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Abstract

In this article we obtain new irrationality measures for values of functions which belong to a certain class

of hypergeometric functions including shifted logarithmic functions, binomial functions and shifted exponential

functions. We explicitly construct Padé approximations by using a formal method and show that the associated

sequences satisfy a Poincaré-type recurrence. To study precisely the asymptotic behavior of those sequences, we

establish an effective version of the Poincaré-Perron theorem. As a consequence we obtain, among others, effective

irrationality measures for values of binomial functions at rational numbers, which might have useful arithmetic

applications. A general theorem on simultaneous rational approximations that we need is proven by using new

arguments relying on parametric geometry of numbers.
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1 Introduction

Let θ ∈ R \ Q. We say that a non-negative real number µ is an irrationality measure of θ if there exist positive

constants c, q0 such that ∣∣∣∣θ − p

q

∣∣∣∣ ≥ c

qµ
(1)

for any rational numbers p/q with q ≥ q0. The irrationality exponent µ(θ) of θ is defined as the infimum of the

set of its irrationality measures (with the convention that µ(θ) = ∞ if this set is empty). The theory of continued

fractions shows that µ(θ) ≥ 2, with equality for almost all θ in the sense of the Lebesque measure. On the other hand,

the theorem of K. F. Roth implies that we also have µ(θ) = 2 if θ is an irrational algebraic number. However, it is

well-known that this result is non-effective; for a given µ > 2 close to 2, we do not know how to compute the constants

c and q0 satisfying (1).

One of the prominent points in the theory of Padé approximation is to produce effective or explicit estimates, as

it is crucial for specific applications to irrationality questions and Diophantine equations. See for example the results

of A. Baker [2], M. A. Bennett [3, 4, 5], D. V. Chudnovsky and G. V. Chudnovsky [13, 14, 15], which give sharp

irrationality measures related to binomial functions and refined bounds for the number of the solutions to certain

Diophantine equations, as well as the remarkable study on Pellian equations over function fields by U. Zannier [51].

The study of values of functions such as G-functions and E-functions is of particular interest, see for example the book
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of N. I. Fel’dman and Y. V. Nesterenko [22] which contains most references related to the subject before 1998. There

are also several related works by S. Fischler and T. Rivoal [23, 24], A. I. Galochkin [25, 26, 27], K. Väänänen [47, 48],

P. Voutier [50] and W. Zudilin [52], which establish linear independence measures for values of certain hypergeometric

functions. Recent results on polylogarithms and generalized hypergeometric G-functions were obtained by S. David,

N. Hirata-Kohno and the first author of this article in [17, 18, 19, 20].

Let γ, ω, x be rational numbers with γ /∈ {−1,−2, . . . }, ω /∈ Z and x ∈ Q ∩ [0, 1). We give a sufficient condition

on β ∈ Q under which θ = f(β) is irrational, and we then estimate its irrationality exponent, where f(z) is a

hypergeometric function of the form

(2) f(z) =



∞∑
k=0

(−ω)k
k!

1

zk+1
=

1

z
· 2F1

(−ω, 1
1

∣∣∣∣ 1

z

)
=

1

z

(
1− 1

z

)ω

(binomial function)

(1 + x)

∞∑
k=0

1

(k + x+ 1)

1

zk+1
= (1 + x)Φ1(x, 1/z) (shifted logarithmic function)

∞∑
k=0

1

(γ + 2)k

1

zk+1
=

1

z
· 1F1

(
1

γ + 2

∣∣∣∣ 1

z

)
=: expγ(1/z) (shifted exponential function).

Here, Φs(x, z) is the s-th Lerch function (see next section for the precise definition). For given positive integers p, q and

non-zero complex numbers a1, . . . , ap, b1, . . . , bq (where b1, . . . bq are not negative integers), the function pFq denotes

the usual generalized hypergeometric function

pFq

(
a1, . . . , ap

b1, . . . , bq

∣∣∣∣ 1

z

)
=

∞∑
k=0

(a1)k · · · (ap)k
(b1)k · · · (bq)k

1

k! · zk
,

where (a)k is the k-th Pochhammer symbol (a)k = a(a+ 1) · · · (a+ k − 1) (with the convention (a)0 = 1). It is worth

mentioning that the set of functions given by (2) contains both G-functions and E-functions. More generally, we study

the irrationality of the value f(β) for any hypergeometric function f(z) defined by

f(z) =

∞∑
k=0

∏k
i=1(αi− δ)

(γ + 2)k

1

zk+1
,

with α, β, γ, δ ∈ Q, γ ≥ −1, and where β is a “large” compared to its denominator. By choosing our parameters

(α, γ, δ) respectively of the form (1,−1, 1 + ω), (1, x,−x) and (0, γ,−1), we obtain the examples (2). Our aim is also

to provide new tools to approach irrationality problems in general.

