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PARAMETRIC GEOMETRY OF NUMBERS OVER A NUMBER FIELD
AND EXTENSION OF SCALARS

ANTHONY POELS AND DAMIEN ROY

ABSTRACT. Schmidt and Summerer parametric geometry of numbers deals with rational
approximation to points in R™. We extend this theory to a number field K and its completion
K, at a place w in order to treat approximation over K to points in K}. As a consequence,
we find that exponents of approximation over Q in R™ have the same spectrum as their
generalizations over K in K. When w has relative degree one over a place £ of Q, we further
relate approximation over K to a point £ in K, to approximation over Q to a point = in
Q74, obtained by extension of scalars, where d is the degree of K over Q. By combination
with a result of P. Bel, this allows us to construct algebraic curves in R3¢ defined over Q, of
degree 2d, containing points that are very singular with respect to rational approximation.

1. INTRODUCTION

In Diophantine approximation, one is interested in measuring how well a given non-zero
point & € R™ with n > 2 can be approximated by subspaces of R"™ defined over Q of a
given dimension k. The most important cases are k = 1 and kK = n — 1, and each gives rise
naturally to a pair of exponents of approximation. For k = 1, they are X(E) (resp. A(§))
defined as the supremum of all real numbers A for which the inequalities

(1.1) Ix[| <@ and [|xA€]l <@

have a non-zero solution x € Z" for each large enough ) > 1 (resp. for arbitrarily large
values of @) > 1). For k =n — 1, they are W(&) (resp. w(&)) defined as the supremum of all
real numbers w for which the inequalities

(1.2) Ix[[<Q and [x-£[<Q

have a non-zero solution x € Z" for each large enough ) > 1 (resp. for arbitrarily large values
of @ > 1), where the dot represents the usual scalar product in R". This is independent of
the choice of norms in R™ and in /\2 R™ but for convenience, we use the euclidean norms. As
these exponents depend only on the class of € in P"~1(R), we may assume that || £]| = 1. We
refer the reader to the paper of Laurent [9] for generalizations in intermediate dimensions k.

In studying such exponents, it is important to restrict to points & € R™ with Q-linearly
independent coordinates, as this yields simpler statements and can be achieved by dropping
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redundant coordinates if necessary. For such points, a result of Dirichlet gives
(n=1)7 <€) <AE) and n—1<B(§) <w().

However, this does not fully describe the spectrum of (X, A, W,w), namely the set of all
quadruples (A(§), A\(§), (&), w(€)) associated with these . For n = 2, a complete description
is simply given by

L=X\§) =0(§) < A& =w(§) <

For n = 3, the description is more complicated and was achieved by Laurent in [8], showing
it as a semi-algebraic set. One of the constraints that it involves is the following remarkable
identity due to Jarnik [7, Satz 1],

(1.3) L 1= L

' &) W) -1
which together with 2 < W(&) < oo fully describes the spectrum of the pair (X, w). For
n > 4, the spectrum of the four exponents is not known but Marnat [I1] has shown that it
contains an open subset of R* and thus it obeys no algebraic relation such as (L3)).

Many of the recent progresses, including the breakthrough of Marnat and Moshchevitin
[12] who determined the spectra of the pairs (X, A) and (W,w) for each n > 3, use in a
crucial way Schmidt’s and Summerer’s parametric geometry of numbers [22]. In the dual
but equivalent setting of [I7], this theory attaches to any point & € R™ with || €| = 1, the
family of symmetric convex bodies of R"”

Ce(q) = {x e R"; ||x[| < Tand [x-§ <e™*} CR"

parametrized by real numbers ¢ > 0. For each j =1,...,n, let L¢ ;(¢) denote the logarithm
of the j-th minimum of C¢(q) with respect to Z", namely the smallest real number ¢ such
that e'Ce(q) contains at least j linearly independent points of Z". Then, form the map

Lg: [O, OO) — R”
q — (Lﬁ,l(q)v T L&m(q)) :

Translated in this setting, Schmidt and Summerer first observe in [22] that the standard
exponents of approximation to &, including the four ones mentioned above, are given by
simple formulas in terms of the inferior and superior limits of the ratios L¢ ;(¢)/q as q goes
to infinity. Secondly they show the existence of a constant v > 0 and of a continuous
piecewise linear map P: [0,00) — R"™ with growth conditions involving ~y, such that the
difference L¢ — P is bounded. Thus the above mentioned exponents of approximation to §
can be computed, via the same formulas, in terms of the behaviour of P at infinity. They
call such a map P an (n,)-system, and their set increases as the deformation parameter
increases. The (n,0)-systems, whose simpler description is recalled in Section [2 are simply
called n-systems for shortness.

(1.4)

The main result of [17] provides a converse and shows more precisely that the set of maps
L¢ with £ € R™ and || £|| = 1 coincides with the set of n-systems modulo the additive group of
bounded functions from [0, 00) to R™. Moreover, £ has Q-linearly independent coordinates if
and only if any corresponding n-system P = (P, ..., P,) satisfies lim, o, P1(¢) = co. This
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reduces the determination of the spectra of a family of exponents of approximation to a
combinatorial problem about such n-systems.

A similar theory is developped in [19], with Q replaced by a field of rational functions in
one variable F'(T') over an arbitrary field F', and R replaced by the completion F'((1/7)) of
F(T) for the degree valuation.

The first goal of this paper is to extend the theory to a number field K and its completion
K,, at a place w, in order to study approximation over K to an arbitrary non-zero point & of
K. In the next section we show how to attach to such a point a function L¢: [0, 00) — R™
from which the four exponents of approximation to & can be computed in the same way as
in the case where K is Q and w is its place at infinity. We will show that this set of maps
also coincides with the set of n-systems modulo bounded functions. Thus the spectrum of
these exponents remains the same in this new context. In particular, Jarnik’s identity (L.3])
holds for any point € of K? with linearly independent coordinates over K.

The second goal of this paper deals with extension of scalars from QQ to a number field K.
For this we assume that w is a place of K of relative degree one over Q, so that K,, = Q,
for the place ¢ of @Q induced by w. We also choose a basis a = (v, . .., ) of K over Q and
for each point € = (&1,...,&,) € K, we define

(15) E:a®£:(a1£,...,0zd£)e[{$d: zzd

and say that = is obtained from & by extending scalars from Q to K. If £ has linearly
independent coordinates over K, then = has linearly independent coordinates over Q and
we will show a close relationship between the maps L¢ and Lz. From this we will deduce
formulas linking the Diophantine exponents of approximation to & over K with those of =
over Q. As a consequence, we will see that Jarnik’s identity (L3)) yields
1 d?
(1.6) — —(2d—1) = —
AE) W(E) - (2d - 1)

for any = = a ® & € Q¢ constructed from a point € € K3 with K-linearly independent
coordinates.

Let ¢ be a place of Q. We say that a point £ € Q} is very singular if it has linearly inde-
pendent coordinates over Q and satisfies X(E) > 1/(n — 1). This requires n > 3. Moreover,
by Schmidt’s subspace theorem, such a point is not algebraic and so generates a field Q(&)
of transcendence degree at least one over Q. The third goal and the initial motivation of this
paper is to provide new examples of very singular points of transcendence degree one. Up
to now, all known examples come from dimension n = 3 and, aside from the constructions
of [I6], they are all of the form & = (1,&,&2). Moreover, the supremum of A(1,¢,£2) for a
transcendental number & € Qq is 1/ ~ 0.618 where v = (1 4+ v/5)/2 denotes the Golden
ratio. For Q, = R, this follows from the constructions of [14] or [15] together with the upper
bound of [6, Theorem 1la]. For a prime number ¢, this follows from [25] Chapter 2] or [3]
together with |23, Théoreme 2|. More generally, Bel showed in [I] that the result extends to
any number field K and its completion K, at a place w. Assuming that w extends ¢ with
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relative degree 1 and choosing a basis a = (ay,...,a4) of K over Q, we will deduce that
Q3¢ contains very singular points of the form (e, éa, £2ar) with € € Q.

2. NOTATION AND MAIN RESULTS

Throughout this paper, we fix an algebraic extension K of Q of finite degree d.

2.1. Absolute values. We denote by M (K) the set of non-trivial places of K, and by
M (K) the subset of its archimedean places. For each v € M(K), we denote by K, the
completion of K at v and by d, = [K, : Q,] its local degree. When v € M, (K), we normalize
the absolute value | |, on K, so that it extends the usual absolute value | |, on Q. Then
K, embeds isometrically into C. We identify it with its image R or C, and write v | oo.
Otherwise, there is a unique prime number p with |p|, < 1 and we ask that |p|, = p~! so that
| |, extends the usual p-adic absolute on Q. We then write v | p. For these normalizations
and each a € K*, the product formula reads

1

veM (K)

d/d — 1.

2.2. Local norms and heights. Given a positive integer n and a place v € M(K), we
define the norm of a point x = (z1,...,x,) in K" by

x| —{(|%|3+---+|xn|3)1/2 if v | 00,

max{|zil,,...,|xs|,}  otherwise.

For this choice of local norms, we define the height of a non-zero point x in K™ by

Hx)= ] Ix

veM(K)

dy/d
S

By the product formula, it depends only on the class of x in P*~*(K') and satisfies H(x) > 1.

More generally, for each k € {1,...,n} and each v € M(K), we define the norm of a point
in /\k K™ to be the norm of its set of Pliicker coordinates in KV where N = (Z) We also

define the height of a point in /\k K™ to be the height of its set of Pliicker coordinates in
K" . This is independent of the ordering of these coordinates. Then, we define the height of
a k-dimensional subspace V' of K™ to be

H(V)=H(xi A~ Axy)

independently of the choice of a basis (xy,...,x) of V over K. For the subspace 0 of K™,
we set H(0) = 1.
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2.3. The canonical bilinear form. We endow K™ with the bilinear form given by
(2.1) Xy =Tyt Tl
for each x = (z1,...,2,) and y = (y1,...,¥,) in K™ Then we define the orthogonal space
to a subspace V of K™ to be
(2.2) Vi={yeK";x-y=0foreachx eV}
According to a result of Schmidt, it has the same height H(V+L) = H(V) as V.
For each v € M(K), the same formula (2.I) provides a bilinear form on K* which we

denote in the same way. For a subspace V of K, we also define V+ by ([22) but allowing y
to run through K.

2.4. Exponents of approximation. Fix a place w € M(K) and a non-zero point £ € K.
For each non-zero x € K™, we modify slightly the notation of P. Bel in [I] by setting

croy (XA &y : XL e/
Dg(X) = <W> Vl;[UHx f/d and Deg(x) = ( T2l ) Vl}UHX

In view of the product formula, these numbers depend only on the class of x in P""!(K).
Clearly, they also depend only the class of € in P""'(K,). So, in practice, we may always
normalize € so that || &[], = 1.

dy/d
S

Definition 2.1. We denote by A&, K, w) (resp. A(€, K, w)) the supremum of all real numbers
A for which the inequalities

H(x) <Q and Dg(x) < Q™

admit a non-zero solution x € K™ for all sufficiently large (resp. for arbitrarily large) real
numbers ) > 1. We also denote by wW(&, K,w) (resp. w(&, K,w)) the supremum of all real
numbers w for which the inequalities

H(x) <Q and D¢(x) <Q

admit a non-zero solution x € K" for all sufficiently large (resp. for arbitrarily large) real
numbers @) > 1.

By construction, these numbers depend only on the class of € in P"7'(K,). Moreover,
when K = Q and w = oo, these are simply the standard exponents of approximation to a
non-zero point & € R" from the introduction. Indeed, each point of P"~1(Q) is represented
by a primitive integer point x, that is a point of Z"™ with relatively prime coordinates, and
we have H(x) = || x|, Dz(x) = ||x A €|l and Dg(x) = |x - €| when || £]| = 1.

We can now state the main result of P. Bel in [I] to which we alluded in the introduction.
Theorem 2.2 (Bel, 2013). Let w € M(K), and let S denote the set of elements of K2 of the
form € = (1,&,£%) that have linearly independent coordinates over K. Then, the supremum

of the numbers X(E, K,w) with € € S is 1/ ~ 0.618 where v = (1 4+ +/5)/2 stands for the
golden ratio.
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2.5. Two dual families of minima. Let w and £ € K be as in section 2.4l For each
Jj=1,...,nand each ¢ > 0, we define L¢ ;(q) (resp. Lg ;(¢) ) to be the smallest real number
t > 0 for which the conditions

(2.3) H(x) <e' and Dg(x) <e'™® (resp. Di(x) <e'™?)

admit at least j linearly independent solutions over K in K™. This minimum exists since,
for any number B > 1, there are only finitely many elements of P"~1(K) of height at most
B. We combine these functions into two maps

Lg = (L&l, Cey Lg’n) and LZ = (LZ,D cey LG)
from [0, 00) to R™. For K = Q and K,, = R, the map L¢ is the same as in the introduction.

