. Nonetheless, the set of values taken by 2+ o (s)
is a compact subset of [2,4?] with empty interior, and thus far from being dense (see the paper of
Cassaigne [14]). Also note that a theorem of Bugeaud (see [8] and [10, Theorem 5.6]) shows that
the full interval [1,3/2] is contained in the spectrum of &3.

Although it is possible to have w3 (&) < w2 (&) (see [10, Theorem 5.7] and [9] for explicit examples),
our next corollary, proven in Section shows that it does not happen if W9 (&) is sufficiently close
to its maximal value 72. Note that as far as the author know, we do not know if there exists a real
number £ with @5(&) < @2 ().

Corollary 1.5. There exists € > 0 with the following property. Let & be a real number which is
neither rational nor quadratic. If @o(€) > 72 — ¢, then & € Sturm(1). In particular

Wy(§) = wa(€)  and  wy(£) = wa(§),

and the set spec(@3) N [y? — &,72] is countably infinite.
Applying Theorem to the sequence 1 we also deduce new information on spec(xmin).

Corollary 1.6. The spectrum of Amin contains a dense subset of the interval [k, 1/7], where

_1-n(1/v)
o]

In this paper, we will use an equivalent definition of the set Sturm(s) (see Section , which
connects to a class of numbers considered by Fischler in [20]. Before stating it, let us go back to the
combinatorial properties of the Sturmian characteristic word wy,. If u,v,w € A* satisfy u = vw,
we write v™lu = w. If u has length at least 2, then we denote by u’ the word u deprived of its two
last letters. By [II, Lemma 5.3], the sequence (m;);>o of palindromic prefixes of m, (ordered by
increasing length) consists of b,...,b**~! and the words

= 0.4558 - -

(wi“wk,l)’ with £k > 1and 0 < £ < sgy1.
Moreover, there exists a function 1 := 15 defined over N (with (i) < i for each 7 € N) such that
(5) Titl = 7[',‘(71'1;(1@71'1')

for each large enough ¢ (see [19} §3]). The precise definition of 95 is given in the next section (see
Definition . In the Fibonacci case where s = 1, the associated function 1 satisfies ¢ (i) =i — 2
for each i. In [20], Fischler studied real numbers &, associated to words w with a large density of
palindromic prefixes (also see [19]). He introduced a new Diophantine exponent /3y (whose definition
is recalled in the next section) which is closely related to /):2, and was able to compute [Sy(&,) and
to give a complete description of the set Bo(R\ Q)N (1,2). Our primary motivation to introduce the
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new class of numbers Sturm(s) comes from the following result (a combination of [20, Theorem 4.1]
with [I9, Lemma 7.1]), where we identify R? with the space of matrices Mataxo(R) under the map

rog I
(6) (x(],.Tl,J?z) — < r1 X9 )7

and we denote by Adj(w) the adjoint of a matrix w € Matay2(R).

Theorem 1.7 (Fischler, 2007). Let & be a real number with fy(§) < 2, which is neither rational
nor quadratic. Then, there exists a sequence (v;)i>0 of non-zero primitive points in 73 (identified
with the corresponding symmetric matrices) with the following properties. The sequence (||vi||)i>o
tends to infinity,

(7) lvi AEI = il =,

where Z := (1,&,€2), and there exists a function v : N — N such that viy1 is collinear to
viAdj(vy))vi for each large enough i. If moreover By(§) < V3, then we may choose 1 = g
for a bounded sequence s of positive integers.

The result of Fischler is more precise. It shows that 1) belongs to a narrow class of functions called
asymptotically reduced (see |20}, Definition 2.1]), which includes all functions g with s bounded.
In general each asymptotically reduced function comes from an infinite word with a large density
of palindromic prefixes m; in such a way that the recurrence holds [19, Section 3.1]. In [20],
Fischler motivates and asks the following question.

Problem. Let £ € R which is neither rational nor quadratic. Does the condition Gy(§) < 2 imply
A2(&) =1/Bo(§) ?

The following partial answer proves a claim made by Fischler in [I§].

Theorem 1.8. Let £ be a real number which is neither rational nor quadratic. If Bo(€) < /3, then
)\2(6) = Amin(g) = 1//80(§)

The idea is to prove that the condition 5(£) < v/3 implies that ¢ € Sturm(s) and 6(¢) = 0, where
s is the sequence given by Theorem and §(§) is the quantity appearing in Theorem [1.3| (see

Section . The first observation follows relatively easily from the following alternative definition
of the set Sturm(s) (see Section [5.4).

Definition 1.9. Let s be a sequence of positive integers, write o := o(s) and ¢ = 1s. The set
Sturm(s) is the set of real numbers { which are neither rational nor quadratic, and for which
there exists a sequence (y;)i>o of non-zero primitive points in Z3 (identified with their symmetric
matrices) with the following properties.

i) The sequence (y;);>o converges projectively to = := (1, &, £2).
Yi)i> g i Yy
(i) The matrix y;1 is proportional to y;Adj(yy;))y: for each large enough i.
(iii) We have | det(y;)| < ||y:||7/0+9)+o() as i tends to infinity with ¥ (i 4 1) < i.
We end this introduction with a few remarks, see Section for more details.

Remarks. Since £ ¢ Q, the sequence (||y;||)i>0 tends to infinity and det(y;) # 0 for i large enough
(since for large i, by and the kernel of the matrix y; is included in the kernel of =)

The parameter §(¢) in Theorem[1.3|can be defined as the supremum limit of log | det(y;)|/ log [|y;|
as 7 tends to infinity with ¢ (i +1) <.

In view of (), if £ = &, then we can take y; = ®(m;) for i large, where @ is as in (3). Since in
that case det(y;) = £1, we have §(&,) = 0.

By the sequence (y;)i>i, (With 4o large enough) is entirely determined by three points in Z3.
We thus have a surjection (Z3)3 — Sturm(s), and Sturm(s) is therefore at most countable.
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It follows easily from [24, Definition 6.2] that the set of Sturmian type numbers constructed in
[24] is included in Sturm. More precisely, if s is bounded, then the (infinite) set of proper -
Sturmian numbers (see Definition and [24] Proposition 6.1]) is included in Sturm(s). This
yields the density of A(s) in [0,0/(1 + 0)] when o = o(s) > 0.

Our paper is organized as follows. In the next section, we define the Diophantine exponents
involved in Theorem and introduce some notation. Sections [3| and [4] are devoted to the theory
of Sturmian sequences of matrices; in the former we focus on the combinatorial aspects and estab-
lish new key-identities, while in the latter we study the asymptotic behavior of these sequences.
Combining those results, we obtain a new characterization of the set Sturm in terms of Sturmian
sequences of matrices (see Section . This allows us, using parametric geometry of numbers, to
prove our main theorem in the last section.

2. NOTATION

Given a positive integer n and x € R", we define its norm ||x|| as the largest absolute value of
its coordinates. Let £ be a real number which is neither rational nor quadratic. We associate to
¢ several classical Diophantine exponents as follows. The ordinary (resp. uniform) exponent of
simultaneous approximation Aa(€), (resp. A2(€)) is the supremum of real numbers A such that, for
arbitrarily large values of X (resp. for each X large enough), there exists x € Z3 \ {0} satisfying

|x AZ| <X and x| < X,

where x Ay € R? denotes the cross product of x and y in R3. Similarly, the ordinary (resp. uniform)
exponent wy(§), (resp. w2(§)) is the supremum of real numbers w such that, for arbitrarily large
values of X (resp. for each X large enough), there exists x € Z3 \ {0} satisfying

Ix-Z|<X™¥ and x| <X,

where x -y denotes the standard scalar product of x and y in R3. The exponent wj(€) (resp. @5(€))
is the supremum of real numbers w such that, for arbitrarily large values of X (resp. for each X
large enough), there is an algebraic number « of degree at most 2 satisfying

0<|¢—al <H@)™MX™ and H(a) <X,

where H(«) is the height of «, defined as the largest absolute value of the coefficients of its ir-
reducible minimal polynomial over Z. See [II] for the motivation of the division by H(«) in the
left-hand side. We now recall the definitions of the last two exponents 8y(€) and Amin (€), introduced
respectively by Fischler in [20] and by the author in [25] on the basis of [20]. Set = = (1, £,¢?) and
for each 0 < p < A(§), denote by XM(E) the supremum of the real numbers A for which

% AE[ < min(X 7 [x]7*) and x[| < X
admits a non-zero integer solution for each sufficiently large value of X. The map u +— XM(E) is

non-increasing, and for ;= 0 we simply have Ag(Z) = X2 (€). We set

lim,, - 1/A, () if Ag(€) > 1 < s
= /L*}l = ’ d )\min = 1 )\ = ).
Bo(€) { olve , an (&) im w(E)

In particular Xmin(g) < Xg(&). Note that the definition of Ay, in [25] applies to general points
= = (1,£,m) € R3. In the current situation, the two above exponents are connected in the following
way: if Sp(§) < 2, then \a(§) = 1 and Apin(€) = 1/60(§) (see [25, Lemma 1.3]). The classical
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general estimates below are valid for each £ € R which is neither rational nor quadratic. Recall
that v = (1 4+ /5)/2 denotes the golden ratio. First

5SRO <1/y and 25B5(6) <7

The lower bounds are obtained by the Dirichlet box principle, the upper boundsAfollow respectively
from [I5, Theorem la] and from [4]. Jarnik’s identity [2I, Theorem 1] links A2(&) and @2(&) as
follows

~ 1
We also have (see [10, Theorem 2.5])
9) 1 <&3(8) < min{wy (), Wa(€)} < max{wy(§), W2 (£)} < wa(E)-

We now recall the notion of Sturmian functions s, which intervene in the recurrence relation
of the palindromic prefixes of a Sturmian characteristic word. They play a central role in [24]
(see also [20] and [19]).

Definition 2.1. Let s = (si)r>1 be a sequence of positive integers and for each k > 0 set ¢, =
S0+ 81+ -+ + s (where sp = —1). We associate to s a function 1) = 1s defined on N as follows.

N ]t —1 if i =t with k£ > 1,
V(i) = { i—1 else.

Note that s is entirely characterised by 1, the sequence (t;)>1 consisting of the integers n such
that ¢(n) <n — 2.