In a second important and self-contained part of our article, we establish an effective version of the Poincaré-Perron

theorem, which applies in particular when the coefficients of the Poincaré-type recurrence are rational functions. This

is needed to obtain effective irrationality measures of θ = f(β) as above. It might also be useful for other arithmetic

problems, such as the study of the solutions of Diophantine equations. Note that K. Alladi and M. L. Robinson [1] as

well as Chudnovsky [13] used Poincaré-Perron theorem in their work. However, our effective version gives relatively

more precise asymptotic estimates than those found in the literature. Also note that the Poincaré-Perron theorem is

not used in [17, 18, 19, 20], although our method to construct Padé approximants is similar to theirs.

Our strategy can be summarized as follows. Regarding f(z) as a formal Laurent series, we first construct an explicit

sequence of Padé approximants
(
Pn,0(z), Pn,1(z)

)
n≥0

for f(z), as in [17, 18, 19, 20].

We then show that the sequences of polynomials (Pn,0(z))n≥0 and (Pn,1(z))n≥0 satisfy a certain Poincaré-type

recurrence of order 2, which allows us, thanks to the Poincaré-Perron theorem, to control the asymptotic behavior of

the quantities Pn,0(β), Pn,1(β) and Rn(β) := Pn,0(β)f(β)−Pn,1(β) as n tends to infinity for any large enough β ∈ Q.
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Lastly, we control the size of the denominators of the rational numbers Pn,0(β) and Pn,1(β). For that purpose, we

estimate precisely the quotient of Pochhammer symbols in Section 4. To complete our proof, we then apply a general

theorem on simultaneous rational approximations, whose proof is based on a new argument relying on parametric

geometry of numbers. This leads us to several new irrationality measures for f(β). In the case of binomial functions,

we extend our result to a more general setting by taking β in a number field K and by replacing the usual absolute

value by the one coming from a given place of K. In particular, if the place is non-archimedean, we obtain a p-adic

version of our theorem for binomial functions.

This article is organized as follows. Our main result is stated in Section 2. In Section 3, we construct Padé approx-

imants
(
Pn,0(z), Pn,1(z)

)
n≥0

as in [17, 18, 19, 20] and show that they satisfy a certain Poincaré-type recurrence. The

asymptotic estimates for |Pn,0(β)|, |Pn,1(β)|, |Rn(β)| and for the denominators of Pn,0(β) and Pn,1(β) are established

in Section 4, modifying and generalizing estimates for the denominators of quotients of Pochhammer symbols from

[32, Lemma 10]. Our main theorem is proved is Section 5. The last argument of the proof is a consequence of a

general result on simultaneous approximations in Section 6 relying on parametric geometry of numbers. Section 7 is

devoted to the proof of an effective version of the Poincaré-Perron theorem, leading to more precise effective estimates

for |Pn,0(β)|, |Pn,1(β)| and |Rn(β)|. This is an important key tool to obtain effective irrationality measures. Explicit

examples of irrationality measures for cubic roots are given in Section 8, where we compare our results with previous

ones. Finally, we give a general statement on binomial functions, which covers the p-adic case in Section 9.

2 Notation and main result

We denote by N the set of strictly positive rational integers. Let z ∈ C with |z| < 1. Consider a positive integer s and

x ∈ Q with 0 ≤ x < 1. The s-th Lerch function, which is a generalized polylogarithmic function, is defined by

Φs(x, z) =

∞∑
k=0

zk+1

(k + x+ 1)
s .

The function Φ1(x, z) is called the shifted logarithmic function with shift x, and the function Φs(0, z) is the polyloga-

rithmic function Lis with depth s. These functions converge in |z| < 1. Let α, γ, δ ∈ Q be parameters with γ ≥ −1,

and define the Laurent series f(z) by

(3) f(z) =

∞∑
k=0

∏k
i=1(αi− δ)

(γ + 2)k

1

zk+1
,

with the convention
∏k

i=1(αi − δ) = 1 if k = 0. We will develop f(z) at the infinity for |z| > |α|. For a given z ∈ C
with |z| > |α|, we denote by

ρ1(α, z) ≤ ρ2(α, z)

the moduli of the roots 2z − α± 2
√
z2 − zα of the characteristic polynomial

P (X) = X2 − 2(2z − α)X + α2.