2.6. The n-systems. Let ¢y € [0,00). An n-system on [g, 00) is a continuous function
P=(P,...,P,) from [g,00) to R" with the following combinatorial properties.

(S1) For each g € [go, 00), we have 0 < P1(q) < -+ < Pa(q) and Pi(q) + -+ Pulq) = ¢.

(S2) There exists s € {1,2,...} U {oco} and a strictly increasing sequence (g;)o<i<s in
[q0, 00), which is unbounded if s = 0o, such that, over each subinterval I; = [¢;—_1, ¢i]
with 1 <4 < sincluding I = [gs_1, 00) if s < 00, the union of the graphs of Py,..., P,
decomposes as the union of n — 1 horizontal line segments and one line segment I;
of slope 1 (with possible crossings).

(S3) For each index i with 1 < i < s, the line segment I'; ends strictly above the point
where I';;; starts (on the vertical line with abscissa ¢;).

The sequence (¢;)o<i<s is uniquely determined by P. Its elements are called the switch
numbers of P. We say that an n-system is rigid of mesh ¢, for a given ¢ > 0, if the n
coordinates of P(g;) are distinct positive multiples of ¢ for each index i with 0 < ¢ < s. Then
each ¢; is also a positive multiple of ¢ by the condition (S1). See [17, Figure 1] for a picture
showing the combined graph of a rigid 5-system with s = 3.

For each n-system P = (Py,..., P,): [qo,00) — R"™, we define its dual to be the map
P*: [qp, 00) — R™ given by

(2.4) P*(q) = (¢ — Pu(9), ¢ — Paz1(q),...,q — Pi(q)) for each ¢ > go.

Note that P* is not an n-system unless n = 2, in which case P* = P.

2.7. Main results. With the notation of §2.5 we will show that the main result of para-
metric geometry of numbers from [17] extends naturally to the present more general setting.
We state it below in dual form as well.

Theorem A. Let n > 2 be an integer and let w € M(K). There are constants ¢, > 0
depending only on K, w and n with the following property. For each non-zero point § € K,
there is an n-system P on [0,00) such that

(2.5) sup [|[Le(q) — P(q)|| < ¢ and sup||Lg(q) — P*(q)]| < ¢
q=0 q>0
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Conversely, for each n-system P on [0,00), there is a non-zero point & € K for which one
of the two conditions in (2.5 holds. Then the second condition holds with ¢ replaced by c'.

This means in particular that the two conditions in (2.5) are equivalent up to the value
of the constant c¢. For n = 1, the statement of Theorem A is also true but not interesting
because there is a unique 1-system P on [0,00) and it satisfies P(¢) = L¢(q) = ¢ and
P*(q) = Li(q) = 0 for any ¢ > 0 and any non-zero § € K,,. The next result deals with
extension of scalars from Q to K.

Theorem B. Let n > 2 be an integer, let w € M(K) be a place of K of relative degree
d, = 1 over a place ¢ of Q, and let o« € K¢ be a basis of K over Q. There is a constant

¢’ > 0 with the following property. For each non-zero & € K, the point = = a ® £ € QM
(defined in (L)) satisfies
(2.6)  |Lzai-1)+i(da) — Lea(q)l < " and [LZ 4_1)4;(dq) — Lg;(q) — (d = 1)g| < ¢

=,

for any choice of q>0,i=1,...,nandj=1,...,d.

Again the two sets of conditions in (2.6]) in terms of the functions L and L* are equivalent
up to the value of ¢’. Our last main result provides very singular points on projective
algebraic curves of degree 2d defined and irreducible over Q.

Theorem C. Suppose that K embeds in Qp for a place € of Q. Identify K with its image
and choose a basis o € Q¢ of K over Q. Then we have

sup{X((a,fa,fza),Q, f) ; £€Qpand [K(§): K| > 2} = (dy* - 1)1,
sup { O((o, €, ), Q,0) ; £ € Qp and [K(€) : K] > 2} =d(v*+1) — 1,
where v = (1 ++/5)/2 stands for the Golden ratio.

(2.7)

Since 2 < 4% < 3, this indeed provides very singular points («, (o, £2ar) € Q3.

2.8. Outline of the paper. Most of the paper is devoted to the proof of Theorem A. This
is done in two steps which we briefly sketch below.

We first show in section [1l how to attach an n-system to a non-zero point £ € K. The
general strategy is similar to that of Schmidt and Summerer in [22], instead that we need
the adelic versions of Minkowski’s convex body theorem and of Mahler’s theory of compound
bodies recalled in section Fl. We also need a notion of distance A(x,C) between a non-zero
point x of K™ and an adelic convex body C, and a related notion of adelic minima for C
defined in section [l With those tools, we construct a family of adelic convex bodies C¢(q)
whose minima are closely related to the map L¢(g), and we obtain information on this map
by considering approximate compounds Cék)(q) of C¢(q). The existence of an n-system that
approximates L¢(g) up to a bounded function then follows from a combinatorial result of
[T7] that is recalled in section

The combinatorial result of section [@] is also used in order to attach a point & to an n-
system. It shows that we simply have to do it for a rigid n-system R with a large mesh.
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The construction of £ is done in section @l We work over the ring Og of S-integers of K
where S consists of w and all archimedean places of K. We construct recursively a sequence
of ordered bases x(¥ of O% over Og, one for each of the switch points ¢; of R. The basis x¥
will realize, up to bounded factors, the successive minima of the adelic convex body C¢(¢q) in
the interval between ¢; and ¢;11 for the point £ that we want (as illustrated for example in
[17, Figure 2]). Each basis x(¥), except the first, is constructed from the preceding x~1 by
modifying only one point of it and by moving the new point up in the sequence, according to
the behavior of the map R between ¢;_; and ¢;. This new point is obtained by multiplying
the old one by an appropriate S-unit and by adding to this product a linear combination of
some other points of x~1) with coefficients in Og, in order to keep control on the geometry
of x) in K for each place v of S. For the places v distinct from w, this is done so that
the image of x( in K remains bounded and almost orthogonal in a sense that is defined
in section . Meanwhile, at the place w, the norms of the basis elements of x) in K" are
governed by the coordinates of R(g;) and the subsequence of x* common to x(+1) is almost
orthogonal. Then the lines of K" which are orthogonal to these subsequences for the dot
product converge to a line whose generator £ has the required property. The local estimates
that are needed are developed in section [3] and the recursive procedure is presented in section
Rl together with crucial estimates for local norms at the place w expressed in terms of heights
only.

With the help of Theorem A, we show in section [0 that the spectrum of the four exponents
(w, @, A\, A) is independent of K and w and that it can be computed in terms of n-systems.
We also extend the intermediate exponents of Laurent to the number field setting and derive
the same conclusion for their spectrum.

Finally, Theorems B and C are proved in section [[2] using a general construction in adelic
geometry of numbers from section [I1] that is reminiscent of work of Jeff Thunder in [24].

3. LOCAL METRIC ESTIMATES

For the sake of generality, we fix here an arbitrary local field L, namely a complete field with
respect to an absolute value | | which either is archimedean or has a discrete valuation group
|L*| in R*. For our applications this will be K, for some place v of K. If L is archimedean, we
identify it with R or C through an isometric field embedding in C (unique up to composition
with complex conjugation). Otherwise, we denote by O = {x € K ; |z| < 1} the valuation
ring of L. In this section, we define notions of orthogonality and distance, and provide several
estimates that will be needed in later sections (cf. [17, §4]).

3.1. Norms and orthogonality. Let k£ and n be integers with 1 < k < n, and let U
be a vector space over L of dimension n. If L C C, we equip U with the euclidean norm
associated to an inner product on U (real if L = R and complex if L = C). Then there is
a unique inner product on /\kU such that, for any orthonormal basis (uy,...,u,) of U, the
products u;; A---Au;, with 1 <43 <--- <14, <n form an orthonormal basis of /\kU, and
we equip this space with the associated euclidean norm. If L is not archimedean, the ring O



PARAMETRIC GEOMETRY OF NUMBERS AND EXTENSION OF SCALARS 9

is a principal ideal domain and we equip U with the maximum norm with respect to some
basis of U over L. Then, the unit ball B for that norm is the free rank n sub-O-module of
U generated by this basis and, for each x € U, we have

|| x|| = min{|a|; a € L and x € al5}.

Moreover, the sub-O-module /\kB of /\kU generated by the products of k elements of B is
free of rank N = (}), and we equip A"U with the corresponding norm.

If V is a subspace of U, we endow it with the induced norm. This norm is admissible
because, if L ¢ C, it is associated to the sub-O-module BNV of V which is free of rank
dimy (V). We say that subspaces V1, ..., V,, of V are (topologically) orthogonal and, following
the notation of [19, §§2.2], we write their sum as

‘/1 J-top e J—top Vm
if, for any choice of (xy,...,x,,) € Vi X -+ x V,, we have

(I[x1 )12+ -+ || xm]/?)¥2 if LCC,

I ml {max{||x1H,...,meH} otherwise.

When L C C, this is the usual notion and it amounts to asking that Vi, ..., V,, are pairwise
orthogonal. However, when L is non-archimedean, the latter condition is necessary but not
sufficient. We say that a point x € U is orthogonal to a subspace V of U if (x); and V
are orthogonal. We say that an m-tuple of vectors (xi,...,x,,) € U™ is orthogonal if the
subspaces (X1)r,. .., (X;,)r that they span are orthogonal. We say that it is orthonormal if
moreover they have norm 1. Again these are the usual notions when L C C. When L € C,
an orthonormal basis of U is simply a basis of B as an O-module. In general, an m-tuple
of non-zero vectors (xi,...,Xy,) of U is orthogonal (resp. orthonormal) if and only if it can
be extended to an orthogonal (resp. orthonormal) basis (x1,...,x,) of U. We will also need
the following criterion.

Lemma 3.1. With the above notation, let X1, ...,x,, € U\ {0}. Then, we have
[ A A [ < x| [ |

with equality if and only if (X1,...,X,,) is orthogonal.

On L™ we have the canonical bilinear form or dot product given by (2.1]) for any pair of
points x = (x1,...,z,) and y = (y1,...,yn) in L™ If L C C, this is connected with the
inner product

(X,y) =x-Y =017, + -+ 2.7,
where ¥ = (7y,...,7,) denotes the complex conjugate of y, and we equip L™ with the
corresponding euclidean norm. Otherwise, we equip L" with the maximum norm, so that
its unit ball is O". When L = K,, this agrees with the definitions of Section both for
the norm on L™ and the corresponding norm on /\kL". We conclude with the following
observation.

Lemma 3.2. Let (uy,...,u,) be an orthonormal basis of L. The dual basis (ui,...,u) of
L™ with respect to the dot product is also orthonormal.
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Proof. It L C C, then uj is the complex conjugate u; of u; for each j = 1,...,n, thus
(uj,u}) = (w,u;) = d;; for each i,j € {1,...,n}, and we are done. If L ¢ C, then
(up,...,u,) is a basis of O™ as an O-module, thus (uj,...,u}) is also a basis of O™ as

needed. O

3.2. Distances. Again, let 1 < k < n be integers and let U be a vector space over L of
dimension n equipped with an admissible norm, as above. By the choice of norm on L", a
basis (uy,...,u,) of U is orthonormal if and only if the linear map from L™ to U sending a
point (ai,...,a,) € L™ to ajuy + -+ - 4+ a,u, € U is an isometry. We consider the following
notions of distance.

Definition 3.3. The (projective) distance between non-zero points x and y of U, or between
the lines (x); and (y) that they generate, is

dist(x, y) == dist((x)1, (y)) := w € [0,1].

If V1, V5 are subspaces of U of the same dimension k, then /\kvl, /\ng are one-dimensional
subspaces of A*U, and we define

dist(V1, V) = dist (A*Vi, A"V3).

As Schmidt notes in |20} §8], the distance between non-zero points of U satisfies the triangle
inequality when L C C. When L is non-archimedean, we state below a stronger inequality
which we leave to the reader.

Lemma 3.4. For any non-zero points xq,Xo, X3 € U, we have

dist(x1,X2) + dist(x2, x3) if L CC,
max{dist(xy, Xs), dist(xa,x3)} else.

dist(x1,x3) < {
The same holds if x; is replaced by a subspace V; of U of dimension k > 1 for j =1,2,3.