We denote by ||w|| the norm of a matrix w € Mataxa(R) defined as the largest absolute value

of its coefficients. Recall that R? is identified with Matoy2(R) under the map @ Accordingly,
we define the determinant det(x) = xozs — 23 of a point x = (xg, 71, 22) € R3. Similarly, given
symmetric matrices x,y, we write x Ay to denote the cross product of the corresponding points
in R3. We also identify R? (and thus Matay2(R)) to R[X]<2, the space of polynomial of degree at
most 2, via the map (zg, 21, 72) — 2o + 21X + 22X 2.
For any w € Matayx2(R), we denote by ‘w its transpose, and by Adj(w) its adjoint. The content of
a non-zero matrix w € Matgy2(Z) or of a non-zero point y € 73 is the greatest common divisor of
its coefficients. We say that such a matrix or point is primitive if its content is 1. More generally,
if w € Mataxa(R) \ {0} is proportional to a matrix of Matay2(Z), we say that w is defined over
Q and we denote by cont(w) the positive real number a such that a~!w is a primitive matrix of
Matayxo(Z). We set

(10) J:(_Ol(1)> and Id:((l)(l)).

Given a non-empty interval A C R, a positive integer n and F': A — R", we denote by || F|| :=
supye [[F(g)]. Finally, let I be a set (typically of the form N"), (a;);e; and let (b;)ier be two
sequences of non-negative real numbers indexed by I. For any non-empty subset J C I, we write
‘a; < b for i € J or ‘b; > a; for i € J' if there is a constant ¢ > 0 such that for each ¢ € J we have
a; < cb;. We write ‘a; < b; for 1 € J” if both a; < b; and b; < a; for i € J hold. In the special case
where I = N, unless otherwise stated, we will always implicitly take J of the form [jy, +00) NN for
Jo large enough, and we will simply write a; < b;, b; > a; and a; < b;.

3. COMBINATORICS OF STURMIAN SEQUENCES OF MATRICES

Let s = (si)x>1 be a sequence of positive integers (not necessarily bounded) and set ¢ = 1) (see
Definition . We define below the notions of ¥-Sturmian sequences and admissible 1-Sturmian
sequences of matrices. We develop the latter notion in To an admissible ¥-Sturmian sequence
correspond two sequences of symmetric matrices (y;); and (z;);, which we also view as sequences in
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R? (see . In our applications, (y;); will provide “good” solutions to the problem of simultaneous
approximation, whereas (z;); will be related to the problem with polynomials. In we establish
a new and surprising formula for (z;);. This is one of the key-properties for studying the exponents
ws and ©35.

Definition 3.1. A -Sturmian sequence in GLa(R) is a sequence (wy,),>0 such that wo, w; € GLa(R),
and for each k£ > 1, we have the recurrence relation wyy; = Wzk+1wk_1.

Clearly, such a sequence is entirely determined by its first two elements wg and wi.

Definition 3.2. Let (wg)r>0 be a 1-Sturmian sequence in GLa(R).

e We say that (wy)r>0 is admissible if the matrix wow; —wiwyo is invertible. Given an integer
k > 1, the identity wipwgy1 — Wr 1wy = —WZ’““_l(Wk,lwk — Wi Wg—1) implies that (wy)r>0
is admissible if and only if wi_1wp — wrwg_1 is invertible.

e The sequence (wy)r>0 has a multiplicative growth if ||w
k>1and 0 </l < spyq

e Finally, (wi)r>0 is defined over Q if, for each k& > 0, the matrix wy, is proportional to a
matrix of Matax2(Q).

3.1. Admissible sequences.

KWl = il | whwg—a| for

In [30] and [24] a v-Sturmian sequence (w;);>o is said to be admissible if there exists a matrix
N € GL2(R) satisfying
(11) wo!N, wiN, and wiwo'N are symmetric,
which gives a slightly different notion than ours. Note that by taking the transpose of wiwo!N and
using successively the fact that wo!/N and w1 N are symmetric, (I1]) implies that
(12) W1W0tN = WOW1N.

In that case and if NV is symmetric, then wg and w; commute; this is a degenerate situation that
we want to avoid. According to the next result, if wg and wy do not commute, then our definition
of admissibility is equivalent to the existence of N € GLg(R) satisfying . In addition, up to a
multiplicative constant, we provide a simple expression for V.
Proposition 3.3. Let wo,w; € GLy(R). Then the following conditions are equivalent:

(i) det(wowi — wiwg) #0

(ii) wiwo # wowy and there exists a matriz N € GLa(R) satisfying (L1]).
If these conditions are satisfied, then any N € Matayx2(R) satisfying is proportional to

(13) M = (Id — wy 'wo twiwg)J.

Proof. Note that the matrix M defined in is invertible if and only if holds. Suppose
Since JxJ = —det(x)x ! for each x € GLy(R), we have

(14) t((Id —x ly lxy)J) = —(Id -y 'xlyx)J

for any x,y € GLg(R). In particular 'M = (Id — wy "wy 'wowy).J. Moreover, since A € Matayz(R)
is symmetric if and only if Tr(AJ) = 0, using and the above expression of ‘M, it is easily seen
that is satisfied with N = M, hence

Now we prove =[] First, note that if N € GLa(R) satisfies (11, then we have (12). Since
by hypothesis wiwq # wowy, it implies that N is not symmetric. Thus det(!N — N) # 0 and the
matrix (wow; — wiwg)!N = wow1 (!N — N) is invertible, hence

Suppose now that and |(ii)| are satisfied and let us prove the last part of the proposition.
In general, the conditions (11)) represent a system of three linear equations in the four unknown
coefficients of N. By , the condition implies that there is no non-zero symmetric matrix
N € Matax2(R) solution of this system. Its rank is thus equal to 3 and the space of solution has
dimension 1. 1
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3.2. Symmetric matrices associated to Sturmian sequences.

We associate to any admissible t-Sturmian sequence two sequences of symmetric matrices
(vi)i>—2 and (2z;);>—1 as in |24, Definitions 3.5 and 4.2]. They play a major role in our study.

Definition 3.4. Let (w)r>0 be a 1-Sturmian sequence in GLa(R), and let N € GL2(R) be such that
(Y-2,¥-1,¥0) := (Wo!N, w1 N, wiwo'N) is a triple of symmetric matrices. We define w_; = wy 'wy,
and for each integers k,¢ > 0 with 0 < £ < spy1, we set

1

Tydl(tkﬂ) N Yt+ts

15 =w'tlw, (N, and z =
(15) Yip+e k k—14Vk tr+L det(wr

where Ny, = N if k is even, N}, = 'N if k is odd. By [24, Proposition 3.6] the matrix y; is symmetric
for each i > —2, so that the wedge product defining z;, ., makes sense. Note that the left-hand
side of remains valid for £ = siy1. In particular, for each k > 1, we have

(16) Yo(tn) = Wk—1k-

Remark. According to Proposition if (Wg)k>0 is admissible, then the matrix IV is proportional to
(Id—wflwalwlwo)J. In the following, if we refer to the sequences (y;);>—2 and (z;);>_1 associated
to an admissible ¥-Sturmian sequence without further precision on N, we will always implicitly
take N = (Id — wi 'wy 'wiwo)J in (I5).

Those two sequences satisfy a lot of combinatorial properties, for example |24, Eq. (3.4)] yields:
(17) Yit1 = yz'y;(li)yz' (i >0).

In the next lemma, we study the degenerate situation where N is symmetric (this is one of the
reason why we want to avoid this situation).

Lemma 3.5. Let (wg)r>0, N € GLa(R) and (y;)i>—2 be as in Deﬁnition. Then, for eachi > —1
which is not among the tx (k > 0), the poins y;—1,y:,yit+1 are linearly dependent. Moreover, the
following assertions are equivalent:
(1) (Wk)k>0 is not admissible;
(ii) N is symmetric;
(iii) There is k > 0 such that y¢, —1,¥t,, Yt,+1 are linearly dependent;
(iv) The space generated by (y;)i>—2 has dimension at most 2;

Proof. Eq. (2.1) of [28] combine with JyJ = —det(y)y ! (valid for all symmetric matrix y €
GL2(R)) gives the identity det(x,y,z) = — det(y)Tr(Jxy 'z) for all symmetric matrices x,y,z €
GL2(R) (also viewed as points in R3). Since Tr(JA) = 0 if and only if A is symmetric, we obtain
the following useful criterion, valid for each symmetric matrices x,y,z € GLa(R):

(18) det(x,y,z) = 0 < Xy 'z is symmetric.

Now, let ¢ > —1 be an index not among the ¢;. Then (i) = i — 1, and by the matrix
yiy;rllyi_l = yi_lylflyi_l is symmetric. We deduce from that det(y;,¥i+1,¥i—1) = 0. This
proves the first part of our lemma.

& by and Proposition We obtain & by noticing that if i = t
with £ > 0, then y;11 = wWiys, Vi1 = Yip(tper) = Wi Nk+1, so that yiy;rllyi_l = Ngy1, and
det(yi,, Yip+1,Yt—1) = 0 if and only if NV is symmetric. Lastly, we get & by combining
the above combined with the first part of the lemma. O

We now prove that any sequence satisfying comes from a -Sturmian sequence. This will
play a crucial role in establishing the new characterization of the set Sturm in Section 4.3
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Proposition 3.6. Let ig > —2 be an integer and let (v;)i>—_2 be a sequence of symmetric matrices
such that det(v;) # 0 for each i > —2, and

(19) Vitl = viv;(li)vi

for each i > 0. Then, there are N € GL2(R) and a ¢-Sturmian sequence (w)i>o with the following
property. We have (v_a,v_1,vo) := (Wo'N, w1 N, wiwo'N), and (v;)i>_2 is precisely the sequence
(¥i)i>—2 associated to (wi)k>0 and N by Definition . If moreover the space generated by (v;)i>—_2
has dimension 3, then the sequence (Wi)g>0 is admissible.

The last part of the proposition is implied by Lemma The first part comes from Proposi-
tion 3.8 below.