The condition |z| > |α| implies that ρ1(α, z) ̸= ρ2(α, z) (see Lemma 4.3). Given a non-empty finite set of algebraic

numbers S, we put

den(S) = min{1 ≤ n ∈ Z | nα is an algebraic integer for each α ∈ S}.
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Let n be a non-negative integer and y ∈ Q. We define

ν(y) =
∏

q:prime
q|den(y)

qq/(q−1) and νn(y) =
∏

q:prime
q|den(y)

qn+⌊n/(q−1)⌋.

Note that ν(y+m) = ν(y) and νn(y+m) = νn(y) for any integer m ∈ Z. We are now ready to state our main result.

Theorem 2.1 (Main Theorem). Let α, β, γ, δ ∈ Q with |β| > |α|, γ ≥ −1, δ /∈ αN and −(αγ + δ) /∈ αN. Suppose

α ̸= 0 and define ∆, E and Q by

∆ = den(α) · den(β) · exp
(

den(γ)

φ(den(γ))

)
· ν(γ) · ν(δ/α),

Q = ρ2(α, β) ·∆,

E =
(
ρ1(α, β) ·∆

)−1
,

where φ denotes the Euler’s totient function. Assume E > 1. Then the real number f(β) is irrational, and its

irrationality exponent satisfies

µ(f(β)) ≤ 1 +
log(Q)

log(E)
.

If α = 0, then f(β) is irrational and µ(f(β)) = 2.

Note that in the case α ̸= 0, it is possible to obtain effective irrationality measures in our theorem (see Remark 5.1

for more details). When f(z) is one of the special functions of (2), we have the following results. Note that α = 1

implies that the product of the two roots of the characteristic polynomial P is equal to 1, so that ρ1(1, β) = ρ2(1, β)
−1.

Corollary 2.2 (shifted logarithmic function). Let β, x ∈ Q with |β| > 1 and 0 ≤ x < 1. Define

∆ = den(β) · exp
(

den(x)

φ(den(x))

)
· ν(x),

Q = ρ2(1, β) ·∆,

E = ρ2(1, β) ·∆−1,

and assume E > 1. Then Φ1(x, 1/β) is irrational, and its irrationality exponent satisfies

µ(Φ1(x, 1/β)) ≤ 1 +
log(Q)

log(E)
.

Corollary 2.3 (binomial function). Let ω ∈ Q \ Z and β ∈ Q with |β| > 1. Given a non-negative integer n, we

put

Gn(ω) = GCD

(
νn(ω)

(
n+ k − 1

k

)(
n− ω − 1

n− k

)
, νn(ω)

(
n+ k′

k′

)(
n+ ω

n− 1− k′

))
0≤k≤n

0≤k′≤n−1

,

where GCD means the greatest common divisor. Define

∆ = ∆(ω, β) = ν(ω) · den(β) · lim sup
n→∞

Gn(ω)
−1/n,

Q = ρ2(1, β) ·∆,

E = ρ2(1, β) ·∆−1,
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and assume E > 1. Then the real number (1− 1/β)ω is irrational, and its irrationality exponent satisfies

µ((1− 1/β)ω) ≤ 1 +
log(Q)

log(E)
.

In particular, since ∆ ≤ ν(ω)den(β), we have

µ((1− 1/β)ω) ≤ 1 +
log ρ2(1, β) + log ν(ω) + log den(β)

log ρ2(1, β)− log ν(ω)− log den(β)
.

Corollary 2.4 (shifted exponential function). Let γ ∈ Q with γ ≥ −1. Assume β ∈ Q with β ̸= 0. Then the real

number expγ(1/β) is irrational and its irrationality exponent is equal to 2.

remark 2.5. Note that the function expγ(z) is transcendental, so by Siegel-Shidlovskii’s theorem (see for example

[22, Theorem 5.5]), the number expγ(1/β) is a transcendental real number.

3 Explicit construction of Padé approximants and Poincaré-type recur-

rence

Throughout the article, the letter n denotes a non-negative rational integer. Unless stated otherwise, the Landau

symbols O and small o refer when n tends to infinity. Let K be a field of characteristic 0 and let α, γ, δ ∈ K with

γ /∈ {−2,−3, . . . }. The Laurent series

f(z) :=

∞∑
k=0

∏k
i=1(αi− δ)

(γ + 2)k

1

zk+1

satisfies L(f) = 0, where L is the differential operator

L :=
d

dz

(
−(z − α)z

d

dz
+ γz + δ

)
∈ K

[
z,

d

dz

]
.