The second assertion of the lemma follows from the first when k& = 1. The general case
where k > 1 follows by considering the lines A*V; inside A\"U.

For any subspace V of U, there is a subspace W of U such that U = W L., V. It suffices
to choose an orthonormal basis (uy,...,u;) for V (empty if V = 0), to complete it to an
orthonormal basis (uy,...,u,) of U, and to take W = (ugi1,...,u,)r. So, we may write
any x € U in the form x = w 4+ v with w € W orthogonal to V and v € V. If L C C, this
decomposition is unique. In general, it is not unique but the next result shows that || w|| is
independent of the decomposition (upon noting that w = 0 when x = 0).

Lemma 3.5. Let V be a non-zero subspace of U and let x € U\ {0}. Write x = w+v with
w orthogonal to V and v € V. Then we have

(3.1) dist(x, V) := min { dist(x,y); y € V\ {0}} = =
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Proof. Let y € V' \ {0}. Since w is orthogonal to V', it is orthogonal to y. So, the products
w Ay and v Ay are orthogonal in /\2 U. Consequently, we find

A A\ A
Gt y) - A EVAYL | waylwl
Iy Iyl Nl
with equality everywhere if v=0orify =v # 0. O

By Lemma [B1] non-zero points x, y of U are orthogonal if and only if dist(x,y) = 1. Thus
with the notation of Lemma [3.5, the point x is orthogonal to V' if and only if dist(x, V) = 1.
Moreover, we have x € V if and only if dist(x, V') = 0. We also note the following alternative
formula for dist(x, V).

Lemma 3.6. Let x and V be as in Lemma and let (y1,...,yx) be a basis of V. Then
we have

|xAyL A Aykll

(3.2) dist(x, V) = :
Ix [y A Ayl

Proof. Since the right hand side of (8.2]) is independent of the choice of (y1,...,yx), we may
assume that this basis is orthogonal. Then, for the decomposition x = w + v of Lemma [3.5]

the sequence (W, y1,...,¥yx) is also orthogonal. Thus, using Lemma B.Il we find
IxAyL A Ayl =llwAyL A Ayl = wiHyr A Ayl
and so the right hand side of (8:2) reduces to | w||/|| x|| = dist(x, V). O

For the next crucial lemma, we apply the previous results with U = L.

Lemma 3.7. Suppose that n > m > 2 for an integer m. Let Vi, Vo be subspaces of L™ of
dimension m — 1 for which W =V, NV, has dimension at least m — 2. Then we have

(3.3) dist(V1, Vo) = max { dist(x, V2) ; x € V7 \ {0} }.
Moreover, if Vi # Va, if (W1,...,Wy_2) is a basis of W, and if v; € V;\W fori=1,2, then
upon writing w = wi A -+ A W,,_o we have

A SWA
(3.4) &%@L%):HMMW viAva]
[wA V[ lwAval

Proof. We may assume that V; # V; since otherwise both sides of (3.3]) are zero. We also note
that the right hand side of ([B.4)) is independent of the choice of wy, ..., Wy, o, vy, Vo, So, we
choose for (wy, ..., W,,_2) an orthonormal basis of W and we complete it to an orthonormal
basis (W1, ..., Wy,_2, Ve, u) of V] + V5 with vy € V5. We also choose a unit vector vi € V; of
the form v; = avy + bu with (a,b) € L2. Then (w1, ..., W,, 2, v;) is an orthonormal basis of
V; for i = 1,2 and we have || (a,b)|| = 1. Moreover, the pair (w A vy, w A u) is orthonormal
in /\m_lL". Since w A vy = aw A vy + bw A u, we deduce that

dist(V1, Vo) = dist(w A vi,w A va) = |b].
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This proves (B.4) since ||w A vy Ava|| = ||bw AuAve| =1|b|. Finally, let x € V4 \ {0}, and
write x = w+tvy; with w € W and t € L. Then, x = tbu+ v where v = w + tav, € V5 and

u is orthogonal to V5. So, Lemma gives
tb tb

= Q < u = [b]
[ = ¢l

with equality if x = vy. This proves (3.3)). O

dist(x, V5)

Corollary 3.8. Let Vi, V, be as in Lemma 3.7 and let x € L™\ {0}. Then we have

dist(x, 13) < {dist(x,'Vl) + dist(V4, V5) ifLCC,

max{dist(x, V1), dist(Vy, Vo) } else.
Proof. Choose y; € Vi \ {0} such that dist(x,y;) = dist(x,V;) and yo € V5 \ {0} such
that dist(y;,y2) = dist(yy, V2). By Lemma B we have dist(y;,y2) < dist(Vi, V3). As
dist(x, V5) < dist(x,ys), the conclusion follows from the triangle inequality of Lemma [3.4]
applied to x, y; and ys. O

3.3. Duality. For each £ = 0,...,n, the dot product on L" = /\1L" induces a non-
degenerate bilinear map from /\kL" X /\kL" to L also denoted by a dot and given on pure
products by

(X1 A AXg) - (Y1 Ao Ayy) = det(x; - yj)
with the convention that, for £ = 0, the empty wedge product is 1 € L = /\OL" and the
empty determinant is 1 as well.

Let (eq,...,e,) denote the canonical basis of L™ and let E =e; A---Ae,. For k as above,
there is a unique isomorphism ¢ : A"L™ — A" FL" such that

(XAY)-E=pp(X)-Y

forany X € A"L" and 'Y € A" *L". If (uy,...,u,) is any basis of L" with u; A- - -Au, = E,
and if (uf,...,u’) denotes the dual basis of L™ for the dot product, a short computation
shows that, for any k-tuple of integers i = (i1,...,4;) with 1 <i; < --- < i, < n, we have

(3.5) Ry A A, ) = e(ijluj, A--Auj

k

where j = (j1, .. ., jn_k) denotes the complementary increasing sequence of integers for which
(1,j) is a permutation of (1,...,n), and €(i,j) € {—1, 1} is the signature of this permutation.
In particular, if we choose (uy,...,u,) to be the canonical basis of L™, which is its own dual,
this formula shows that ¢y, is an isometry. Furthermore, if V' is a subspace of L™ of dimension
k, we may choose (uy,...,u,) so that (u;,...,u) is a basis of V. Then (uj_,,...,u};) is a
basis of the subspace

Vi={yeL";x-y=0foreachx € V}
and the same formula implies that
Pr(N'V) = NV

As (. is an isometry, it preserves the distance and so we conclude as follows.
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Lemma 3.9. For any pair of subspaces Vi, Vo of L™ of the same dimension k with 0 < k < n,
we have
dist(V7, V5) = dist(Vi+, V3H).

In particular, if V;, V5 have dimension n — 1 > 0 and if V.;* = (w;);, for i = 1,2, then
dist(V3, Vo) = dist(uy, ug). When L = R, this observation also follows from [17, Lemma 4.4].

3.4. Almost orthogonal sequences. We set

1 fL=C
3.6 0= ’
(3.6) {O otherwise.

and say that a non-empty sequence (Xi,...,X,,) in L™ is almost orthogonal if it is linearly
independent over L and satisfies

dist(x, (X1, ..., Xj_1)z) > 1=6/2771 (2<j <m).

Thus almost orthogonal means orthogonal when L is non-archimedean. As in [I7, §4], we
note that any non-empty subsequence of an almost orthogonal sequence is almost orthogonal.
Since [];5,(1—46/277") > e~? we find the following estimate (cf. [I7, Lemma 4.6]).
Lemma 3.10. For any almost orthogonal sequence (X1, ...,Xy) in L™ we have

2 xall I xmll < A Axl] < ]l | % .

The next crucial result is analogous to [I7, Lemma 4.7].

Lemma 3.11. Let k, £, m be integers with 1 < k < £ < m < n and let yi,...,yYm
be linearly independent points of L™. Suppose that the sequences (Yi,...,¥¢,---,Ym) and
(Y1, Yk, - Ym) are both almost orthogonal. Then, the subspaces
‘/1:<y17"'7§,;7"'7ym>l/ and ‘/é:<y17"'7§;7"'7ym>L
that they span in L™ satisfy
Y1 A Ayl
[yl lyml

dist(V4, Vs) < e

Proof. Upon setting w =y1 A---Ayr A= Ays A+ Ay, Lemma 3.7 gives

Ao AV
dist(y v5) = LIy A Ayl
[ AyellT Ayl

The conclusion follows because, by Lemma [3.10
lwAyel o Ayell > eyl Nyell- - lyml) (Iyall--yell - Fym )
> e lwll (vl ymll)-

O

We conclude with a simple estimate.

Lemma 3.12. For any unit vectors u,u’ € L™ and any x € L", we have

(3.7) Ix - u| < 2° max{|x - u'|, || x||dist(u,u)}.
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Proof. We have || (x-u)u’ — (x-u')u| < || x|/ [[uAd|| for any x,u,u’ € L™. O

When x - u’ = 0, this becomes simply |x - u| < 2°|| x|| dist(u, u’).

4. ADELIC GEOMETRY OF NUMBERS

For each place v of K, we form the compact set
O, ={z € K,; |z|, <1}.

When v 1 oo, this is the ring of integers of K,, and we follow MacFeat [13] in normalizing
the Haar measure u, on K, so that p,(0,) = 1. When v | 0o, we set u, to be the Lebesgue
measure on K, with 4,(0,) =2 if K, = R, and u,(0,) = 7 if K, = C. We also denote by
ity the product measure on K.

The ring of adeles of K is the subring K of ], M) B which consists of the sequences
(a,) with a, € O, for all but finitely v. It is endowed with the unique topology which extends
the product topology on the set O, := HV|OO K, x vaoo O,, and makes K, into a locally
compact ring with Oy as an open subring. Then K embeds in K, as a discrete subring via
the diagonal map. We denote by p the Haar measure on K whose restriction to O, is the
product of the pu,, and we use the same notation for the product measure on K}%.

When v | 0o, a (Minkowski) convex body of K is any compact convex neighborhood C,
of 0 such that aC, C C, for each a € O,. When v 1 oo, this is any finitely generated (thus
free and compact) O,-submodule C, of K" of rank n. Finally, a convex body of K7} is any
product C = [],C, where C, is a convex body of K for each v, and C, = O] for all but
finitely v. Then the induced topology on C coincides with the usual product topology, and
its volume p(C) = [, pv(C,) is finite and positive.

For each j = 1,...,n, we define the j-th minimum \;(C) of a convex body C = [],C, of
K7} to be the smallest A > 0 for which the dilated convex body

ac=J[(e)[]e
v|oo vioo

contains at least j linearly independent elements of K™ over K. With this notation, the
adelic version of Minkowski’s theorem reads as follows [13] 2].

Theorem 4.1 (McFeat, 1971; Bombieri and Vaaler, 1983). For any convezx body C of K},
we have

(M(C) -+ Mal€)) u(C) = 1,

with tmplicit constants that depend only on K and n.

We refer the reader to [I3, Theorems 5 and 6], [2 Theorems 3 and 6] and [24], Corollary
of Theorem 1] for explicit lower bounds and upper bounds. In particular this result implies
that, if the volume p(C) of C is large enough, then \;(C) < 1 and so C contains a non-zero
point of K".
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More generally, fix an integer k with 1 < k < n and set N = (Z) The K-linear iso-
morphism from /\kK " to KV that sends a point to its Pliicker coordinates extends to a
K,-linear topological isomorphism from /\ka" to KV and to a to a K,-linear topological
isomorphism from /\ng to K}'. Identifying these pairs of spaces, we obtain a measure p,
on A\"K7 for each v € M(K) and a measure i on A"K7. This also provides the notion of a
(Minkowski) convex body K, of A*K” for each v € M(K) and of a convex body K = [], K,
of A"K2, as well as the notion of the j-th minimum \;(K) of K with respect to \*K™, for
each j=1,...,N.

Let C =[], C, be a convex body of K}. Its k-th compound is the convex body NC =
IT.( A"C,) of A" K7 whose component A" C, at a place v is the smallest Minkowski convex
body of /\k K" containing all products x; A --- A x; of k elements x;,...,x; of C,. In
particular, we have /\l C = C. In this context, E. B. Burger has extended Mahler’s theory of
compound bodies in [5]. Leaving out the explicit values of the constants from [5, Theorem
1.2], he showed that the minima of these convex bodies are related as follows.

Theorem 4.2 (Burger, 1993). With the above notation, order the N products A;, (C) - - - X;, (C)
with 1 < iy < -+ < i < n into a monotonically increasing sequence Ay < --- < Ay. Then,
for each j =1,..., N, we have

by (/\’fc) = A,

with tmplicit constants depending only on K and n.