Proposition 3.7. Let (v;)i>_2 be as in Proposition and for each k > 0, set wy := vtk+1v;€1.
Then, we have the following properties:
(1) Vi 1o = wive, = W£+1V¢(tk) fork>1and 0 <l < spy1.
(i) vjp1 = wgvj for k>0 and t < j < tpy.
(iii) v; = Wi Vy(j) for k> 1 and t < j <lpyq.
Moreover, the sequence (wi)k>0 s a -Sturmian sequence in GLa(R).
Proof. Since (tg,t1) = (—1,0), the case k =0 ofis trivial by definition of wg. Let k, j be integers

with £ > 1 and ¢, < j < tg+1. Recall that ¢(j) = j — 1 for each j with ¢ < j < tg41, so that,
using successively , we find

. -1 _ .1 _ . .. _ -1 _ _ -1
VitiVio = ViVy) T T Vit Ve = Wk S VeV

which proves and Assertion |(i)|is a consequence of |(ii)| and |(iii)}
Finally, by (19), we have wj41 = Vtk+1qu(1tk+1) = (Vigtsepa Vi ) (Ve vy, —1)- Using (i) and |(ii), we
find wy11 = w;" "' wy_1, hence the last part of the proposition. O

Proposition 3.8. Let (v;);>_2 be as in Proposition and define the -Sturmian sequence
(Wk)k>0 as in Proposition Setting N := t(v,lvalv,g), we have v_g = wo'N and

(20) Vit = Wiﬂwk_lNk (k>1and 0 </l < sky1),
where N, = N if k is even, N, = N else.

Proof. For each k > 0, set

/ o —1 _ —1
(21) Niq =Wy Vi(ter) = Vi Vi1 Vi—1-
By (19), we have
vy Vi =v v and vl v =...=v v
U1 Vipa14+1 = Vo(teyr) Vg tog1 ¥V let1—1 = = Vig+1Vies

from which we deduce
/ _ -1 _ -1 _ -1 _ taps
Nk+2 - Vtk+1vtk+1+lvtk+1*1 = Vo trr1) Vigyr Vier1—1 = V=1V 41V, = Nk+1-

Since ‘N = N; = Nj, it implies that Ny = Nj for each k > 1, and provide the identity
= Wi Niy1. With & = 0, this gives v_o = wo'N. More generally, combined with Proposi-

Vot i)
tion [3.7] this yields (20)). O
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3.3. New key-identities.

Recall that R3 is identified to the space of symmetric matrices of Matgy2(R), so that X AY is
well defined for any symmetric matrices X,Y € Matayo(R). We denote by J the matrix defined
as in . The goal of this section is to give another expression for the sequence (z;);>_1 of
Definition This will allow us to compute the exponents w3 and @3 of a Sturmian number in
Section ee the introduction and for the motivation of the following definition.

Definition 3.9. We define the morphism U : Matax2(R) — Matay2(R) by

a b —c a—d
o((ea)=(ale )
Note that for each X € Matay2(R), the matrix U(X) is symmetric, U(Adj(X)) = —U(X), and
U(X) = 0 if and only if X is proportional to Id.

Definition 3.10. Let (wg)r>0 be a t-Sturmian sequence in GL(R) and set w_; := wo_lwl. We
associate to (Wg)r>0 two sequences (a;);>—1 and (b;);>_1 of symmetric matrices as follows. For
k,0 € N with k>0 and 0 </ < sp41, we define by, = U(Wiwk_l) and

ay o= (—1)by,, Aby o= (—1)FU(wy) AU (Wjwi—1).
The main result of this section is the following.
Proposition 3.11. Let (wy)r>0 be an admissible 1-Sturmian sequence in GLa(R). Then
a,=y; and b;= det(N)_lzi
for each i > —1, where (yi)i>—2 and (z;)i>—1 are the sequences of symmetric matrices given by
Definition[3.4] with N = (Id — w 'wy 'wiwg).J.

Before proving this result, let us state some elementary identities satisfied by U. They can easily
be obtained by a direct computation, details are left to the reader.

Proposition 3.12. For each X,Y € Matayo(R), we have the following properties.
(i) UX)AUY) =0 if and only if XY =Y X. More precisely
(22) UX)AUY)=—-(XY -YX)J
(i) If X,Y are invertible, then UX)AU(Y) = -XY(Ild - Y 1 X1Y X)J.
(iii) If X,Y are symmetric, then U(XAdj(Y)) = —-X AY.

It is also interesting to notice the following identities (although we will not need them in this
paper)
UXY)+UYX)=Te(X)UY)+ Te(Y)U(X),
and
U(PXP Y)Y AU(PYP™Y) =det(P)'P(UX) AU(Y))P,

valid for each X,Y € Matayx2(R) and P € GL2(R). We get the first one by a direct computation,
and the last one is a consequence of and the equality Adj(P)J = J(*P).

Proof of Proposition[3.11. Let k,¢ with k > 0 and 0 < ¢ < sgy;. We first prove the formula
b, = det(N)_lzi for each i > —1. We can derive from the general identity wiwp_1 N =
Wr—1WrNgt1 (see |24, Proposition 3.4]). Combined with , we obtain y¢, 4¢ = Wiwk_lwkaH.
On the other hand Eq. gives yy( = Wi NVg11, so that

tret1)

1

— v
YtrttY y(ty ) = WkWk—1
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Since y, ¢ and yy s, ,) are symmetric, together with assertion of Proposition and ,
this yields

btk+£ = U(Wiwk_l) = det(yw(tk+1))71y’¢)(tk+1) /\ ytk‘i‘z = det(N)ilztk“!‘Z'
Now we prove that a;, ¢ = y¢, +¢. Assertion of Proposition gives
Ao = (—1)k+1U(Wk) A U(W,l;wk_l) = (—1)kwi+lwk_1(1d — W,;_llvv,;lwk_lwk)l
We conclude by noticing that W,;ilwglwkﬂwk = w,;_llw,zlwk_lwk combined with implies

(_1)k(1d - leilwlzlwk—lwk)J = Ng.

4. ESTIMATES FOR STURMIAN SEQUENCES OF MATRICES

We keep the notation of Section [3] for s and 1) = ). In we establish a new simple criterion
so that a given admissible ¢)-Sturmian sequence (wy)g>0 has multiplicative growth. In §4.2) we
solve the delicate question (and essential for our study) of knowing how to control the content of
wp, assuming that (wy)g>o is defined over Q. Altogether with the results of the previous section,
we finally establish a new characterization of Sturm(s) in

The next result will allow us to eliminate the degenerate situation where a -Sturmian sequence
is admissible with an antisymmetric matrix N.

Lemma 4.1. Let (wg)g>0 be a -Sturmian sequence in GLa(R) and N € GLa(R) be such that
wo'N, wiN and wiwo'N are symmetric. Suppose that the sequence (y;)i>—2 of symmetric ma-
trices associated to (wy)k>0 and N as in Definition converges projectively. Then N is not
antisymmetric.

Proof. By contradiction, suppose that N is antisymmetric, and write N = aJ with o € R\ {0}.
Then, by (12), we have wowi = —wiwo # wiwo. We claim that w§ (resp. w¥) is proportional to Id
if £ is even, and wq (resp. wy) if £ is odd. Indeed, since J~! = —J = 'J, we have awg = y_oJ and
aw; = —y_1J, and we conclude with the identity xJxJ = —det(x)Id valid for each symmetric
matrix x € GLa(R). As a consequence, for any i > —2, the non-zero symmetric matrix y; is
proportional to either woJ, wiJ or wiwgJ. Since by Lemma the points y¢, —1, ¥t,, Yt,.+1 are
linearly independent for each k > 0, we deduce that projectively, the sequence (y;);>_2 has exactly
three accumulation points, a contradiction. ]

4.1. Multiplicative growth property.

Showing the multiplicative growth of an admissible 1-Sturmian sequence in GLy(R) is difficult,
partly because of the lack of control of the signs of the coefficients: opposite terms can cancel out.
The proof of Lemma 5.1 of [30] gives a useful criterion for showing the multiplicative growth if wq
and wi are of a certain type. The examples given by Roy in [30] (see also [24, Section 8.1]) satisfy
this criterion and allow us to avoid the alluded difficulty (see also Example 2 of [29] for an example
of construction of extremal numbers which does not satisfies the criterion of [30, Lemma 5.1]).
We establish a new condition under which an admissible ¥-Sturmian sequence has multiplicative
growth. Recall that the matrix J is defined by .

Proposition 4.2. Let (wy)r>0 be an admissible 1-Sturmian sequence in GL2(Q) and let (y;)i>—2
be the sequence of symmetric matrices associated to (wi)g>0 by Definition . If (yi)i>—2 converges
projectively to a point'y = (1,£,£%), where £ € R is neither rational nor quadratic, then (wi)i>o
has multiplicative growth.

Proposition [£.2] is a corollary of Proposition below.
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Lemma 4.3. Let £ be a real number neither rational nor quadratic. Let N be a positive integer
and By, ...,Bn € Matoyx2(Q) \ (QJ). Then EBNEBy_1...EBy # 0, where E is the symmetric
matriz corresponding to (1,€,€2).

Proof. Since the image of Z is equal to (x), where x = “(1,£), it suffices to prove that for any
B € Matox2(Q) \ (QJ), the vector EBx € (x) is non-zero. Let B € Matay2(Q) and write

a b
B= ( c d > '
Then ZBx = 0 if and only if a + (b + ¢)¢ 4+ dé? = 0. Since £ is neither rational nor quadratic, it is

equivalent to B € QJ. O

Proposition 4.4. Let (wy)i>0 and (y;)i>—2 satisfying the hypotheses of Proposition . Let N be
a positive integer and B be a finite subset of Matoyx2(Q) \ (QJ). Then, there are a constant ¢ > 0

and an index ig which only depend on B, N and &, such that, for any indices j1,...,jn > g and
any matrices By, ..., By € B, we have

N N
(23) T il < llyiBu--yin Ball < e T llyiell-

k=1 k=1

Furthermore, the sequence (wWi)k>0 has multiplicative growth.