The goal of this section is to construct explicit Padé approximants (Pn,0, Pn,1)n≥0 of f(z) and to show that the

sequences (Pn,0)n≥0 and (Pn,1)n≥0 satisfy a certain Poincaré-type recurrence of order 2. This is done respectively in

Proposition 3.5 and Lemma 3.8. For that purpose, define the K-homomorphism φf : K[t] → K by

φf (t
k) =

∏k
i=1(αi− δ)

(γ + 2)k
(k ≥ 0).

The above function extends naturally in aK[z]-homomorphism φf : K[z, t] → K[z], and then to aK[z]-homomorphism

φf : K[z, t][[1/z]] → K[z][[1/z]]. With this notation, the formal Laurent series f(z) satisfies the following crucial

identity

f(z) = φf

(
1

z − t

)
.

We denote by (1/zℓ) the ideal of K[[1/z]] generated by 1/zℓ for ℓ ∈ N. We first establish some useful properties

satisfied by φf .

Lemma 3.1. Let n ∈ Z, n ≥ 0. Define the differential operator RDn by

RDn =
1

n!

(
d

dz
+

γz + δ

(z − α)z

)n

(z − α)nzn ∈ K(z)
[ d
dz

]
.

Then, in the ring K(z)[ d
dz ], we have the identity :

RDn =
1

n!
RD1(RD1 + 2z − α) · · · (RD1 + (n− 1)(2z − α)).
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Proof. Set a(z) = (z − α)z and b(z) = γz + δ. Since we have(
d

dz
+
b(z)

a(z)

)
a(z)n =

[
a(z)n−1

(
d

dz
+
b(z)

a(z)

)
+ (n− 1)a′(z)a(z)n−2

]
a(z)

= a(z)n−1(RD1 + (n− 1)a′(z)),

where a′(z) denotes the derivative of a(z), we obtain the assertion.

Lemma 3.2. Define the differential operator

E =
d

dt
+

γt+ δ

t(t− α)
∈ K(t)

[ d
dt

]
.

We have E(I) ⊆ kerφf , where I denotes the ideal of K[t] generated by t(t−α). More generally, for each non-negative

integers k, n and each P (t) ∈ In, we have

1

n!
φf

(
tkEn(P (t))

)
= (−1)n

(
k

n

)
φf

(
tk−nP (t)

)
.(4)

In particular, if k < n, then φf

(
tkEn(P (t))

)
= 0.

Proof. Let k, n be non-negative integers. We first prove that E(I) ⊆ kerφf . It is sufficient to prove that

E(tk+1(t− α)) ∈ kerφf . By definition of E , we have E(tk+1(t− α)) = (k + 2 + γ)tk+1 − (α(k + 1)− δ)tk. Hence

φf (E(tk+1(t− α))) = (k + 2 + γ)

∏k+1
i=1 (αi− δ)

(γ + 2)k+1
− (α(k + 1)− δ)

∏k
i=1(αi− δ)

(γ + 2)k
= 0.

The identity (4) trivially holds if n = 0. From above, it also holds if k = 0 (both sides are then equal to 0), so we may

assume k, n > 0. Since tkE = Etk − ktk−1 and tkEn−1(In) ⊆ I, we find

φf

(
tkEn(P (t))

)
= φf

(
E(tkEn−1(P (t)))

)
− kφf

(
tk−1En−1(P (t))

)
= −kφf

(
tk−1En−1(P (t))

)
.

Then by induction, the identity (4) follows.

Lemma 3.3. For non-negative integers n,m, we have

φf (t
m(t− α)n) =

(−1)n
∏m

i=1(αi− δ)
∏n

j=1(α(γ + j) + δ)

(γ + 2)n+m
.(5)

Proof. Set Am,n = φf (t
m(t− α)n) and denote by Ãm,n the right-hand side of (5). We need to prove that

Am,n = Ãm,n.(6)

It is trivial if n = 0 by definition of φf . Note that the sequence (Am,n)n,m≥0 satisfies the following recurrence relation:

Am,n+1 = φf (t
m(t− α)n+1) = φf (t

m+1(t− α)n − αtm(t− α)n) = Am+1,n − αAm,n(7)

for each n,m ≥ 0. To prove (6), it suffices to show that (Ãm,n)n,m≥0 satisfies the same recurrence, which follows by a

straightforward calculation.

Using the identity zk − tk = (z − t)
∑k−1

ℓ=0 t
k−1−ℓzℓ for each k ≥ 1, we deduce the following lemma.
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Lemma 3.4. Let P (z) =
∑n

k=0 pkz
k ∈ K[z]. Then we have

P (z)− P (t)

z − t
=

n−1∑
ℓ=0

(
n−1∑
k=ℓ

pk+1t
k−ℓ

)
zℓ.