We note that Ay = A (C)---A\(C), and that Ay = A (C) - M1 (C)Ae11(C) if k& < n.
Moreover, if x1, ..., X, are linearly independent elements of K" which realize the successive
minima of C in the sense that x; € \;(C)C fori =1,...,n, then X = x; A - Axy belongs to
Ay /\kC . Thus, by the above theorem, the first minimum of /\kC is realized up to a bounded
factor by the pure product X.

In practice, the compounds of a given convex body are difficult to compute exactly. So,
we instead use approximations of them, like in the standard theory (see [2I, Chapter IV,

§71)-

5. DILATIONS

The group of ideles of K is the group K} of invertible elements of K. It contains
the multiplicative group K* of K as a subgroup. We define the module |a|s of an idele

a = (a,) € K by
lala= [T la

veEM (K)
and recall that |a|y = 1 for any o € K*. Then for each convex body C =[], C, of K}, the
product

dy/d
v

€ IR>07

aC = H (a,C,)

veM(K)
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is a convex body of volume p(aC) = |a|{"u(C). This construction extends the definition
of \C with A € R by identifying any such A with the idele having component A\ at each
Archimedean place v | co and component 1 at all other places.

Definition 5.1. For C as above and for each non-zero x € K", we set
(5.1) A(x,C) = min{|als; a € K} and x € aC}.

For each j = 1,...,n, we also define )\f(C) to be the smallest A > 0 for which there are at
least j linearly independent elements x of K™ with A(x,C) < A.

The minimum exists in (5.I]) because for each v € M (K) there is a non-zero a, € K, with
|a,|, minimal such that x € a,C,, and we may choose a, = 1 for all but finitely many v.
Moreover, by the product formula, the value A(x,C), which we view as a sort of distance
from x to C, depends only on the class of x in P*"71(K). In particular, it is independent
of x if n = 1. We also note that, for any given ¢ > 0, the non-zero points x of K" with
A(x,C) <t have height at most ct for a constant ¢ > 0 depending only on C. So these points
x belong to finitely many classes in P"~!(K) and for them \(x,C) takes finitely many values
in [0,¢]. Hence, there is a basis (x1,...,X,) of K" over K such that A\*(C) = A(x;,C) for
each 7 =1,...,n. In particular, it is sensible to define each )\f(C) as a minimum.

To compare these minima to those of MacFeat and Bombieri—Vaaler, we need the following
special case of the strong approximation theorem from [10, Theorem 3].

Lemma 5.2. There exists a constant ¢c; = ¢1(K) > 0 with the following property. For each
a = (a,) € K} with |a|y > c1, there exists a € K* such that |al, < |a,|, for each v € M(K).

Note that this also follows the adelic version of Minkowski’s theorem, because, for given
a = (a,) € K}, the set of points (x,) € K with |z,|, < |a,|, for all v is the convex body a B
of K, of volume |a|¢u(B), where B =[], O,. So, if |a|, is large enough, Theorem 1] gives
A1(a B) <1, and thus a B contains some non-zero element of K.

Proposition 5.3. Let C be a convex body of K} and let j € {1,...,n}. Then, we have

(5.2) ¢ (C) S AF(C) < \(C)
where ¢; comes from Lemmal5.2. Moreover, for each idéle a € K3, we also have
(5.3) A (aC) = |al "M (C).

Proof. Set A = AJA(C) and choose a set F' of j linearly independent points x of K™ with
A(x,C) < A. Given x € F, there exists a € K} with |a|y < A such that x € aC. As the idele
a' = (a) := c;Aa™! satisfies |a’|, > ¢;, Lemma provides aw € K* such that ||, < |d!],
for each v € M(K), and then the point ax of K™ belongs to aaC C a’aC = ¢;A\C. Doing
this for each x € F', we obtain j linearly independent points of K™ in ¢;\C. This means that

A;(C) < ¢y A, which amounts to the first inequality in (5.2]).

To prove the second inequality in (5.2)), set A = A;(C). Then AC contains at least j linearly
independent elements of K. As |A[4 = A, this implies that A}(C) < A and we are done.
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Finally, the inequality (5.3]) follows from the definitions and the multiplicativity of the
module on K7}. O

In view of our identifications (see section M), the above results and definitions apply with
C replaced by any convex body K = [] K, of A'K? for any integer 1 < k < n, provided
that n is replaced by N = (Z) and that K™ is replaced by /\kK .
6. A COMBINATORIAL RESULT

In preparation for the proof of Theorem A in the next sections, we will need the following
result from [I7]. We refer the reader to Section [2.6] for the definition of an n-system.

Proposition 6.1. Let ¢ > 0. Suppose that, for each k = 1,...,n, there are continuous
functions Ly: [0,00) — R and Mj: [0,00) — R which are piecewise linear with slopes 0 and
1, and which satisfy the following properties:

(1) 0<Li(g) <+ < Lulg) < q for each ¢ > 0;

(2)  |Mi(q) — Li(q) — -+ — Lx(q)| < ¢ for each k =1,...,n and each ¢ > 0;

(3)  M.(q) = q for each ¢ > 0;

(4) if, for some integer k with 1 < k < n and some q > 0, the function M, changes slope

from 1 to 0 at q, then |Lii1(q) — Li(q)] < 2c.

Choose ¢ > 24n3c and set
ti=(1+2+---+40 fori=0,1,...,n.

Then there ezists an n-system R = (Ry,..., R,) on [0,00), whose restriction to [t,,o0) is
rigid of mesh ¢, such that

(5)  maxicp<n |Li(q) — Ri(q)| < 4n*c’ for each q > 0;
(6) R(t;) = (0,...,0,0’,20’,...,@'0’) for each i =0,1,...,n.

Proof. Define My =0 and P, = My — My_, for Kk =1,...,n. Put also v = 6¢. By adapting
the proof of [I7, Theorem 2.9], we find that P = (Py,..., P,): [0,00) — R™ is an (n,7)-
system in the sense of [I7, Definition 2.8], with |Lx(q) — Pr(q)| < 7 for each ¢ > 0 and
k =1,...,n. Then, arguing as in the proof of [I7, Theorem 8.2], we obtain a rigid n-system
R =(Ry,...,R,): [tn,00) — R"™ of mesh ¢ which satisfies the condition (5) for each g > t,,.
In particular, R(t,) is a strictly increasing sequence of positive integer multiples of ¢ with
sum t,, and so R(t,) = (¢,2c,...,nc). From this it follows that R extends uniquely to
an n-system on [0, co) satisfying the condition (6) (see the proof of [I7, Theorem 8.1]). For
each k =1,...,n and each ¢ > 0, we have 0 < Ly(q), Rx(q) < ¢, thus |L; — Ry| is bounded
above by max{t,, 4n’*c'} = 4n*c on [0, c0). O

[t
n)

Note that, for ¢ = 0, the hypotheses of Proposition amount to asking that the map
= (Lq,...,Ly,) itself is an n-system on [0,00) (and that My = Ly + --- + Lj for each
=1,...,n). In fact, this is how n-systems are defined in [17, §2.5] (where they are called

L
k=1,
(n,0)-systems). From this, we infer the following result of approximation.
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Corollary 6.2. Letd > 0, let qo = (n*—2n+1)'/2, and let L = (L4, ..., L,) be an n-system
on [0,00). Then, there ezists an n-system R = (Ry, ..., R,) on [0,00) whose restriction to
[q0, 00) is rigid of mesh /2, which satisfies maxy<k<n | L1(q) — Ri(q)| < 4n?c for each q¢ > 0,
and for which Ry has slope 1 on [qo, qo + ' /2].

Proof. The conditions (1)—(4) of Proposition [6.1] are satisfied for the choice of ¢ = 0 and of

My = Li+---+ Ly foreach k = 1,...,n. So its conclusion applies for the given ¢/. Consider
the resulting n-system R = (Ry,..., R,) on [0,00). On [t,_1,t,], the union of the graphs
of Ry,..., R, consists of n — 1 horizontal line segments of ordinates ¢/, 2¢, ..., (n—1)¢ and

one line segment of slope 1 joining (¢,-1,0) to (¢,,nc). Since gy = t,—1 + ¢ /2, we deduce
that R(qy) = (¢//2,d,2¢,...,(n — 1)) and that R; has slope 1 on [qo, o + ¢/2]. Finally,
since R is rigid of mesh ¢ on [t,, 00), it is also rigid of mesh ¢//2 on [gy, 0). O

This corollary will be useful when it comes to approximate an n-system L by the map
L, attached to a non-zero point £ € K, because it reduces the problem to approximating
an n-system R as in the corollary. The property that R; has slope 1 to the right of ¢y will
simplify the argument.

7. FROM POINTS TO n-SYSTEMS

The goal of this section is to prove the first and last assertions of Theorem A. To this end,
we fix an integer n > 2, a place w € M(K), and a non-zero point § € KJ'. As L¢ and Lg
depend only on the line (€), spanned by € in K", we assume, to simplify the computations,
that

1€l = 1.

Using the general strategy of Schmidt and Summerer in [22], we will show that the compo-
nents L1, ..., L, of Lg¢ satisfy the hypotheses of Proposition for some choice of functions
M, ..., M, and some constant ¢ = ¢(K,w,n) > 1. This will ensure the existence of an n-
system P: [0,00) — R™ for which the difference L¢ — P is a bounded, and we will show that
this is equivalent to Ly — P* being bounded. The precise argument given below is adapted
from [I7, §2]. In all estimates, the implicit constants involved in the symbol =< depend only
on K, w and n.

For each k € {1,...,n — 1}, there is a unique bilinear map

Ky x 'Ky — ATTK
¥, X) — yauX

called contraction which satisfies

k
(7.1) ya(xg A Axg) = Z(—l)i_l(y-xi)xl A AXg N A X,

i=1
for any y,xy,...,x; € K. For k = 1, this is simply the dot product y s x =y - x. We use
this to define a map Lék) as follows.
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Definition 7.1. Let k € {1,...,n— 1} and let N = (}). For each non-zero X € A K™, we
set
De(X) = [[€ 5 X ||/ T 11X |4,
vEW
As || €], = 1, this agrees with the definition of section 2.4] for £ = 1. We also define a map

Le(X,-): [0,00) = R by
(7.2) L¢(X, ¢) = max { log H(X), ¢ +1og De(X)} (¢ > 0).

For each j = 1,...,N and ¢ > 0, we denote by Lékj)(q) the smallest real number ¢ > 0 for

which there exists at least j linearly independent elements X of /\k K™ for which L¢(X, q) <t
or equivalently for which

H(X) <e' and Dg(X) <e'™
Finally, we define Lék): [0, 00) — RY by Lék) (q) = (Lg?(q), e Lékj)v(q)) for each ¢ > 0.

Since, for a non-zero X € A* K, the numbers H(X) and D¢(X) depend only on the class
of X in projective space on /\k K", and since for each B > 1 there are finitely many classes
of height at most B, each number Lékj) (q¢) can indeed be defined as a minimum. For k = 1, we

recover Lg) = L¢. The first step is to compare these maps with the minima of the following
families of adelic convex bodies.

Definition 7.2. Let k and N be as in Definition [.Il For each ¢ > 0, we denote by Cék)(q)
the convex body of A* K7 which consists of the points X = (X,) satisfying

| X, |, <1 for each v e M(K) and [|€ 2X,, ||, < e 9%
We also set C¢(q) = Cél)(q).

Thus C¢(q) consists of the points (x,) € K} satisfying
| %]l <1 for each v e M(K) and |x, - £, < e %/
Its volume is 11(Ce(q)) =< e™9%. Applying Definition 5.1}, we first obtain the following estimate.
Lemma 7.3. Let k€ {1,....n—1}, let X € A" K"\ {0} and ¢ > 0. Then, we have
A(X, " () = max{H(X), e De(X)} = exp(Le(X, ).

Proof. An idele a = (a,) of K of smallest module such that X € aCék)(q) has |a,|, = || X]|,
for each place v # w and |a,|,, = max{|| X]||,, r|| € 2 X]||,,} where r is the smallest element
of the valuation group |K?|, at w with r > e%/% _ The estimate follows since r =< e9¥/% and
we have )\(X,Cék)(q)) = |a|, for such a. O

Lemma 7.4. Let ke {1,...,n—1} and N = (Z) For each ¢ > 0, we have
(73) 0<L{(g) < <L{N(a) <q and exp(L{)(@) = L(C (@) (1<) <N).