Proof. Since B is finite, the set of N-tuples of matrices (By,...,By) € BY is finite. We denote
by = the symmetric matrix corresponding to (1,&,£2). By Lemma there is a constant ¢; > 0
(which depends only on B, N and &), such that

1 — —_
(24) a <||EB;---EBy|| <

for each (By,...,By) € BY. Write y; = ( zz(l) zz; ) for each i > —2. By hypothesis yifolyi tends
to 2, in particular |y;,| < ||y:l||. Fix (Bi,...,Bxy) € B. From the above the matrix product

N 1
( 11 yjk70) YiBi--yjn By
k=1

tends to ZBj - - - EBy as i tends to infinity, uniformly in ji,...,jx5 > i. Thus, by , there exist
a constant ¢ > 0 and an index ig such that Eq. holds for each ji,...,jn > ip. Since BY is
finite, we may suppose that this estimate is satisfied for all (By,..., By) € BY, which ends the
proof of . We now prove that (wg)r>o has multiplicative growth. Fix k,¢ with £ > 1 and
0 </ < skr1.- By , we have wy = y¢(tk+1)Nlc_+11 and wﬁwk,l = ytﬁg,lNk_l if £ > 0. In
particular [[wi|| < [|yy,., )l and [wiwk_1]| < ||lyt,+e—1] if £ > 0. Moreover, the matrices N~! and

!N—1 are not proportional to .J according to Lemma By writing

Nt N7 it e >0,
W£+1Wk_1 _ Wk(Wiwk—l) _ { yw(tk+1)N’i+11ytk+ Ji]*f i
Yy (try1) NV e+1Y () Vi e=4u,

and by using (23)), we conclude easily that ||wh ™ wy_1|| = [[wg ||| wiwg—1]- O

We can deduce from the proofs of |24, Proposition 6.1 and Proposition 6.5 the following result
(note that in [24] we suppose that wi € Mataoxo(Z), but this hypothesis is not needed to get the
estimates of our proposition).

Proposition 4.5. Let (wg)r>0 be an unbounded admissible 1-Sturmian sequence in GLa(R) with
multiplicative growth, and denote by (yi)i>—2 and (z;)i>—1 the associated sequences of symmetric
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matrices (see Definition . Suppose that there exists 6 < 2 such that | det(wy)| < ||wg||® for each
k > 0. Then, the sequence (y;)i>_2 converges projectively to a point = = (1,£,£%), and
_ | det(yi)| | det(yi)|

Vi\NE|| x ———+ zi|| < |lyw | and |z Z| < :
H i H HyZH ) H ZH H 1/1(1)’ 4 HyH-lH

4.2. Estimates for the norms and the contents.

Proposition below generalizes, among others, the first part of Proposition 5.6 of [24]. The
growth of the contents was originally proven in [23, Chapter 3| in a different way. This is one of
the most delicate points. We are grateful to Damien Roy for pointing us out a much shorter proof
than the original one. Recall that the sequence s is not necessarily bounded and that U denotes
the map introduced in Section We define the sequence (py)r>—1 by

(25) (p-1,p0) = (0,1) and pii1 = Sp1pk +Pe—1 (K >0).

Proposition 4.6. Let (wg)i>0 be a -Sturmian sequence in GLg(R) with multiplicative growth
such that (||wk||)k>0 is unbounded. Then, there exist real numbers o, B, with B > 0, such that

(26) |det(wy)| < ek and |\wy| = °PF = Wy,
as k > 0 tends to infinity. If wy is defined over Q for each k > 0, then there is o € R such that
(27) cont(wy,) = ePrleto))

as k tends to infinity. Suppose furthermore (wy)r>0 admissible, and that either s is bounded or
a=29. Giveni =t + L withk >1 and 0 <{ < sx11, we define

V=W Wioy and  Z; = WiW_y.

1+4o0(1

W lwhwy || = 2 oW

p , as well as

Then, as i tends to infinity, we have ‘|W£+1Wk—1|| =Y,

0+1 ) = y¢/B+o(l)

(28) cont(wy " Wg_1 ) = Zf/'B“(l).

and cont(U(whwy_1

The proof of this result is at the end of this section. With that goal in mind, let us introduce
for each i € N the sequence (q,(:)) rez, defined by

4 0 if k<1
g =31 o ifk=i
skql@l + q,(:zQ if k> 1.
Note that (q,(co))kz,l is the sequence (pg)r>—1 of . Moreover, the theory of continued fractions
(see for instance [35, Chapter I]) ensures that for each k£ > ¢ > 0 we have

(i—1)

q i—1 ; 1
(29) k(i) = [$i; Sit1,...,8k] and |q,(cz ) _ giq,(j>| < @
I, Qrt1
where & := [si; Sit1,...]. Note that the right-hand side of still holds (and is an equality) for
k =i — 1. Furthermore, & > s; > 1 and & = s; + 1/&41, hence
(30) §ilit1 =81 +1>2 (i>1).

Lemma 4.7. For each i > 0 the quotient q,g)/q,go) tends to a; :==1/(&1...&) as k tends to infinity,
where ag = 1. Moreover, 3,5 s;a; < 00 and there exist A, B > 0 with the following properties.

(i) Z si]q,(f) - aiq,io)\ < A for each k > 0;
i>0

(ii) q,(:)/q,(;)) < Ba; for each k,i > 0.
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Proof. Let i > 0. Then q,g )/ q(o) = a; + o(1) as k tends to infinity, since for each j > 1 the quotient
(] b /q 7 tends to &j. For each a,b € R, we set d,<;, = 1 if @ < b, and 0 else. Given k£ > 0, we have

g 1) dj<i 0j<k+1

)

|aiql(e _qk f]qk ‘_

j>1 SAN ql(c]ll

where the last estimate is obtained by noticing that the term in the first sum vanishes if k < j — 1,
and by using the upper bound given by for the indices j with j < k 4+ 1. This yields

(31) Zsi|aiqk —qk |_ZZ = j<k+1 z J)

1>0 ’L>0]>1 7; k+1 j= 1 qk+1 Z>_] .7 e Z
On the one hand, using the upper bound s; < &; and ., we get

1

Z —Z —ZQU =Nzl — Z =1

i>j5 > z>g k>0

Taking 5 = 1 in the above, we get > ,~;sia; < 1. On the other hand, since the golden ratio
v = (1 ++/5)/2 satisfies v/ = 49~ 4+ 7322 for each j > 0, it is easy to check by induction that
q](<,‘j-i)-l > ~k=J for each j < k + 1. Together with , we find

1

Had® _ O 1 _
ZSZ‘ank —qk|§‘ 7_]§ZF—.A<+OO,
>0 j=1 7=>0

hence We now prove We may assume that k > ¢ since q,(:) =0if k <. If kK > 4, then we
have [s; Sit1,..., 8% > &(1 — 7*F), since and & > 1 and [8i5 Sit1y .-y Sk — &l < 1/q,(;_3_1 < ik
by (29). If k =4, we simply have [s;;...,s;] = s; > & /2. Combining these lower bounds, we find

()
1 B 2
qLO = < , where Bi= —— < 0.
¢ [siisa, skl s sien, sk T G [Ij>1(1=~77)
O
Lemma 4.8. Let (14)r>0 be a sequence of real numbers. Set ey, := ry — SErE—1 — Tk—2 for each

k>0, with (r—a,7—1) = (0,0). Then

k .
(32) TR = Zéiql(f) (k> -2),
i=0

with the convention that the sum on the right-hand side is equal to O if k < 0.

Proof. We prove Eq. by induction on k > —2. It trivially holds for £k = —2 and k = —1.
Suppose now that (32) is satisfied for —2, —1,...,k — 1, where k is a given integer > 0. Then, since

(k) =1 and q(k 1) = 0, we obtain
(b) S
Tk = Ekqy " = SkTk—1 T Tk—2 = Z Ez(squ 1+ qk 2) Z € q
i=0

0

Lemma 4.9. Let (1)r>0 and (ex)r>0 be as in Lemma and suppose that e, = O(s). Then,
there exists A € R such that

(33) e = Apr + O(1) (k> 0).
Remark. Eq. can be deduced from the proof of [24] Proposition 5.5].
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Proof. Set A := 37,5 ¢&a; and let ¢ > 0 be such that |e;| < cs; for each i > 0. We have A € R by
Lemma Then, using and of Lemma we obtain for each k& > 0

= Mgy = Y eilay) — aig)] < e silay) — aiq”| < cA.
i>0 i>0

O

Surprisingly, under the weaker assumption e > 0, the quotient ry/pj still converges, as soon as
it is bounded (see below).

Lemma 4.10. Let (14)r>0 and (¢x)k>0 be as in Lemma and suppose that for any sufficiently
large k, we have € > 0 and r, < Mpy for a constant M > 0 independent of k. Then ry/py has a
limit as k tends to infinity.

Proof. Let k,{ be integers with kK > ¢ > 0. By , if ¢ is large enough, then we have ¢; > 0 for
each ¢ > ¢, and
¢ (1) k (4)
qy 9, Tk
2 = i g = g < M
=0 qy j 4, I,

=0

Yet, the quotient q,: / qk0 tends to a;. By letting first k, then ¢, tend to infinity in the left-hand
side, this shows that the series _,~(&;a; converges absolutely. So, we can apply the dominated
convergence Theorem by H (ii)| of Lemma Defining d;<, = 1 if 7 < k, and 0 otherwise, we get

Tk .
kl;ngo W = khﬁrrolo‘Z@Skel o) Z hm 6l<k5Z Zelal e R.
i>0 4y k i>0

0

Proof of Proposition[{.6 Let (wg)r>0 be a 1-Sturmian sequence as in Proposition For each
k > 2, we have wi, = w;* ;wj,_o. Consequently, the sequence (r4)g>0 := (log | det(wy)|)r>0 satisfies
Tk — SkTk—1 — Tk—2 = 0 for each k£ > 2, and we obtain the estimate for | det(wy)| in by applying
Lemma Similarly, the multiplicative growth gives

log [[wi[| — sk log [we—1]l —log [[wi—1]l = O(st),

and therefore, we can also apply Lemma with the sequence (r;)r>0 := (log ||wk||)r>0. Hence
the estimate for ||wy|| in (26]). Note that since (|w||)x>0 is unbounded, we must have 3 > 0.

Now, suppose that (wg)r>0 is defined over Q and consider (ry)r>o := (log cont(wy))x>0. Given
k > 2, the identity wy = WZ’ilwk_g implies that r, > sprg_1 + rr_2 by definition of the content.
Moreover, Eq. yields rj, < log ||wg|| < Bpx as k tends to infinity. Lemma [£.10] gives (27).
Suppose in addition that (wy)g>o is admissible, and that s is bounded ora=2p. Let i =t + ¢
with £ > 1 and 0 < ¢ < si41. The estimates kulwk_ | = YHO , [whwe_1]| = Zi1+0(1) are
obtained by multiplicative growth (and since ||wg|| < W} tends to mﬁnlty) Furthermore
cont(U(wy))cont(U(wiwy_1)) < cont(U(wg) A U(wiwg_1)) = cont(wi“wk 1),

where the last part comes from Proposition On the other hand, cont(wy) < cont(U(wy)) and
cont(whwy_1) < cont(U(wiwg_1)). So the left-hand side of (28)) implies its right-hand side, and it
just remains to prove the estimates with Y;. For each j > 0, we set cj := cont(w;). By . we

have ¢j, = W,f/ﬁJrO( ). Since cont(ww’) > cont(w)cont(w’) for each w, w' € Matax2(Z) \ {0}, we find

(34) cont(wi“wk 1) > Ciﬂck | = (W,ﬁ“Wk_l)Q/ﬂ“‘o(l).
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First case. Suppose that s is bounded. Then o(sk11) = o(1) and Wkog_ll) = W,:(l). We deduce

easily from and combined with the upper bound

—0—1
Chp1 > ! cont(wi“wk_l).

Second case. Suppose that s is unbounded and o = 29. The matrix w := c_lwiﬂwk,l has

integer coefficients, where ¢ := cont(wiﬂwk_l). Using we find
1< |det(w)| < C—2(W£+1Wk_1)a/ﬁ+o(1) _ 6—2(W£+1Wk_1)2g/ﬂ+0(1),
hence the upper bound cont(wi“wk,l) < Y;Q/’BJFO(D. We conclude by . O

4.3. Property of the set Sturm.

Let s be a sequence of positive integers and set o = o(s). It is difficult to compute the Diophantine
exponents of an element of Sturm(s) using only Definition The main result of this section,
namely Theorem below, will help dealing with this problem. Recall that (pg)r>—1 is defined

by .

Theorem 4.11. Let £ € Sturm(s) and set = = (1,£,£2). Then, there exist 3,6 € R with 3 > 0
and § € [0,0/(1+ o)] with the following properties. We define (Wy)i>o0 := (e?P%)y>0 and for each
=ty +C withk>1and 0 < { < sgy1, we set

Vi =W Weoy and  Zy = WiW_y.

Then, there is an admissible 1p-Sturmian sequence (Wi)g>o0 in GLo(R), with multiplicative growth
and defined over Q, such that

(i) ||wgll =< Wi and | det(wy)| < WP;

(ii) cont(wy) = W,:(l) as k tends to infinity.
Moreover, denoting for each i > —1 by y;,z; € Z> the non-zero primitive integer points
(35) yi := cont(a;)'a; and z; := cont(b;) 'by,
where (a;)i>—1 and (b;)i>_1 are defined as in Deﬁm’tz’on we have the estimates

1 1 —_ —14+6 1 1 1 —_ ) 1 _
36) |yl =0y AZ) = Y0 g = 2N and |72 = v Oy

as i tends to infinity. In particular, the sequence (y;)i>—2 converges projectively to E.

Remark. As we will see, the parameter § in our theorem depends only on & (see the remark after
Theorem [5.9)).

Proof of Theorem [{.11]. By Definition (and the remarks below Definition [1.9)), there is a se-
quence (v;);>i, (with i9 € N) of non-zero primitive points in Z* such that det(v;) # 0 for each
1 > 19, the point v;4; is proportional to viv;(l)vi for each i with (i) > ip, and

(87) [ det(vi)] = [|vif| 7/ o)
as 7 tends to infinity with (¢ + 1) < i. The space generated by (v;);>;, has dimension 3. Indeed,

if (v;)i>i, was included in a subspace V' of dimension 2 and defined over Q, it would imply that
= € V, which is impossible since the coordinates of = are linearly independent over Q. Upon

defining v;,—1,...,v_2 by using the induction formula vy; = v;v, +11vi, we may assume without
loss of generality that igp = —2. Then, by Proposition there is an admissible -Sturmian

sequence (w})r>o defined over Q and such that y) is proportional to v; for each ¢ > —2, where
(¥})i>—2 denotes the sequence associated to (w},)x>0 by Definition [3.4 According to Proposition
the sequence (w},)g>0 has multiplicative growth. Any t-Sturmian sequence of first terms Aw( and
pwh (with A\, u # 0) has the above properties. So, upon replacing wg, wy by larger multiples, we
may assume that |det(wo)|, | det(wq)| > 1, which implies that (| det(w},)|)x>0 tends to infinity, and
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therefore (w})x>0 is unbounded. Then, by Proposition there are «, 8, 0 € R with 8/ > 0, such
that

[det(w)| = e, [[wl| = €77+, cont(w) = err(e+o(l)

as k tends to infinity. since (y});>_2 converges projectively to Z, if follows from the classical
estimates of the determinant (see Section 3 of [15]) that

| det(y)| < Iyillllyi AZl = o(llyill?).

By taking i = ¢(tx1+1) and by using (16), we obtain det(w},) = o(||w}|/?), and thus a < 24"
Moreover, by definition of the content, the matrix con‘c(wﬁc)_lwﬁC has integer coefficients, so its
determinant is a non-zero integer. Consequently, we have 20 < . This leads us to 8 := 3" — 0 > 0.
For each k£ > 0, we set

— /
wi = e Phwy.

Then (wg)r>0 is a ¥-Sturmian sequence in GL2(R) defined over Q, admissible, with multiplicative
growth, and we have

| det(w)| < e(a_29)pk, |wk || < eﬂp’“, cont(wy) = eOPr) — ||Wk||°(1)

in particular (||wg||)x>o tends to infinity since 8 > 0, and | det(wy)| < ||w||° with § := (o —20)/83 €
[0,2). It proves (i) and Note that by proposition up to multiplication by a constant, the
sequences (a;);>—1 and (b;);>_1 are the sequences of Definition Consequently

(38) | det(a;)] = | det(wy)|“*| det(wy_1)|

for i =t + ¢ with £ > 1 and 0 < ¢ < sp1, and the point a; is proportional to y; (and thus to v;).
We deduce that (a;);>¢ converges projectively to Z, and Proposition yields

| det(a;)| | det(a;)|
lai AE| = and |b; - E < ———F.
aill @it

By|(i)|and (38]), we have | det(a;)| = 6+O(1) . Also note that YJF(I) =Y’ °® gince Yy = WhY; < Y2
Putting the above estimates together Wlth
1+o(1) 1+o (1) N _ yo(l) N _ o(1)
(2 - 9 ) - ) 1) T 1) —
l|lai|l = |Ibi|| = cont(a;) =Y, and cont(b;) = Z,

3 K3

coming from Proposition we get . Note that y; = £v; since they are linearly dependent
primitive integer points. We obtain § < ¢/(1 + o) by combining (37)) with

6 o o
| det(vy)| = | det(y:)| < [lyi AE[|lyill = ¥ = vy @

Now, let us briefly recall the definition of Sturmian type numbers constructed in [24].

Definition 4.12. Suppose s bounded. A proper ¥-Sturmian number is a real number & such that
there are a real number § € [0,0/(1 + ¢)) and an admissible t-Sturmian sequence (wg)r>o of
matrices in GL2(Q) N Matoyxo(Z) with the following properties. The sequence of symmetric ma-
trices (y;)i>—2 associated to (wg)g>o by Definition converges projectively to (1,&,£2) and
(cont(y;))i>—2 is bounded. Moreover (wi)r>0 is unbounded, has multiplicative growth and sat-
isfies |det(wg)| =< [|[wg||®. The set of Sturmian type numbers is the union of the sets of proper
1g-Sturmian numbers for bounded sequences s.

Remark. The elements of Sturm(s) (when s is bounded and § < o/(1 + o)) have a lot in common
with proper ¥-Sturmian numbers. However, a major difference is the possible existence of non-
trivial contents for the sequences involved in Theorem Also note that in our theorem, (wg)r>0
does not necessarily have integer coefficients.
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5. APPLICATIONS TO DIOPHANTINE APPROXIMATION

Our proof of Theorem |[1.3| (see relies on parametric geometry of numbers. We recall the
elements of the theory that we need in and in §5.2| we compute the parametric versions of
the exponents @, w, X, A, associated to a point £ € Sturm(s) and Xmm(f). The two remaining
exponents @} and w} are studied separately in

5.1. Parametric geometry of numbers.

Let = = (1,£,£2) where ¢ € R is neither rational nor quadratic. In this section we quickly
present Schmidt and Summerer’s tools of parametric geometry of numbers in dimension 3 (see [36]
and [37]). In the following, the letter ¢ always denotes a positive real number. Our setting is the
same as that of [24], i.e. we consider the two following families of symmetric convex bodies:

Ce(e?) :={x e R?; ||Ix|| <1and |x-E| <e 7}
and

Ci(e?) :={x €R’; ||Ix|| < e’ and [x A E| < 1}.
For j = 1,2,3, the quantity A;(g) (resp. Aj(g)) denotes the j-th successive minimum of the convex
body C=(ef) (resp. Cx(e?) ) with respect to the lattice Z3. We also define

Lito) = s (@), 45(0) = 0 G~ lmsup (o), o, = lmint v5(0),

as well as the analogous quantities L}(q), ¥](q), ¥;, %

successive minima L; (resp. L%) into a single map L¢ = (L1, Lo, L3) (resp. Ly = (Lj,L3,L3)).
In the following proposition (cf [36] and [31]) we give a classical relation between standard and
parametric Diophantine exponents.

associated to Ai(g). We group these

Proposition 5.1. Let & be a real number which is neither rational nor quadratic. Then

1 1 M) () )
wa(€) +17@a(§) + 17 Ng(€) + 17 A2(§) + 177

(39) (), D1y, 03) = (

Note that there also exists a parametric version of Amin(¢) (see [25, Section 3.2 and Proposi-
tion 3.6]), but we will not need it here.