Moreover, the functions Lg? are continuous and piecewise linear with slopes 0 and 1 on
[0,00). Finally, if Lg? changes slope from 1 to 0 at a point ¢ > 0, then Lg?(q) = ng(q)
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Proof. For given ¢ > 0 and j € {1,..., N}, the number Lék])(q) (resp. AJA(Cék)(q))) is, by
definition, the minimum of

(7.4) maxexp(Le(X, ) (resp- gggA(X,Cék)(q))>

where E runs through all sets of j linearly independent elements of /\k K". Taking for E a
set of j products of the form e; A---Ae;, with 1 <y < --- < i <n, where (eq,...,e,)
is the canonical basis of K™, we deduce that Lékj)(q) < ¢ because those products e have
D¢(e) <1 = H(e) as [|€|lw = 1. This yields the first set of inequalities in (Z3). Using
Lemma [7.3] we also deduce that exp(Lé’f;(q)) = )\f(Cék)(q)). The second set of estimates in
(Z3) then follows using Proposition .3 with A" K7 identified to K.

Fix @ > 0. For each ¢ € [0,Q)], we have Lékj)(q) < ¢ < Q. Thus in computing Lék])(q)
on [0, Q] in terms of the projective invariants (7.4)), it suffices to choose E inside a set F' of
representatives in A* K™ of points of P(A" K™) of height at most e?. Since F is finite, we
deduce that Lék]) is continuous and piecewise linear with slopes 0 and 1 on [0, Q]. As @) can
be taken arbitrarily large, this property extends to [0, 00). Finally, if Lg? changes slope from
1 to 0 at a point ¢ > 0, there exist ¢ >0 and X, Y € /\k K™ such that

L9 () = Le(X,t) =t+log De(X) forg—e<t<g,
SV Y Le(Y, 1) = log H(Y) for g <t<gq+e.
Thus X, Y are linearly independent and so Lg?(q) = Lék%(q) O

The next lemma compares the convex body Cék) (q) with the k-th compound of C¢(q).

Lemma 7.5. Let k and N be as in Lemma[7.4. For each q¢ > 0, we have
(7.5) NCela) ShC(a) and C(a) € NA"Ce(a).

Proof. Fix a choice of ¢ > 0 and, for simplicity, set
C:=Ce(q) = [[¢ and €™ :=cP(q)=]]c®.

v

Let ve M(K) and let X, = x3 A -+ A Xy with xq,...,x; € C,. We find
I Xl <l xafly - [Ixklly < 1,

thus X, € C" if v  w. If v = w, the formula (1) also yields || &€ 3 X, ||, < koe9%% where
d=1if w|ooand 6 =0 else, thus X,, € kC . This implies the first inclusion in 5.

To prove the second inclusion, it suffices to show that each X, € ct®) can be written as
a sum of N products of k elements of C,. For v # w, this is immediate since C, contains
ey,...,e, and since the products e;, A --- Ae;, with 1 <43 < .-+ < 4 < n form an
orthonormal basis of K. As || X, ||, < 1, the N coordinates of X, in this basis have absolute
values at most one, and we are done. For v = w, we complete u; = £ into an orthonormal
basis (ui,...,u,) of K and we form its dual basis (uj,...,u’) with respect to the dot

n
product. By Lemma [3.2] this new basis is also orthonormal. Moreover we have € - uj = 1
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and £ -uf =0 for ¢« = 2,...,n. Thus C, contains uj,...,u; as well as cuj for any c € K,
with |c|,, < 7% Upon writing
Xy = Z Ciy,iy Wy Ao A

1<i1 <-<ip<n
we find
* *
§1X, = § Cliig,..igWiy /N - Ay,

1<ig<-<ip<n

As || Xyl < 1 and || € 2 X, |l < e we deduce that |c;,. ;| is bounded above by

e~9%d if 5, = 1, and by 1 otherwise, so we are done. O

We can now prove the following part of Theorem A.

Proposition 7.6. There exists an n-system P: [0, 00) — R™ such that | Lg—P || is uniformly
bounded by a constant depending only on K, w and n.

Proof. Set M, = Lg? for k = 1,...,n — 1 and define M,(q) = ¢ for each ¢ > 0. It
suffices to show that these functions and the functions L; = L¢ satisfy all the hypotheses
of Proposition for some constant ¢ = ¢(K,w,n). By Lemma [T.4] we only have to verify
the conditions (2) and (4) of that proposition. Theorem [£.1] gives

(7.6) M(Ce(9)) - - An(Cel(q)) = pCe(q)) " = e,
while for each £ =1,...,n — 1, Theorem provides

M (A Ce(9) = Ai(Ce(a)) - - Ae(Ce(a)).
A2 (A"Ce()) = M(Cel9) - - A-1(Ce(@) Aesa (Ce(a)).
The inclusions of Lemma [7.5] combined with the estimates (7.3) also imply that

X (NCela)) = 2 (CE (q)) = exp(LE)(q))

for j =1,..., (Z) Taking logarithms, we obtain the inequalities (2) of Proposition as
well as

Lea(@) = Li(a) =+ = Lia(9) = Li(@) < ¢ (1< k <n, q>0),

for some constant ¢ = ¢(K,w,n). Finally, if, for some k& < n, the function M} changes slope
from 1 to 0 at a point ¢ > 0, Lemma [T.4] gives Lék%(q) = Lg?(q) = M;(q). Then comparing
the last estimate with that of Proposition (2), we obtain |Lyy1(q) — Li(q)| < 2c. Thus

the condition (4) of Proposition 6.1 holds as well. O

To compare approximation to Lg¢ by an n-system P and approximation to Lg by the dual
map P* defined by (24]), we first note the following equality.

Lemma 7.7. We have Lé"_l) =L;.
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Proof. Consider the K-linear map ¢: K™ — A"~ K™ given by
po(x)=x1(e1N---ANep)
for each x € K. Writing x = (21, ..., 2,), we find that

n

i=1
Thus ¢ is an isomorphism and, for each place v of K, it extends to a K,-linear isometry
@p: K — \""" K" given by the same formulas. Moreover, a short computation shows that

1€ 50w [lw = I x A &L

for each x € KJ,. Thus, for each non-zero x € K", we have

H(p(x)) = H(x) and  De(p(x)) = De(x),
and the conclusion follows since ¢ is an isomorphism. O
Lemma 7.8. There is a constant ¢* = ¢*(K,w,n) such that |Lg (q) + Lex(q) — q| < ¢ for
each ¢ > 0 and each j, k € {1,...,n} with j+k=n+ 1.
Proof. For q, 7 and k as above, Theorem combined with (Z.6) provides

N (N 1Ce(@)) = M(Cel@)) - MlCe(a) - Ma(Celq)) = W ‘

Using Lemmas [7.5], [[.4] and [7.7] in this order, we also find

A (A"1Ce(0) = N(CE @) = exp(Le(0) = exp(L; (@),
while A\;(Ce(q)) =< exp(Lg x(q)). The conclusion follows by taking logarithms. O

We deduce the following complement to Proposition

Proposition 7.9. Let P = (Py,..., P,) be an n-system on [0,00). If one of the conditions
(2.8) from Theorem A holds with a constant ¢, then the other holds with ¢ replaced by c+c*y/n
where ¢* comes from Lemma[7.8.

Proof. With ¢, j and k as in Lemma[7.8] the definition of P* in (2.4) gives P} (q)+ Pi(q) = q.
Hence the inequality of the lemma may be restated as

|(Le;(@) = Py(a) + (Lea(q) — Pila))] < ¢,
and the result follows. 0

We conclude this section with the following observation.
Lemma 7.10. For g > 0, define C{(q) to be the set of points (x,) € K} satisfying
%]l <1 for each v e M(K) and | x, A €|, < e 9%,
Then X;(CE(q)) = A (€ (@) = exp(L"V(q)) = exp(L3(q)) for each j =1,....n.
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Proof. Going back to the proof of Lemma [.7, we find that the Kj,-linear isomorphism
oa: K — A\"' K? which extends ¢ maps Ci(q) to Cén_l)(q) for each ¢ > 0. Thus these
convex bodies have the same minima. The remaining estimates follow from (Z.3]) in Lemma
74, and from Lemma [7.7] O

8. CONSTRUCTION OF BASES

As in the preceding section, we assume n > 2, and we fix a place w € M(K). We also set
S =M (K)U{w}

and denote by Og = Nygs(K N O,) the ring of S-integers of K. The goal of this section is to
provide a general recursive construction of bases of O% as an Og-module. In the next section,
we will use it to complete the proof of Theorem A. The general strategy is similar to that
of [17, §5] but complicated by the fact that we need these bases to obey several properties
at each place of S. In particular, we will need them to be almost orthogonal in K’ for each
v € S\ {w}, in the sense of section B4 for L = K,. We start by recalling two general results
of approximation by elements of Og within [] ¢ K.

The group of S-units of K is the group O% of invertible elements of Og. It is well-known
that its image under the logarithmic embedding, namely the set of points (log |¢|,),es With
e € 0%, forms a lattice within the hyperplane of R® of points (1,),es with > _od,z, = 0.
Thus, there is a constant co = co(K,.S) > 1 with the following property.

veS

Lemma 8.1. For any choice of positive real numbers (r,),es with [[ .gr® =1, there exists
an S-unit ¢ € O% which satisfies cy'ry < el < cory for each v € S.

From [10, Theorem 3] of Mabhler, there is also a constant ¢3 = c3(K,S) > 1 with the
following property.

Lemma 8.2. For any (a,)ves € [[,cq K, and any family of positive real numbers (t,),es

veS
with [],cq dv/d > c3, there exists an S-integer a € Og which satisfies |a — a,|, < t, for each
ves.

In fact, the result of Mahler shows this with a constant c3 that depends only on K when
each t, belongs to the valuation group of K,. As we do not require this, our constant c3
depends on S as well, but in a weak form.

From now on, we fix a constant C' in the valuation group of K,,, with
(8.1) C > n2" (c3e)¥ P where ¢y = n2"(2ecy).

In concordance with the notation of section 3.4 for L = K,,, we set

5— 1 if w| oo,
10 otherwise.
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For the other places v € S\ {w}, no special notation is needed since they all are archimedean

and so the results of that section apply to L = K, with § = 1. For convenience, we also
define

(8.2) A={(ar,...,a,) €Z";0<a; <---<a,}.
We are interested in bases of OF with three kinds of properties.

Definition 8.3. Let x = (x1,...,X;,) be a basis of O% over Og. We say that

e x is admissible if, for any v € S\ {w}, it is almost orthogonal in K" and satisfies
1< |Ixilly < (2ec2)? forj=1,...,m;

e x has size a = (ay,...,a,) € A if C% < | x|, <(Q1+9)C% forj=1,...,n;
e x has type (k,?) for integers 1 <k < { <n if

. — 1
dist,, (x¢, (X152, X, -, Xem1)K,) = 1 — =t
We start by two quick consequences.
Lemma 8.4. Suppose that x = (X1,...,X,) is an admissible basis of O% over Og of size

a = (ay,...,a,) € A. Then, for j =1,...,¢, we have C4%/? < H(x;) < c;C%%/? where
cs = (2ecy)?.

Proof. Let j € {1,...,n}. For each place v of K not in S, the n-tuple x is a basis of O" over

O,, hence || x; ||, = 1. Thus we have H(x;) = [[,cq || X; /4 and the conclusion follows. [

Lemma 8.5. Let k, ¢, m be integers with 1 < k <l <m <n and lety = (y1,...,¥n) be
an admissible basis of O% over Og. Suppose that the subsequences (Y1,...,¥¢,--.,Ym) and
(Y1, Yk, -+, Ym) are both almost orthogonal in K. Then, the subspaces

Vi={y1, - sV, - Ym)k, and Vo={y1,.... ¥k - s Ym)K,
that they span in K. satisfy

. H((Yl ---aYm>K)
dist,, (V1, Vo) ™/ < e ’
(11, V) H(yy) - H(ym)

Proof. Using Lemma B.1T] with L = K, we find

dw/d H
distw(‘/l,‘/z)dw/d < <e45||y1 A /\Yme) — A (<y17vym>K)

Iyl -l ymll H(yy) - H(ym)
where
dy/d
po o [ (Ishlyal )
VGS\{W} Hyl/\.'./\ymHV
Since y is an admissible basis of O%, the sequence (y1i,...,ym) is almost orthogonal in K

for each place v € S other than w. As such a place v is archimedean, Lemma [3.10] shows
that the corresponding factor of A is bounded above by e?**/? This gives A < e*. O
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The main result of this section is the following construction which, in essence, generalizes
[17, Lemma 5.1]. The crucial novelty is the introduction of an S-unit € in the condition (3)
below (in the context of [I7] where K = Q and S = {00}, it would simply be ¢ = £1).