We follow [37, §3] and we define the combined graph of a set of real valued functions defined
on an interval I to be the union of their graphs in I x R. For a map P : [¢, +o0) — R? and an
interval I C [c, +00), we also defined the combined graph of P on I to be the combined graph of
its components P, %, P3 restricted to I. In order to study the combined graph of the map Lg, it
is useful to define the following functions.

Definition 5.2. For each point x € R"™ \ {0} we denote by Ax(q) (resp. A%(q)) the smallest real
number A > 0 such that x € A\Cz(e?) (resp. x € ACZ(e?)). Then, we set

Lx(q) =log(Ax(q)) and Li(q) = log(Ax(q))-
Roy calls the graph of Ly (or of L) the trajectory of x.

Locally, the combined graph of L¢ is included in the combined graph of a finite set Ly, and for
each x # 0 we have

Lx(g) = max (log(|[x[)),log(|x - E[) + ¢) and Li(q) = max (log(|lx A E|), log([[x[|) — q)-

Note that

L1(q) =r;1;01Lx(q) and Lj(q) =r3;ng(Q)-

Proposition 5.3 (Mahler). For each j = 1,2,3, we have yj = —@4_]~ and @j = —@Pj. More
precisely Lj(q) = —Lj_;(q) + O(1) for each q > 0.
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The functions L; have many rigid properties. For example they are continuous, piecewise linear
with slopes 0 and 1, and by Minkowski’s second Theorem, for any ¢ > 0 we have

(40) Li(q) + L2(q) + Ls(q) = ¢ + O(1).

To describe precisely their behavior, several class of functions have been introduced, starting with
the model of (n,)-systems of Schmidt and Summerer in [37]. In [24], we use the simpler notion of
n-system given by Roy in [32]. The main result of [31] implies that L¢ can be approximated, up to
an additive constant, by a 3-system, and vice versa.

5.2. Map of the successive minima.

Let £ € Sturm(s), where s is a sequence of positive integers. The goal of this section is to describe
the map of successive minima L¢ and to determine its parametric exponents, see Proposition
and Theorem respectively. Our strategy is to construct a simpler and explicit function P (very
similar to that in [24], Section 7.2]) and show that P(q) = L¢(q) + o(q), except in some controlled
intervals which may be ignored for the computation of the parametric exponents, as was already
the case in [24]. Note that in [24], the sequence s is bounded and the parameter § is < o/(1 + o).
Here, s might be unbounded and we allow the case § = /(1 + o), which brings some technical
difficulties.

Set ¢ =g and 0 = o(s) and let 6 € [0,0/(1 4 0)], (Wi)k>0, (Yi)i>0, (Zi)i>0, and the sequences
of primitive integer points (y;);>—1 and (z;);>0 in Z* be as in Theorem Note that Wy > 1 for
each k£ > 0 and that (Y;);>0 is increasing. The theory of continued fractions yields

log Wy, Pk 1 1

41 = = < —+o(1

1) log W1 Pret S5 8k, ---581] 7 @

as k > 0 tends to infinity. We also get the useful formula (see [24, Eq. (7.2)])
(42) o = liminf 2% = liminf Nog Wi

k—00 Dr41 k—o0 IOng_H.

Definition 5.4. Given ¢ = t, + ¢ with £ > 1 and 0 < ¢ < sgy1, we denote by §; the maximum
of the real numbers n < § such that Y;l_" > max(Zy,,,,Zi). We set ¢; = (2 — §;)log(Y;) and
¢i = q; + log(Wy), as well as

Y —(1-4;) Y A7
AF = T — (i, )T d A= i — =i
! Y; (Wi k1) o Yigr Wy

The functions fz and Ef are defined for each ¢ > 0 by
Ijl(q) = max (log(Z;),log(A;) + ¢q) and if(q) = max (log(AY),log(Y;) — q).

Since Y; > max(Zy,,,, Z;), we have 6; > 0. Note that ¢; = logV; —log A} = log Z; —log A; is the
point at which L; and Ef change slope.

Lemma 5.5. The sequence (0;)i>0 converges to 0 and ¢; < ¢; < gi+1 for each large enough i.

Remark. If § < o/(1 + o), then we have ¢; = § for each i large enough by [24, Proposition 7.17].
However, this might not be true if 6 = o /(1 + o) > 0.

Proof. Let ¢t =t + ¢ with £ > 1 and 0 < ¢ < si11. Recall that Y;; = W,Y;. If 6 =0, then §; =0
for each ¢ > 0 and we obtain g;11 = ¢; + 2log Wi > ¢; > ¢;. Suppose now that § > 0, and therefore
o > 0. Using the inequality log Wy_1 > (0 — o(1)) log W} coming from , we find

logV; — (1+0)log Zy, ., = ({4 1)log Wy, +log W1 — (14 o) log W}, > o(log Wy,).
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We deduce from the above and 1 — 0 > 1/(1 + o) that Yi1—5+0(1)

Yi—(1+o0)logZ; = (¢ +1)log Wi + logWi_1 — (1 + o) (£log Wy, + log Wy_1)
> (Skp1+1)log Wi +log Wy 1 — (14 ) (541 log Wi + log Wy 1)
=log W), — o log Wi > o(log Wi41),

> Zi.,- Similarly,

from which we get ¥;' 7% > Z; Wk( ). The sequence s is bounded since o > 0, so that o(sg4+1) = o(1)
and W,?g_ll) — vy = Wk( ). We thus have Y;l d+o(1) > max(Zy,_,, Z;), hence §; = 0 +0o(1). As a

(2

consequence if k is large enough, then ¢;11 = ¢; + (2 — 3 + o(1)) log Wy > ¢; > ¢;. d

Lemma 5.6. There exists an index ig > 0 such that for each i = tx + £ > ig with k > 1 and
0 < /¢ < Sgy1, the combined graph of Ly, ., —Li, L; on [ci—1, ¢ is as on Figure . Furthermore

T * 1= T E (C) ng < Spy1—1
43 L (c;) =L (¢;) and Li(g) = i1 ’ .
(43 () = Tialer) () { e <o)

FiGURrRE 1. Combined graph of itk+1, —E;‘, i, on [¢i—1,¢] with ty < i < tgsq

Proof. By Lemma We can suppose i large enough so that c;_1 < ¢; < ¢; for each j > 7. Recall
that ¢; is the pomt at which L and L* change slope and that Y;; = W,Y;. The intersection
point abscissa of L* and L* ip1 is logYipr —log Af = ¢ If € <spy1—1 (resp { = Skl — 1) then
Zi < Ziy1 =Y, (resp. Z; < Ztyrn = Y;) and the intersection point abscissa of L and Lz+1 (resp. L
and IAJtHQ) is logY; — log A; = ¢;. Hence (43]).

We now prove the first part of the lemma. It suffices to compare itk (), —L*(q) and L;(q) at
q = ¢i—1, ¢; and ¢;. By definition of §;, we have

-, - - Li(q) = log Z; if i >t
(1—0:)log (¢i) 2 max(Li(4): Lo, (40)) { Loy, (q) = log Wy if i = 1.

Since —E;‘, Etk“ are constant on [g;, ¢;], we deduce that —IAJ:‘(CZ) > Etkﬂ(ci). Moreover
Li(e;) = Li(@) + ¢ — gi = log ¥; > (1= §;) logV; = —Lj (ci) > Ly, ().

If i > t, then by the above, we have ii_l(ci_l) > —f;;-[l(ci_l) > itkﬂ(ci_l). Combined with ,
this is equivalent to

~

Li(ci—1) > —Li(cim1) > itkH(CiA)-
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Similarly, for i = t;_1 + sy — 1 =1t — 1, Eq. together with Ez(cl) > —if(cz) > itk(ci) yields

]—/:tk+1 (Ctk_l) > _f’;fkk (ctk_l) > f‘tk (Ctk_l)'
O

Definition 5.7. Let ig > 0 satisfying Lemma We define the function P = (P1,P3,P3) on
[¢ig—1,+00) as follows. For integers i,k > 0 with ¢ > 4 and tx < i < tg41, we set for each
q € (ci—1,c¢)

P(q) = @ (Lt (0),—Li (a), Lila)),

where ® : R? — R3 is the function which lists the coordinates of a point in monotonically increasing
order. For each i > ig we denote by I; = [a;, b;j] 5 ¢; the subinterval of [¢;_1, ¢;] on which P3 = —L7,
and we set I = [b;, a;+1] 3 ¢, see Figure

If 9; = 0, then I/ = {¢;}. By Lemma the function P is continuous, P; < Py < P3 and
(44) P1(q) + Pa(q) + P3(q) = ¢

for each ¢ > ¢;,. More generally, we can show that P is a 3-system on [¢;,, +00) (as defined in [24],
Definition 7.9]), whose combined graph is as that in Figure

It 2 Itk‘+2

th,l+2 Ctk+2 th‘ﬂ Ctk+1
FIGURE 2. Combined graph of P (with si11 = 3)

Using the estimate J; = § + o(1) together with , we get the following estimates
@5)  yill = Y0, fyia=l =AY, izl = 2 and a2 = Ay,

1

as 7 tends to infinity. They play a crucial role in the proof of our next result.

Proposition 5.8. Let £ € Sturm(s) and denote by P the function associated to & as in Defini-
tion (5.7 Set I := ;> Ii and I' := U, I} Then

(i) As q € I tends to infinity, we have L¢(q) = P(q) + o(q);
(ii) As q € I’ tends to infinity, we have L1(q) = P1(q) + o(q) and

) = Pi(
P?();Pi’»@) L3(q) +o(q) < P3(q).

In particular, if 6 = 0, then L¢(q) = P(q) + o(q) as q tends to infinity.

(46) P3(g) < La(q) +o(q) <
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Roughly speaking, the combined graph of Ly and Ls on I J’ is included —~within o(c;) — in the
corresponding shaded area on Figure Our strategy is very similar to that in [24, proof of
Proposition 7.20]. Here, the situation is a bit more complicated because s can be unbounded and
we deal with some o(q) instead of O(1).

Proof. Since YZZ’F(P =Y as i tends to infinity, we have o(g;+1) = o(¢;) and thus o(a;) = o(b;) =

7

o(ait+1). Note that if 6 = 0, then I} = {¢;} and |(i)| implies and the last part of the proposition.

Suppose that holds, and let us prove Recall that Ly, L, Lg are (continuous) piecewise
linear with slope 0 or 1. In particular, they are monotonically increasing. Let ¢ > 0 and ¢ € I} =
[bi, ai+1]. We deduce from |(i)| the estimates

P1(b;) +o(bi) = L1(bi) < L1(q) < Li(air1) = P1(aiy1) +o(aiy1).

Since Py is constant on the interval I and o(a;4+1) = o(b;), we obtain Li(q) = P1(¢) + o(q). The
function Pj3 is increasing with slope 1 on [b;, ¢;], and constant on [¢;, a;+1]. Since Lz has slope
at most 1 and satisfies L3(b;) = P3(b;) 4+ o(b;) and Ls(ai+1) = P3(air1) + o(ait1) by we get
Ls(q) < Ps(q) + o(q). Similarly, we find La(q) > Pa(q) + o(g). Finally, by , the estimate
Li(q) = P1(g) + o(g) and (44)), we find

La(q) + Ls(q) = ¢ — Li(q) + O(1) = Pa(q) + P3(q) + o(q).
Combining the above with La(q) < Lg(q), we obtain the remaining inequalities of (46).

We now prove or equivalently, that for each € > 0 there exists ¢; such that

(47) [Le(a) —P(a)l| < eq
for each q € I; with ¢ > 4;. Let ¢ > ig and k > 0 such that ¢t <i <{py1. Eq. implies that
(48) P(q) = ®(La,,, (0), Lz, (), Ly, (@) +ole) (¢ € L),

where ® : R? — R3 is the function which lists the coordinates of a point in monotonically increasing
order. The points z; and z, , are linearly independent, for z; _, A z; = dy; by definition. This
implies that Ly < min{in,thkH} and Ly < maX{in,thkH}. Similarly, we have Lj < Lj .
Combined with and L3 = —Lj + O(1), we obtain, as ¢ € I; tends to infinity,

(49) Li(g) <Pi(q) +o(q), La2(q) <Pa(g) +o(g) and Ls(q) = Ps(q) + o(q).
Fix €1,e9 > 0 and choose q € I;.
First case. Suppose that Lz(q) < P3(q) + £14. By and we have

Li(q) + La(g) + O(1) = ¢ — Ls(q) > ¢ — P3(q) — e1g = P1(q) + P2(q) — e1¢.
Combined with , it shows that holds with € = 2¢; if ¢ is large enough.

Second case. Suppose that Ls(q) > Ps(q) + 1. We claim that if ¢ is large enough, then
necessarily i = ¢ and |q — di| < ea2d), (where dj, is defined by itk+1(dk) = ﬁtk(dk), see Figure .
Yet the components of L¢ and P are continuous with slope 0 or 1. So, by using the first case with
q = (1 — €2)dy, and by taking e9 sufficiently small, it yields with ¢ = 3e;. We now prove our
claim.

If g is large enough, and since L] = —L3 + O(1) and —P3(q) = Lj,(q) + o(q), we deduce the
existence of a non-zero primitive point y € Z* such that Lj(q) = L} (q) < L}, (¢). It follows that y
and y; are linearly independent (since they are both primitive), hence L3(q) < L3 (¢). Combined

with Mahler’s duality and (48), we deduce that La(g) > P3(g) + o(g). In view of ([49), we obtain
La(gq) = P2(q) + o(q) = P3(q) + o(q), from which we infer

Li(q) = ¢ — La(q) — La(q) + O(1) < q¢ — Pa(q) — P3(q) — c1¢ + o(q) = P1(q) — e1q¢ + o(q)-
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Consequently, if ¢ is large enough, then L;(¢) < min{L,,(¢),L (@)} = Pi1(q) + o(g). Since z;

Pty
and z;,, are both primitive points, we obtain

La(q) < min{Lg,(q), Lz, ,, (@)} = P1(q) + o(q).
Hence P1(q) = Pa(q) + o(q) = P3(q) + o(q). Fix e3 > 0. Then, by the above and ([{44)), there exists
11 such that if ¢ > 47, then
q .
Pj(q) =3l <esq (7=1,2,3).

By taking €3 small enough, we deduce that i = t; and q € [(1—¢2)dk, (1+£2)dy], for P; is increasing
with slope 1 on [gy,, di], and P3 > (P2 +P3)/2, which is increasing with slope 1/2 on [dy, g, ] (see
Figures |1{ and . This ends the proof of our claim. (|

As a consequence we get the following result.

Theorem 5.9. Let & € Sturm(s) and denote by 0,0 the parameters associated to § as at the begin-
ning of this section. For each i = 1,2,3, we denote by yi,wi the parametric exponents associated

to E = (1,£,€2) as in Section . Then, we have

o — 1 — 1
91_(2—5)(1+0)’ ¢1_(1—5)(1+0)+2’ V=5
(1-0)(1+40) 1-6  — 1 1-6
= < < .
Y= T2 = 5)(1 4 o) 2_6_¢3_max<2_6+0,2_5>
If 0 satisfies the stronger condition 6 < h(c) with h(c) = § 4+ 1 —4/ (%)2 +1, then
13 -8+
s =5—5 ond Amin(§) = R S

The left-hand side equality still holds if 6 = h(o).
Remark. Theorem shows that the parameters o and

(50) 6(§) =16
depend only on £.
Proof of Theorem[5.9 Recall that P = (P1,P3,P3) is the function introduced in Definition
We define the parametric exponents associated to P by
Pi(q)

P, _
¥; := lim inf (@) and O :=limsup —— (i =1,2,3).

g—0 q q—0o0 q

They are computed in [24] when s is bounded and § < o/(1 + o). The expressions for the expo-
nents %Z,@z are obtained by using Proposition and by arguing exactly as in the proof of [24]
Theorem 7.2], so we will skip most of the details. Note that if s is unbounded, then § = 0 and
Le(q) = P(q) + o(q). This yields (¢, ;) = (¥;,9;) for i = 1,2,3,

In general, Proposition implies that Li(q)/¢ = Pi(q)/q + o(1), from which we deduce
(¥,,9¥1) = (U1,91). As i tends to infinity, we also have
Pylg) _ Pale) 1 Psla) _ Pale) _1-9

51 sup < 4+0(1) and sup =
D gell 4 Ci 2—0+o0 o el 4 i 2-90

+o(1),

and the upper bound for 15 follows easily, since L3(q) < P3(q) +o(q). From now on we focus solely
on the exponent A\min(§). Suppose that 6 < h(o), or equivalently that 1/(2—d+0) < (1—40)/(2—9).
Note that s is bounded, since otherwise § = o = 0. Fix ¢ with

<¢<E3:1_5

2—35+0 2—46
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Let us prove that the exponent Xmin(g) can be computed by using only the points (y;);>o. For
each non-zero y € Z?, we denote by ¢(y) := log|ly| —log |ly A Z]| the abscissa at which L} changes
slope. With this notation, we have r; := ¢(y;) = ¢ + o(¢i). Eq. yields

Ly, (i)  1-46

T _2—(5

+ o(1),

from which we deduce that L3, (r;) < —tr; for each large enough i. Conversely, let y € 73
be a non-zero primitive point satisfying Ly (q) < —tq, where ¢ := ¢(y). Proposition gives
L (q) = Li(g) = —Ls(q) + O(1) > —P3(q) + o(q). Combined with the left-hand side of (51)) we
obtain g ¢ ;s I/ if ||y|| (and thus g¢) is large enough. Then, there is an index ¢ > 0 such that
q € I;. Suppose now that y and y; are linearly independent. Then, since Li(q) = Ly, (¢) +o(q), we

get L3(q) < Li(q) + o(q), hence
La(q) = —L3(¢q) + O(1) > —L3(q) + o(q) > 1q + o(q).

Yet, ¢ > 1/(2 4+ o) = 1)y, so, if ¢ is large enough, y is proportional to y;. Finally, note that
L3 (q) < —vq is equivalent to [y A Z|| < [ly[|™#, where p =1 /(1 —+). By the above, the sequence
of primitive points y € Z3 such that ||y A Z|| < ||y||~* coincides, up to a finite numbers of terms,
with the sequence (y;);>0. We deduce by a classical reasoning (see for example [25, Section 2]) that

~ log A*
A (1,6,6%) = liminf — = liminf — i
w168 = min log [|yi+1ll ivoo  logYity

log [|y: A E||

Let us write ¢ =t + ¢, with £ > 0 and 0 < £ < si41. Since the quotient
logAr (1 —=08)((£+1)log W}, + log Wi,_1)

ClogYipn (0+2)1log Wy + log Wiy
is increasing with ¢, it is minimum for ¢ = 0, and we get by
(1—0)(logWi +1logWi_1) (1-08)(1+0)

Au(1,€,€2) = lim inf - '
p( 7575) lkglog 2long+10ng—1 2+U

We deduce the value of Ay (€) from the above by noticing that p = 1/(1—1) tends to 95/ (1—1b3) =
Ao(€) as 1 tends to 5. O

Theorem combined with implies the following result.

Corollary 5.10. Let & € Sturm(s) and let 6 = §(§) € [0,0/(1 4 0)] denote the quantity associated
to & as in Theorem[5.9 Then

~ 3 (1-0)(1+0)
=1 1-9)(1 =
SO =100, RO
W) = ——=+1-9, 1—5gA2(§)gmaX(1—5,m)g1,
If moreover § satisfies the stronger condition § < h(c), where h(c) = 0/2+1—+/(0/2)2 + 1, then
(1-6)(1+0)

M@ =1-6 and Anm(é) = S

The formula for \o(§) still holds if 6 = h(o).
5.3. Approximation by algebraic numbers of degree at most 2.

In view of Corollary the proof of Theorem [1.3|essentially reduces to showing wa(§) = w3 (&)
and W9(&) = w;(€) for the numbers £ € Sturm(s). Following a suggestion of Yann Bugeaud, we
prove the following slightly stronger statement.
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Proposition 5.11. Let £ € Sturm(s). Then
W3, enact(€) = w2 (§) = w2(§)  and W3 yeei(€) = W3 (E) = Wa(8),

where W3 401(§) (Tesp. OF opae(§)) is the supremum of all real numbers T such that, for arbitrarily
large values of X (resp. for each X large enough), there is an algebraic number v of degree exactly
2 satisfying

H(o) <X and |€—a|<H(a) !X,

The problem of approximating a real number by algebraic numbers of prescribed degree has been
studied by several authors, see for example [12], [33] and [34].