Lemma 8.6. Let h, k, { be integers with
1<k<¥t{<n and 1<h</{<n.

Suppose that elements a = (ay,...,a,) and b = (by,...,b,) of A satisfy
(1) be>ar and (br,..., beseooiby) = (a1, sy .. an).

Suppose moreover that x = (X1, ...,X,) is an admissible basis of O% over Og of size a. Then
there exists an admissible basisy = (y1,...,¥n) of O% over Og of size b and type (k, ) such
that

(2) (Y1 Ve, Yn) = (X1, Xny e Xy,

(3)  vye€exp+ (Xiy..,Xn, ..., Xp)0g for some e € OF.

Proof. We use (2) as a definition of y1,...,y7,...,¥». Then y = (y1,...,¥s) is a basis of
O% over Og for any choice of y, satisfying (3).

We set 7, = 2e¢y || xy, ||, * for each v € S\ {w}, and define r,, by the condition [], ¢ ré =

v
Since x is admissible, we have r, > (2cy)~! for v # w, so 7% < (2¢y)?. Then Lemma B
provides an S-unit ¢ € OF with

(8.3) 2¢? < |l exu ||y < 2e%c3 foreach v € S\ {w},
(8.4) g% < (comy)® < (2¢9).
For each v € S, we define

U, = (X1,...,X0) K,

Vo=(X1,. , Xn, s X0k, = (Y1, s Yoo1) Ko

and we choose a unit vector u, € U, such that
Uv = <uv>Kv J-top ‘/v

If v # w, we write
-1
(85) Xy = G4, + Z CyiY;

j=1
with coefficients ¢, and ¢, ; in K,. For v =w, we also define
W = (V1y- s Y-, Y1) Ko
and choose a unit vector v,, € V,, such that
Ve = (Vi) k,, Liop Wi
This provides a decomposition U,, = (W) k, Ltop (Vi) K, Ltop Wiw. We choose B € K,, with
(8.6) 1B, = (1+6/2)C"™.
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This is possible because if w { 0o, then § = 0 and C' belongs to the valuation group of K,,.
We then write

-1
(8.7) £Xp = Uy + By, + Z Cw,j Y
j=1
with ¢, and ¢, ; in K,,. The approximation lemma provides, for each j =1,...,/—1, an

S-integer o; € Og such that

lo; —cyily < ¢t forallve S\ {w},

(8.8) d/dn

| = Cwjlw < (csc4)
for the constant ¢, = n2"(2ecy)? defined in (8.1]). Then the point

/-1
(8.9) Yo = €Xp — Z ;Y

=1

fulfills the condition (3) and so y = (y1,...,¥») is an Og-basis of O%.

1° To show that y is admissible, we fix a place v € S\ {w} C M, (K). Since x is
admissible, we obtain directly 1 < |ly;|l, < (2ec2)? for each j # ¢ because of the equality
(2). As x is almost orthogonal in K, its subsequence
(Xla"'a)/(;w"axé) = (y1>"'ayé—l)
is also almost orthogonal. Moreover, for each integer j with £+ 1 < j < n, we have x; =y,

and (x1,...,X;-1)k, = (¥1,---,¥Yj-1)k,, thus

diStV (ij <y1, e 7yj—1>Kv> = diStv (Xj, <X1, Ce 7Xj—1>KV) Z 1-— (1/2)j_1.

Since (y1,...,¥e-1)k, = Vi, it only remains to show that
(8.10) 1< [yelly < (2ec2)® and  dist, (ye, Vi) > 1—(1/2)7".
To this end, we first note that, since (xy,...,X;,) is almost orthogonal in K", Lemmas
and [3.10] yield
A A ) A A ) B
1> dist,(xs, Vi) = [, A - A xe] > 1% Xl s o2
[xn ol A AR A Axell T Il [l

On the other hand, Lemma applied to the decomposition (R8I gives

_ levly
| exn [y

dist, (xp, V,) = dist,(exp, V,)

Using the estimates (8.3)) for || exy||,, we deduce that
(8.11) 2 < e, < 2€%c3.
Combining (83]) and (89]), we obtain

-1

ye=ocu, + Z(Cv,j — o)y
j=1
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Using (8.8), this decomposition of y, implies
-1

lye — ol < e lyilly < ney'(2ec0)® = 277,
j=1

and thus 1 < ||y, ||, < (2ec2)? by (8II). Finally Lemma 3.7 gives
: [AE [N 2 1
dist, (y¢, V,) = > > >1———,
Y=y 2 Tl + 2 2 ar e 2 g
which completes the proof of (8I0). Thus y is admissible.

2° We now show that y has size b. Since x has size a, the relations (1) and (2) reduce the
problem to showing that

(8.12) C% < lyellw < (1+0)C™.

To prove this, we first combine (87) and (8.9) to obtain

-1
Y/ = cpuy, + BVW + Z(CWJ - aj)yj7
j=1
and note that the decomposition ([8.7) implies
lcwlw = [ cwtty [ < [l exn |l < (202)2d/dw X ||
where the last estimation comes from (8.4]). Using (R.8)), we deduce that
-1 ¢
lye = Bvillw < lewlw + 2(0304)d/d”’ Yillw < (csca)¥™ Z 1% |-
j=1 Jj=1

We also note that | x;|, < 20% < 2C%~! for j = 1,...,( because x has size a and the
hypothesis (1) gives a; < --- < ay < by. Using the hypothesis (81]) on C', we conclude that

(8.13) | ye — By |lw < 2n(csey) Y@ Cbet < 27t
Together with the formula (8.6 for |B|,, this yields (812). So y has size b.

3° It remains to show that y has type (k,¢).

By (813]), we have a decomposition y, = Bv,, + z with || z||,, < 27"|B],,. Thus,
Bl =zl _ 1=27" 1

d‘ tW 7Ww Z Z Z 1 - f )
18 (y@ ) || Vi HW 1 n 9-n 2n_1 I w | o0
- 1Blw -
dist,, (ye, Wy,) > =1 otherwise.
Iyellw
In both cases, this yields dist,,(ye, W,,) > 1 — /271, So y has type (k, ). O

We will also need the following complementary result.

Lemma 8.7. With the same hypotheses and notation, let m be an integer with £ < m < n.

(i) We have (X1,...,Xm)k = (Y1, -, Ym) k- If m <n, we also have X1 = Ymi1-



28 ANTHONY POELS AND DAMIEN ROY

(i) If (X1,---sXn,.-.,X¢) 18 almost orthogonal in K", then (yi,...,Y&,---,ye) 1S as well
almost orthogonal in K.

(iil) If both (X1,.. ., Xny -, Xm) and (Y1, -, Yk, - -, ¥Ym) are almost orthogonal in K, then
the subspaces of K that they span,

‘/l:<xla"'a§;7"'axm>[(w (I'fld %:<y1a"'>§;a"'>YM>KW
satisfy
(8.14) disty (Vi, Vo)t < LWL Yndi) 0 _Co HGx,. - X))

T Hy)--H(ym) — 0 O H(q) - H(xm)

When (iii) holds for some m < n, the estimates (8.14) together with Corollary B.8 allow
us to connect the distances from X,,.1 = ¥,ny1 to V4 and V5 in terms of heights only.

Proof. Part (i) follows immediately from the conditions (2) and (3) of Lemma R0l

To prove (ii), we note that (x1,...,Xp,...,X¢) = (y1,...,ye_1). Thus, if this sequence
is almost orthogonal in K", so is its subsequence (yi,...,¥x,...,¥e—1). Since y is of type

(k,0), we then conclude that (yi,...,¥x,...,¥e) is almost orthogonal in K.

Under the hypotheses of (iii), the first inequality in (814]) follows from Lemma [R5 because
(X1, Xn, .-, Xy,) coincides with (yi1,...,¥s, ..., ¥m). To prove the second inequality, we
use the fact that x and y have respective size a and b with a, < ay < b,. By Lemma [8.4]
we obtain

H(xy) - H(xp) _ H(xp) < CSC(ah—be)dW/d < Cs .
H(y:)-- H(ym) H(ye) Cv/d
The required inequality follows since H((y1,...,Ym)x) = H((X1,...,Xm)x) by (i). O

We conclude with the following existence result which for us replaces [17, Lemma 5.2].

Lemma 8.8. Let a = (ay,...,a,) € Z" with 0 < ay < -+ < a,. There exists an admissible
basis x = (X1,...,X,) of O% over Og of size a and type (1,n) such that (x1,...,X,_1) i
almost orthogonal in K.

Proof. Starting from the canonical basis (e,...,e,) of K", Lemma applied recursively
n times with h = k = 1 and ¢ = n provides points xy,...,x, of OF such that, for each
j = 0,...,n, the n-tuple (ej+1,...,€,,X1,...,%;) is an admissible basis of O% of size

(0,...,0,a1,...,a;) and type (1,n). For each j with 2 < j <n — 1, we find
dist,, (xj, (x1,. .. ,xj_1>KW) > dist,, (xj, (€42, €0, X1, ... ,xj_1>KW) >1-1/2""1

Thus (x3,...,X,_1) is almost orthogonal in K. O
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9. FROM n-SYSTEMS TO POINTS

Let L: [0,00) — R™ be an arbitrary n-system. To complete the proof of Theorem A, it
remains to show the existence of a non-zero point £ € K} for which || L — Lg¢|| is bounded
above by a constant depending only on K, w and n. To this end, consider the n-system
R = (Ry,..., R,) provided by Corollary for the choice of ¢ = 2¢, where

b
d

for the constant C' = C(K,w,n) of the preceding section, satisfying (81]). Since ||L — R/
is bounded above by a constant depending only on K, n and w, it suffices to construct a
non-zero point £ € K for which ||R — L¢ || is also bounded above by such a constant.

log(C)

CcC =

Let o = (n? — 2n + 1)c, so that the restriction of R to [go,00) is rigid of mesh ¢. We
denote by (¢;)o<i<s the finite or infinite sequence of switch points of R on that interval, with
cardinality s € {1,2,...} U {oo}. For each integer i with 0 <7 < s, we set

a” = 'R(g) = ( §">, caD) e A,

»'n

where A C Z" is defined by (82)). We have R;(¢;) = cag-i) for j=1,...,n and
(9.1) qi:cagi)+-~-+ca£f) (0<i<s).

We also denote by k; the index j for which the right derivative of R; at ¢; is 1 and, when
¢ > 0, we denote by ¢; the index j for which the left derivative of R; at ¢; is 1. By the choice
of R, we have kg = 1. Finally, we set {5 = n. Then, for each integer ¢ with 1 < i < s, we
have

(Pl) 1:k0<£0:n and 1§kl<&§n,

(P2) ¢; > k;—1 and agi) > ag_l),

(P3) (agi),...,ag),...,ag)) = (agi_l),... a,ﬁ’:),...,aﬁf‘”).

Y

From these data, it is a simple matter to reconstruct the function R. Let
O:R" = {(z1,...,2,) ER"; 11 <9 < -+ < 2, }

denote the continuous function which reorders the coordinates of a point as a monotonically
increasing sequence, and set ¢, = oo if s < oo. Then, we have

R(q) = ®(R(q:) + (¢ — @:)ex,)
= O(Ri (i), - R, (¢5) + 4 — Gis - - -, Rn(qs))

The formula also extends to ¢ = ¢;1 if i + 1 < s.

(9.2) for each q € [qi, Giy1)-

We first apply the results of the preceding section to construct a specific sequence of
bases of O%. Its relevance to our problem will become clear in the corollaries that we derive
afterwards.
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Proposition 9.1. There ezists a sequence (xV)o<ics of bases of O% over Og such that, for

each integer i with 0 < i < s, the basis x¥) = (xgl), . X%)) is admissible of size a”) and

type (k;, ;) with the additional property that, when i > 1,

i i i i1 = i—1
(1) (Xg), xg),...,xg)):(xg ),...,X,(ﬁil),...,xg )),
(2) xgl) €¢ X,(; 1) +(xY ,x,(f:), o ,XZ_I)MS for some S-unit g; € O%.
We may further require that the sequence X(71) = (x§0’, . ,x,(f_’l) is almost orthogonal in
K. Then, for each integer i with 0 < i < s, the sequence XV := (xgl), o ,X](ji), .. S)) is

also almost orthogonal in K!. Finally, for each v with —1 <1 < s, choose a unit vector u;
of K™ which is orthogonal to each vector of X with respect to the dot product. Then we
further have

(9.3) dist,, (0;, u;) < 2°exp((4 — giy1)d/dy,) (=1 <i<j<s).