Before proving Proposition let us explain our strategy. First, by @ we have the general
estimates

(52) w;,exact(g) < w; (5) < wa (f) and w;,exact(g) < 6‘\); (é-) < @2(§)

By definition of wj o, (€) and &3 .., (&), the reverse inequalities of hold if the best solutions
P € 73 =~ R[X]< of the problems defining wo (&) and &g (&) (see Section, have two quadratic roots
a, o, with |o' —&| < 1. Indeed, in that case we have |o — ¢| < |P(€)|/H (c). Here, Proposition [5.§]
indicates that the relevant polynomials to be considered correspond to the points z;, of Section @
We will also show that those polynomials are irreducible if k is large enough.

For each ¢ € R we define A\1(§) as the supremum of real numbers A\ such that, for arbitrarily
large values of X there exists (p, q) € Z2\ {0} satisfying |¢¢ —p| < X~ and |¢| < X. By a general
transference inequality due to Bugeaud [§, Lemma 3.1], we have A1 (£) < 2X2(§)+1 for each & which
is neither rational nor quadratic. Combined with Corollary we obtain the following result.

Lemma 5.12. Let £ € Sturm(s). Then A;(§) < 3.

Remark. The upper bound A;(§) < 3 could be greatly improved by generalizing the arguments of
[28, §7]. It seems that A;(£) = 1 when the parameter §(¢) is equal to 0. It would be interesting to
know if there exists £ € Sturm(s) satisfying A\ (§) > 1.

Lemma 5.13. Let (wg)r>0 be an admissible 1-Sturmian sequence with multiplicative growth. We
denote by (b;)i>—1 and (a;);>_1 the sequences of symmetric matrices associated by Definition .
We suppose that (a;)i>—1 converges projectively to a symmetric matriz M identified with (1,€,£7),
where & neither rational nor quadratic. Then, there exist two distinct non-zero real numbers £',&" €
R\ {££&} with the following properties. The point b; converges projectively to Py = (X —&)(X —¢&')
(resp. P = (X — &) (X —¢&")) as i =ty + £ tends to infinity with k > 0 even (resp. odd) and
0</i< Sk4-1-

Proof. We write = = (1, £, £?) and denote by N the matrix (Id — Wflwalwlwo)J. Proposition
gives, for any k,¢ with £k > 1 and 0 < ¢ < sg41,

by, o = U(wpwi—1) = Ulay,+0N; ')

(see for the case ¢ = 0). We deduce that by, ., converges projectively to Qo := U(MgN 1)
(resp. Q1 := U(M¢'N~1)) as i = t+/{ tends to infinity with k even (resp. k odd) and 0 < £ < sj4 .
Now, let us identify Qo, Q1 and b; with their corresponding polynomial of degree < 2 as in Section 2]
Explicitly, we have the formulas

Qo = —&(a+c)+ (a+ (c—b)é —d?)X + (b+ dE)X? 1 _(ab
{Q1 = —£(a+bE) + (a+ (b—c)f —dE2)X + (c+dE)X2 where N 1_(0 d>‘

Recall that N is invertible, neither symmetric nor antisymmetric by Lemma and £ is not the
root of a polynomial in Z[X] of degree 2. This implies that none of the coefficients of Qo and Q;
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is zero. By the above, the discriminant A of Qy and Q1 is equal to A = (a + (b + ¢)& + d€?)? > 0.
The two distincts roots of Qg (resp. Q1) are £ and

_a+cg _a+b£)
b+ d¢ c+d&/)

and &' # £” (since N is neither symmetric nor antisymmetric) and &', " ¢ {0, —¢} since Qg and Q4
have non-zero coefficients. ]

¢ = (resp. ¢ =

Proof of Proposition [5.11. We write = = (1,£,£2) and we keep the notation of Section for the
1-Sturmian sequence (wy)g>0, the parameter § € [0,0/(1 + o)] and the sequence of primitive
integer points (z;);>—1 (also viewed as a sequence of polynomials) associated with (b;);>_1 as
in Theorem Let Py, Py and £,¢” be as in Lemma Since Py and P, have non-zero
coefficients and positive discriminant, each of the coordinates of z; is < ||z;||, and the discriminant
of z; is positive for large enough i. For those i, we denote by r; and 7} the two real roots of z;, with
|ri —&| < |rl —&|. The root ] converges to & (resp. £”) as i =ty + ¢ tends to infinity with k even
(resp. odd) and 0 < £ < sg41. Since &, &" # €, we have | — r}| < 1. This yields

(53) H(ri) < ||lzi]| and [¢ —ri| = = <

Note that H(r;) tends to infinity since r; converges to £ which is neither rational nor quadratic.
For each k > 1 let e = [sy; Sk—1,-..,51] > v — o(1), so that W), = W;*,, where Wy, is defined as
in Section (see , recall that 7 = 1.618--- denotes the golden ratio). For i := ¢}, we find
H(ry,,) < Wkljlo(l) and leads us to

W];(Q_‘H‘O(l))wk__(i_‘s) — W’;((Q_‘S""O(l))ak-i-l—é) < H(Ttk)7((276+o(1))sk+175).

‘Ztk ’ E‘ = -1

The above combined with gives

(54) H(ry )€ — 1y, | < H(ry, )~ (@70FoD)ert1=0),

Now, note that o /(1 + o) is increasing with o < 1/, and thus ¢ < 1/4%. We deduce that
(2—=0+0(1))ep+1—-0>(2-0)y+1—=6+0(1) =2y +1—+% > 2y +0(1).

Since 2y > 3 and A1(§) < 3 by Lemma Eq. implies that r;, ¢ Q for each k large
enough. Consequently, for each large k, the polynomial z;, is irreducible over Q and of degree 2,
and therefore H(ry,) = ||z, |-

Since lim supy,_, ., £x = 1/0 by (42)), in view of and Corollary we get

S enact (€)= Tmsup (2= 5+ o(1))e +1-8) = 22 41— 5 = (o)

k—o0

Similarly, let X be a large real number, and let k be such that ||zx| < X < ||zk11]| = WkHo(l). If
k is large enough, then ||z, || = H(r¢,) < X. We obtain

|zt - Z| = W};(2—6+o(1))Wk—_(i—5) _ W,;(2_6+0(1)+5k_1<1_5)) < x—(2=0+0(1)+e; 1 (1-8))
Using the above with , we obtain

@;,exact(f) > likrginf (2—=0+o0(1)+ 6,;1(1 —0)=2-05+(1—08)o =w2(9).
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5.4. Proofs.

Proof of Theorem[1.3. As seen in the introduction, Sturm(s) is as most countable, and the density
of A(s) in [0,0/(1 + 0)] when o > 0 (or equivalently s bounded) comes from the construction of
1-Sturmian numbers (see |24, Section 9]). The part concerning the exponents is a consequence
of Corollary and Proposition Since Bugeaud-Laurent continued fractions &, belong to
Sturm(s) and 6(&,) = 0, we have 0 € Ag. O

Corollary is a consequence of the following result. As defined in the introduction, 1 = (s;)r>1
is the constant sequence s = 1 for each k > 1.

Lemma 5.14. There exists € > 0 with the following property. For each & € R which is neither
rational nor quadratic, if @o(&) > 72 — ¢, then & € Sturm(1).

Proof. The set of points (1,7,7%) with n € R corresponds to a quadratic hypersurface associated
to the quadratic form xgze — x3. As a consequence of [26] (see |26, Theorem 7.3]), for each 1 with
0 < n < 1, there is ¢ > 0 with the following property. Let & € R (which is neither rational nor
quadratic) with Xg(f ) > 1/y—¢', and write = = (1,£,£2). Then, there exists a sequence of primitive
points (v;)i>o such that

(i) The sequence (||v;]|)i>0 tends to infinity.
(ii) The matrix v;41 is proportional to v;Adj(v;_2)v; for each large enough i.
(iii) We have [|v; A Z| < ||v;||~1F7.

The above phenomenon was first observed by Fischler in an unpublished work. Using the classical
estimate |det(v;)| < ||vil|||vi A Z||, we deduce from that limsup;_, . log | det(v;)|/log ||v;|| is
at most 7. So, if we choose n < o/(1 + o) (where 0 = o(1) = 1/v), we find { € Sturm(1). By
Jarnik’s identity , there exists € > 0 such that @s(¢) > 72 — ¢ implies Xg(ﬁ) >1/y—¢. O

Proof of Theorem[I.8 Let ¢ € R which is neither rational nor quadratic with Bo(£) < v/3. Let
(vi)i>o and s be the sequences given by Theorem Since s is bounded, we have o = o(s) > 0.
The first two conditions of Definition are satisfied. The last one comes from the estimates
|det(y:)| < |[villllvi A Z| = ||vi]|°) as i tends to infinity, where E = (1,£,£2). We therefore
have ¢ € Sturm(s) and by the above, the parameter 6(&) (see ) is equal to 0, and thus <
h(c). Theorem yields A2(€) = Amin(€). We conclude by recalling that 8y(¢) < 2 implies that

Amin(€) = 1/80(€) (see Section [2)). O

Proof of Definition[1.3 < Definition[1.9 The implication < follows from Theorem and the
estimates (45)).

= Let £ and (wg)r>0 be as in Definition The first two conditions ensure that (wy)g>o is
admissible and has multiplicative growth. Note that (Wy)r>0 (and thus (wg)g>0) is unbounded
since Py(£) tends to 0 and & is neither rational nor quadratic. By Proposition there are
o, f3,0>0, with 8> 0 and a < 23, such that ||w|| =< eP¢, |det(wy)| < e®Pk and ¢; = ePreto(),
The condition can be rewritten as (o« —29)/(5 — 0) < /(1 + o). In particular, we must have
a/p < 2, and therefore Proposition applies. We obtain that the sequence of symmetric matrices
(yi)i>—2 associated to (Wy)k>o converges projectively to a point (1,7,7?), which, by Lemma
combined with condition of Definition is equal to (1,&,&2). Then, the sequence of primitive
integer points (cont(y;)™"yi)i>o0 is as in Definition O
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