Proof. Lemma provides recursively such a sequence of bases starting from any admissible
basis x©@ = (x\”, ... x!) of size a©® and type (ko, ). To build x@ from x(1 for an
integer ¢ with 1 <14 < s, we apply this lemma with h = k;_y, (k,¢) = (k;, 4;), @ = a® ) and
b = a'Y. The hypotheses of the lemma are fulfilled by virtue of the conditions (P1)—(P3).

By Lemma B8 we may choose the initial basis x(¥ so that X(=1) is almost orthogonal in

K. Assuming this, we now prove by induction that X is almost orthogonal in K7 for each
1 with 0 <7 < s.

We first note that X(©) = (xgo), . x%o)) is almost orthogonal in K™ because x(*) has type
1,n) and the sequence X(O), e ,X(O) is almost orthogonal in K", as a subsequence of the
2 w

almost orthogonal sequence X(=1).

Suppose now that X is almost orthogonal in K7 for each i = 0,...,t — 1 where ¢ is an
integer with 1 <t < s. To complete the induction step, we will show, by induction on m,

that (x1 .. .,X](g?, o ,XS;?) is almost orthogonal in K" for each m = ¢;,...,n. For m =/,

this follows from Lemma [8.7] (ii) since (x&t_l), ,(ft i), . ,xg_l)) is almost orthogonal in

K. If ¢, = n, we are done. Otherwise, let m be an integer with ¢, < m < n for which
(th), o ,X](:t) 5,?) is almost orthogonal in K. Since ¢, = n > m, there is a largest
integer r with 0 < r < t such that ¢, > m. This means that ¢,,1,...,¢; < m and so
k.,...,k, <m by (P1) and (P2). Moreover, we have x;?H == XS;)H by Lemma B (i).
Define

(9.4) UD =W xye and VO = W kL x@y

fori=r,...,t. We claim that

)
(9.5) dist,,(x (r) Vi) > 1 — — and dist,, (V™) V) <

m+1>
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If we take this for granted, then Corollary gives distw(xgb)ﬂ, VW) > 1 —4§/2m"! which
is exactly what we need to complete the induction on m, and thus to complete the main
induction as well.

If r>1and m+1 < ¢, the (m+ 1)-tuple (XY), . ,xgll) is almost orthogonal in K as
a subsequence of

—_ —

(XY),...,XX),...,X(”) = (xg’“‘”,... x\"=1 ...,X(T_l)).

n ) N1 0 n
If r=0and m+1<¥{y =n, it is also almost orthogonal in K, as a subsequence of x(=1),
So, independently of r, if m 4+ 1 < /.., we obtain
r . 0
disty, (x)7 1, V) > dist, (x40, U) 2 1= o,

which gives the first inequality in ([@.5). If m + 1 = ¢, the latter inequality holds by
construction, since x() has type (k,, £,).

To prove the second inequality in (0.5]), we apply Lemma B (iii). Fori=r+1,... ¢, it
gives

7 7 i—1 i—1
CHED L xIhe) e HOETY Y
S My =€ Ca/d g D) =

H(xy") - H(xm) H(xy ) H(xm )
and so, for the same values of 7, we obtain
(r) i

. (i—=1) /@) \dw/d ~ 4 [ 5 )Z TH(<X1 soe e Xm )K) 4( Cs )Z "

disty (VO VO < o (2 HO) ) \GRA)

Since C' > 2"(e*cs)¥/%, this yields dist,, (VD V®) < 276=17 for § = +1,...,n and so
by the triangle inequality of Lemma 3.4l we obtain

dist,, (VD VO)d/d <

1 1
< )
2n—1 - om

dist, (V") V Z dist,, (VD V) <
i=r+1
which completes the proof of (9.5)).

By the above, the sequence X(*) is almost orthogonal in K™ for each i with —1 <4 < s. For
those i, take V@ to be the subspace of K" spanned by X so that (V@) = (u;)g,. When
0 < i < s, both Xt~V and X are almost orthogonal subsequences of x?. Then Lemmas
and 8.5 yield

distw(ui_l,ul)d“/d dist (V(i_l),V(i))d“’/d < . .
H(x") - H(x)
(i) (i)

because (x|”,...,xn )k = K" has height 1. Since the basis x(?) is admissible of size a(®,
Lemma [8.4] further gives

log H(xgi)) > agi)(dw/d) log(C) = cag-i) forj=1,...,n
Using ([9.0), we conclude that

(0<i<s)

dist,, (w1, u;) /¢ < exp < an ' ) =exp(4d—¢q) (0<i<s).
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Since (¢;)o<i<s i a strictly increasing sequence of multiples of ¢ and since c¢d/d,, = log(C) >
log(2), we deduce that

dist, (w1, u;) < exp(4 — q)d/d,) < (1/2)~ exp((4 - q.)d/d,)

for each pair of integers 0 < i < j < s. Then, (@3] follows from the triangle inequality of
Lemma [3.4] 0

For the corollary below, we recall our convention that ¢g; = oo when s < co. As a special
case of ([T.2]), we also recall that, for each x € K™, each non-zero £ € K and each ¢ > 0, we
have by definition

L¢(x,q) = max{log H(x), ¢+ log D¢(x)}.

Corollary 9.2. Under the hypotheses of Proposition[9.1, there is a unit vector & € K' such
that, for each integer i with 0 < i < s and each q € [q;,qi+1), we have

LE(X?’ a) < o+ Byla) + {0 otherwise

where cg = 6 + log(cs).

Proof. Consider the sequence of unit vectors (u;)_1<;<s given by the proposition. If s = oo,
it follows from (@.3)) that its image in P"~!(K,) converges to the class of a unit vector £ € K"
such that

(9.6) dist,, (1, &) < 2% exp((4 — giy1)d/dy,) (=1 < i <s).
When s < 0o, we have g; = co by convention, and the same holds with £ = x,_1.

We now fix ¢ and j with 0 <i < s and 1 < 5 <n. For each ¢ > 0, we have

(i) () d, |X§i) 3
(9.7) Le(x;”,q) = log H(x;") +max {0, ¢+ FIOgW :
X

We also have x,(fi) -u;_1 = 0 because x,(ji) belongs to the sequence X1, So ([B.7) yields
i &l < 21 [l disti(ui, £).
If j # k;, we have instead Xg-i) -u; = 0 because Xg-i) belongs to X, and so ([B.7) yields
- €l < 2% [ dist (. 6).

Using (@.6) and noting that 4° < exp(2d/d,,), we deduce that

@10 |X§'i) "€|w < {6—% if j = ki,

d ||x§2) [ 6 — qiv1 otherwise.
Since x has size a, Lemma B4 gives log H(Xg-i)) < log(cs) + caji) =c6 — 6+ R;(¢;). The

conclusion follows by substituting the last two estimates into (9.7)). O

We can now complete the proof of Theorem A as follows.
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Corollary 9.3. Let & be as in Corollary[d.2 There is a constant c; = cz(K,w,n) such that
(9.8) max |Le ;(q) — R;(q)| < cr

1<j<n
for each q > 0.

Proof. Fix an integer i with 0 < i < s and a point g € [g;, ¢i+1). Denote by

Py oymn) = D(Le(x,q), ..., Le(xD, )
the numbers Lg(xg-i), q) with 1 < j < n written in monotonically increasing order. Since x(
is a basis of O% over Og, it is also a basis of K™ over K, and so by definition we have
Lej(q) <y (1<j<n)
By Corollary and formula (9.2)), we also have
rj<ce+ Ri(g) (1<j<n)

By definition of an n-system, we further have > 7 | R;(¢) = ¢. Thus, by Lemma [7.4] (for
k = 1) and the estimate (Z.6]), we find
> (co+ Ri(q) = Lej(q)) =nes +q— > Lej(q) < o6+ ¢

=1 j=1
for a constant ¢; = ¢z(K,w,n) > max{cg, qo}. This yields (@.8) because each summand in
the main sum on the left is non-negative. Finally, (9.8)) also holds for each ¢ € [0, ¢o), because
for such ¢, the numbers R;(q) and L¢ ;(q) belong to [0, go) C [0, ¢7). O

10. SPECTRA OF EXPONENTS OF APPROXIMATION

We fix a place w of K and an integer n > 2. For each non-zero & € K, we write w(§) for
(&, K,w) and similarly for the three other exponents introduced in section 2.4 Our goal
is to show that their spectrum is independent of the choice of K and w and more precisely
that it can be expressed in terms of n-systems, as mentioned in the introduction. We will
also generalize to the present setting the exponents of Laurent from [9] and show that the
same applies to their spectrum. We start with the following observation.

Lemma 10.1. For each non-zero § € K|, we have

lim inf Lea(g) = L lim sup Lea(g) = !

avoo g w(@)+ 1 g0 4 D)+
L; L

lim inf 5,1(9) = L , lim sup 5,1(‘1) = = L .

g0 g A(E) +1 gooo G AE) +1

Proof. By Definition 2.1] the number @(&) (resp. w(&)) is the supremum of all w > 0 such
that, for each sufficiently large ¢ > 0 (resp. for arbitrarily large ¢ > 0), there is a non-zero
point x € K" with H(x) < €' and D¢(x) < e™!. By definition of Lg; in section 23]
the existence of such x translates into L¢;((w + 1)t) < t. Using the change of variables
q = (w+ 1)t, we deduce that &(§) (resp. w(&)) is the supremum of all w > 0 for which
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¢ 'Lea(q) < 1/(w+ 1) for each sufficiently large ¢ > 0 (resp. for arbitrarily large ¢ > 0).
This yields the first row of formulas. The second one is proved in the same way. O

For any function P = (Py,..., P,): [0,00) = R™ and any j = 1,...,n, we define
P; P
¢ (P) = liminf i(9) and @j(P) = lim sup M_

=J q—00 q q—00 q

The following generalization of [I7, Corollary 1.4] characterizes the spectrum of (w,®, A, X)

Proposition 10.2. The set S of quadruples

1 1 1 1 € l0,1]
w(&) +170(&) + 17 A& +17X(¢) +1 ’
where £ € K]} has K -linearly independent coordinates coincides with the set of quadruples

(le(P), 951(1:))7 1- @n(P)> 1- an(P)) € [O> 1]4

where P = (Py, ..., P,) is an n-system with first component Py unbounded.

Proof. By the lemma, S consists of the points (¢, (Le), ¢1(Le), ¢, (Lg), 91 (Lg)) for all § € K}
with K-linearly independent coordinates. By definition of Lg ; in section [2.3] that condition
on £ is equivalent to asking that Lg ; is unbounded. Thus, by Theorem A, the set S consists
of the points (¢, (P), ¢, (P), ¢, (P*), @,(P*)) where P = (Py,..., P,) is an n-system whose
first component P; is unbounded. The conclusion follows since, for any n-system P, one has
£,(P*) = 1— 3,(P) and 3,(P*) = 1 —  (P) . 0

Corollary 10.3. The set S is independent of the choice of K and w. In particular, since
Jarnik’s identity (L3) holds for any point € of Q3. = R® with Q-linearly independent coor-
dinates, it also holds for any point € of K3 with K -linearly independent coordinates.

To generalize the exponents of Laurent from [9], we fix an integer k with 1 < k <n — 1,
and we assume for simplicity that || €|, = 1. For each non-zero X € A*K™, we define

DyX)=lleax|pTIIX
vEW

in addition to the quantity D¢(X) from Definition [[.Il For £ = 1, this agrees with the
notation of section [24] since || €||,, = 1. We note the following fact.

dy/d
v

Lemma 10.4. For given w > 0 and QQ > 1, the following conditions are equivalent:

(i) there exists a non-zero X € N*K™ with H(X) < Q and Di(X) < Q%
(i) there exists a non-zero Y € N K™ with H(Y) < Q and De(Y) < Q™.

Proof. Consider the K,-linear isometry ¢, : /\ka — /\"_ka from section 3.3 for each
v € M(K). They all restrict to a single K-linear isomorphism ¢,: A\"K" — A" 7"K™.
Moreover, for each X € A\"K™, we have

€ 2 @rn(X) = Prrw(X A E)
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(cf. [4, §3, Lemma 2]) and thus || € 39k (X) |l = | X A€]|,. We conclude that, if X € A*K™
is non-zero, then the point Y = ¢,(X) € A" K™ is non-zero with H(Y) = H(X) and
De(Y) = Dg(X). Thus the two conditions are equivalent. O

Definition 10.5. We denote by wy_1(€) (resp. Wx_1(£)) the supremum of all w > 0 for which
the equivalent conditions of Lemma [[0.4] are fulfilled for arbitrarily large values of @ (resp.
for all sufficiently large values of Q).

For k = 1, applying condition (i) shows that wo (&) = A(€) and @o(&) = A(€). Fork = n—1,
applying condition (ii) instead shows that w, 2(&) = w(€) and @, _2(&) = &(&). Moreover,
for K = Q, w = 0o and any choice of k, the number wy_1(£) defined above coincides with
the exponent of Laurent from [9], in view of condition (i): see [9, §2, Remark] or [4], §4,
Proposition].

Arguing as in Lemma [I0.1] using condition (ii) and the definition of Lékl_ 1), we deduce

that - s
I lim inf Lea (9 and v lim sup L¢ (Q)
we-1(&) +1 gm0 q We-1(§) +1 oo

On the other hand, the proof of Proposition [7.6 shows that Lg i differs by a bounded function
from Lg 1 +---+L¢ j for each j = 1,...,n—1. We conclude that the spectrum of these 2n —2
exponents is independent of K and w, and characterized as follows (cf. [I8, Proposition 3.1]).

Proposition 10.6. The set of points
((WO(g) + 1)_1a sy (wn—2(£) + 1)_1> (@0(6) + 1)_1a ) (@n—2(£) + 1)_1)
where £ € K]} has K -linearly independent coordinates coincides with the set of points
(Q_ﬂn_l(P), s 71_#1(13)7 7vzn—l(]':))? R @I(P»
where P = (Py, ..., P,) is an n-system with first component Py unbounded, and

¢ (P) = lim inf hlg)+-+ 5 and QZj(P)Zlimsup hlg)+- -+ £

-J q—00 q q—00 q

forg=1,....n—1.

As in [9, Definition 2|, the exponent wy_1(&) can be described geometrically as the supre-
mum of all w > 0 for which there are infinitely many subspaces V' of K™ of dimension k that
satisfy

inf{dist,,(&,x); x € V} < H(V)~@tDd/dv

We simply sketch the proof which is similar in spirit to that of [4], §4, Proposition|, based
on the results of section [l We first observe that, in defining wg_;(&) through condition (ii)
of Lemma [[0.4], we may take for Y a point of K™ which realize the first minimum of Cén_k) (t)
where ¢ = (w+ 1) log(Q). Since that convex body is comparable to A" *C¢(t), we may even
take for Y the wedge product of the first n — k points of a basis of K™ which realize the
minima of C¢(t) (see the comments after Theorem [£.2)). Let W denote the subspace of K™
spanned by these points, so that Y spans /\n_kW, and let V = W+, Then, going back to the



36 ANTHONY POELS AND DAMIEN ROY

proof of the lemma, we find that ¢ (A\"V) = A" "W and so Y = ¢ (X) for some generator
X of A*V. In defining wy,_;(€) through condition (i), we may thus assume that X has this
form. For such a point, Lemma B8 yields Df(X) = dist,,(&, V)™/?H (V) where V = (V),
is the topological closure of V' in K|, and the claim follows.

11. THE PRINCIPLE OF THUNDER

In his alternative proof of the adelic Minkowski’s theorem [24], Jeff Thunder relates the
successive minima of a convex body of K% to those of an appropriate convex body of Q4.
We formulate his idea below as a general principle.

To this end, we use the following construction where Q% and K™ are viewed respectively
as subsets of Q" and K% under the diagonal embedding.

Lemma 11.1. Let T: Q™ — K™ be a Q-linear isomorphism. For each place u of Q and
each place v of K above u, we denote by T,: Q™" — K, the Q,-linear map which extends T .
Then
T,: Qr — [l K
x — (T(%))vu
15 a Q,-linear isomorphism. Moreover the map
Ty : Q" — K%
(Xu)ueM(Q) — ((TV(XM))V\u)ueM(Q)

1s the unique Qu-linear map which extends T'. It is also an isomorphism.

Proof. By construction the map 7, is Q,-linear with domain and codomain of the same
dimension dn = Zv‘u d,n as vector spaces over Q,. Moreover T,,(Q%) is the image of K™ in
Hv‘u K" under the diagonal embedding, which is dense in this product. So T, is surjective
and therefore it is an isomorphism. This proves the first assertion, and the others follow
from it. 0

Proposition 11.2 (Thunder’s principle). With the notation of Lemma [I1.1), let K be a
convex body of K. Then, C := T, *(K) is a convex body of Q" and we have

Adi-1)+i(C) < N(K) (1<i<n, 1<) <d),
with tmplied constants that depend only on K, n and T.

Proof. Writing K = HveM(K) IC,, we find that C = HueM(@) C, where

C.= mTv_l(le)
viu

is a convex body of Q%" for each u € M(Q). For all but finitely many places u # oo, we also
have that T, (Z") = [1.Or =11, K and so C, = Z". Thus C is a convex body of Q¢
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Choose linearly independent elements y7y, . ..,y, of K™ over K which realize the successive
minima of I, choose a basis w = (w1, ..., wy) of the ring of integers O of K as a Z-module,
and let ¢ = max{|w,|,; 1 <j < d and v | oco}. Then the points

x;; =T Hwjyi) €Q™ (1<i<n, 1<j<d)
are linearly independent over Q. For each indexing pair (4, j), we also have y; € \;(K)K and
w;IC C ek, thus w;y; € cXi(K)K. As T is linear over Qo = R, this means that
Xi,j c TA_I(CAZ(IC)]C) = C)\Z(]C)C

In view of the linear independence of the points x; ; and the fact that A\, (KC) < --- < A, (K),
we conclude that

Adi-1)+5(C) < ehi(K) (1 <i<n, 1<j<d).
On the other hand, since Ty is Qa-linear and invertible, we have p(C) = ¢u(K) for some
constant ¢’ > 0 which depends only on Tj. So, the adelic Minkowski’s theorem [Tl applied
to C and K separately, yields

M (C) -+ Aan(C) = (€)™ = () = (A (K) - - A (K))

The conclusion follows. 0

12. PROOFS OF THEOREMS B AND C

We fix a basis a = (ay, ..., aq) of K over Q, a place w of K of local degree d,, = 1 above
a place £ of Q, so that K,, = Qy, and a non-zero point £ = (&1,...,&,) € K = Q}, assuming
n > 2. We form

(1]

=a®é=(mf, ..., k) € (K" =(Q})",
and note that
(12.1) 1E e = [ allwll &l

In order to apply the results of section [7, we need to adjust Definition so that the family
of convex bodies in Q9" attached to = and the family of convex bodies in K% attached to &
do not depend on the norms of those points. Thus, for each ¢ > 0, we define

C=(q) = { (xu) € QL' s 1217 Ixe - Ele < e™ and || x, [l < 1 for each u € M(Q) },
Cela) = { (vv) € K 5 €15 yw - €l < €7 and ||y, |l < 1 for each v € M(K)},

since d,, = 1. In order to relate the minima of these convex bodies and to deduce relationships
between the standard four exponents of approximation attached to the triples (Z,Q, ¢) and
(&, K,w), we consider the Q-linear isomorphism 7': (Q")¢ — K™ given by

T(Xl,...,Xd) = X1+ 0gXy

for any x4,...,x4 € Q". For each place u of Q and each place v of K above u, it extends by
continuity to a Q,-linear map 7T;, from (Q")¢ to K" given by

Ty(x1,...,Xq) = a1X1 + - + agXq

for any xy,...,x4 € Q". Following Lemma [IT.1] this yields a Q,-linear isomorphism 7, from
Q™ to ku K" as well as a Q4-linear isomorphism 7 from Q7 to K.
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Proposition 12.1. There is an idéle a € K} which depends only on K, w, a« and n such
that, for each g > 0,
a™'C=(dg) € T, '(Ce(q)) € aC=(dg).

Proof. Fix a place u of Q. Since T, is a Q,-linear isomorphism, there exists a constant ¢, > 1
such that
et %[l < max I To() v < eull x|l

for all x € Q. Since T,(Z;%) = [, Oy for all but finitely many u # oo, we may take
¢, = 1 for those u. When u = ¢ and x = (xy,...,%4) € (Q})4, we also find

—_
. -
—

a;x; - § =T,(x) - &,

”M:“

thus |x - 2|, = |T,,(x) - €|,,. Then, using (Elﬂ) and assuming that ¢, > max{|| a||,,, || a||;;1},
we deduce that T _
Cz_l\x:\z < LX) L x-Sl
1=l 1€ 1w

Choose an idele a = (a,) € Q} such that |a,|, > ¢, for each u € M(Q). Then, if
x = (x,) € Q} and y = (y,) € K} are related by y = Ty (x), the above estimates yield

IElle

oz "% Ele _ |yw - &lw _ laxe-Ele
1=l = &l = El

So, if y € C¢(q) (resp. ax € C=z(dq)) for some ¢ > 0, then a~'x € Cz(dq) (resp. y € Ce(q)).

This means that a7, (Ce¢(q)) € C=(dq) (vesp. a='C=(dq) C T, '(Ce(q))), as needed. O

| au_lquu < m‘ax Iyollv < || awxu |l and
viu

By Proposition [5.3]and Thunder’s principle (Proposition [I1.2)), the above result yields the
following estimates.

Corollary 12.2. For eachi=1,...,n, each j =1,...,d and each ¢ > 0, we have
(12.2) Aa(i-1)+5(C=(dq)) < Ai(Ce(q))

with implicit constants that depend only on K, o, n and w.

Proof of Theorem B. Fix i, j and g as above. Taking logarithms on both sides of (I2.2)
and using Lemma [(4] we obtain that the absolute value of the difference

(12.3) Lz g(i-1)+;(dq) — Lei(q)

is bounded above by a constant that depends only on K, a, n and w. Letting i’ =n+1—1
and j' = d+ 1 — j, Lemma [T.8 shows that the same applies to

Lz a(i-1)+5(dq) + Lz gr_1y45(dg) —dq and  Lg(q) + Lg 4 (q) — q-
Subtracting from the first number the sum of the second and of (I233)), we obtain that
L qir—1y45(dg) — Lg s (q) — (d = 1)q

also has absolute value bounded above by such a constant. As ' runs from 1 to n with 1,
and as 7' runs from 1 to d with j, this proves the two inequalities of Theorem B. O
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Corollary 12.3. Upon writing W(§) for O(&, K,w), W(Z) for ©(Z,Q,¢), and similarly for
the other exponents, we have

d@E&)+1) =w(=E) +1, dw(€)+1) =w(E)+1,
1 1 1 1

Proof. By Theorem B, the ratios Lz;(dq)/q and Lg¢1(¢q)/q have the same limit points as
q goes to infinity. In particular, they have the same superior limit and the same inferior
limit. Applying Lemma [I0.1] separately to (Z,Q,¢) and (&, K,w) to compute these limits
and comparing the results, we get the first row of equalities.

By Theorem B, the quantities LI ,(dq)/q — d and Lg ,(q)/q — 1 also have the same limit
points as ¢ goes to infinity and the same lemma yields the second row of equalities. U

As an application, suppose that n = 3 and that & € K2 has linearly independent coordi-
nates over K. Then, & satisfies Jarnik’s identity (L3)) by Corollary 0.3l Using the formulas
of the above corollary, we deduce the identity (L) relating A(Z) and &(Z).

Proof of Theorem C. Let S denote the subset of K2 from Theorem of Bel. Since the
supremum of X(ﬁ ,K,w) is 1/ as & runs through S, the formulas of Corollary [2.3] imply
that for the corresponding points = = a®&, the supremum of X(E, Q,¢)is 1/(dv*—1). Since
the points € of S satisfy Jarnik’s identity (3], the supremum of &(&, K,w) is 4% as € runs
through S. So, for the corresponding points = = a ® &, we find similarly that the supremum
of B(Z,Q, () is d(7*+ 1) — 1. This proves Theorem C because, for £ = (1,&,£%) € S, the 3d
coordinates of (o, £, £2a) form a permutation of those of = = (a1, ..., az€) and so these
two points have the same exponents of approximation. O

As a final remark, suppose that P = (P, ..., P,) is an n-system on [0, co) for which L¢ —P
is bounded. Then the difference Lz — R is bounded for the function R = (Ry, ..., R,q) from
[0,00) to R™ given by

Rai-1y+(q) = Fi(g/d) (1<i<n, 1<j<d, ¢=>0).

If d > 1, this is not an nd-system because its components are piecewise linear with slopes 0
and 1/d. However, it is a generalized nd-system in the sense of [18, Definition 4.5] and so it
can easily be approximated uniformly by an nd-system as explained in [18, section 4].
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