Proposition 3.5. Let n ≥ 0 be an integer.

(i) Define the polynomials Pn,0(z) and Pn,1(z) by

Pn,0(z) =
1

n!

n∑
k=0

(−1)k(n+ γ + 1)n−k

(
n

k

)(k−1∏
i=0

(α(n− i)− δ)

)
zn−k,

Pn,1(z) =

n−1∑
ℓ=0

(
n−1∑
k=ℓ

(−1)n−k−1 (n+ γ + 1)k+1

(k + 1)!

∏n−k−2
i=0 (α(n− i)− δ)

(n− k − 1)!

∏k−ℓ
j=1(αj − δ)

(γ + 2)k−ℓ

)
zℓ.

Then (Pn,0(z), Pn,1(z)) is a Padé approximant of f(z) of weight n.

(ii) Denote by Rn(z) = Pn,0(z)f(z)− Pn,1(z). We have the formula

Rn(z) =

∞∑
k=n

(
k

n

)∏k
i=1(αi− δ)

∏n
j=1(α(γ + j) + δ)

(γ + 2)n+k

1

zk+1
.

Proof. (i) Recall that

RDn =
1

n!

(
d

dz
+

γz + δ

z(z − α)

)n

zn(z − α)n ∈ K
[
z,

d

dz

]
and consider the polynomials

Pn,0(z) := RDn(1) and Pn,1(z) := φf

(
Pn,0(z)− Pn,0(t)

z − t

)
.

We first prove that (Pn,0, Pn,1) is a Padé approximant of f(z) of weight n. We have

Pn,0(z)f(z)− Pn,1(z) = φf

(
Pn,0(t)

z − t

)
=

∞∑
k=0

φf (t
kPn,0(t))

zk+1
,

it is therefore sufficient to show that

φf (t
kPn,0(t)) = 0 for 0 ≤ k ≤ n− 1.

Since n!Pn,0(t) = En(tn(t− α)n), it is a direct consequence of Lemma 3.2. We now prove that

RDn(1) =
1

n!

n∑
k=0

(−1)k(n+ γ + 1)n−k

(
n

k

)(k−1∏
i=0

(α(n− i)− δ)

)
zn−k.

Let n,m be non-negative integers and set

P
(m)
n,0 (z) := RDn(z

m),

so that Pn,0(z) = P
(0)
n,0(z). We also define

P̃
(m)
n,0 (z) :=

1

n!

n∑
k=0

(−1)k(n+m+ 1 + γ)n−k

(
n

k

)(k−1∏
i=0

(α(n+m− i)− δ)

)
zn+m−k,
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with the convention that
∏k−1

i=0 (α(n+m− i)− δ) = 1 if k = 0. We claim that

P
(m)
n,0 (z) = P̃

(m)
n,0 (z).(8)

It is obvious when n = 0 (the both sides are equal to zm). For each non-negative integer k, we have

(RD1 + k(2z − α))(zm) = (2(k + 1) +m+ γ)zm+1 − (α(m+ 1 + k)− δ)zm,

and combined with Lemma 3.1, it yields

P
(m)
n,0 (z) =

1

n!
RD1(RD1 + 2z − α) · · · (RD1 + (n− 1)(2z − α))(zm)

=
1

n!
RD1(RD1 + 2z − α) · · · (RD1 + (n− 2)(2z − α))[(2n+m+ γ)zm+1 − (α(m+ n)− δ)zm]

=
1

n
RDn−1[(2n+m+ γ)zm+1 − (α(m+ n)− δ)zm]

=
2n+m+ γ

n
P

(m+1)
n−1,0 (z)− α(m+ n)− δ

n
P

(m)
n−1,0(z).(9)

To get (8), it remains to show that (P̃
(m)
n,0 (z))n,m≥0 satisfies the recurrence relation (9), which follows by a straightfor-

ward calculation. The identity for Pn,1(z) is obtained by combining the formula obtained for Pn,0(z) and Lemma 3.4.

(ii) By definition of Rn(z) and by combining (4) with Lemma 3.3, we find

Rn(z) =

∞∑
k=n

φf (t
kPn,0(t))

zk+1
= (−1)n

∞∑
k=n

(
k

n

)
φf (t

k(t− α)n)

zk+1
=

∞∑
k=n

(
k

n

)∏k
i=1(αi− δ)

∏n
j=1(α(γ + j) + δ)

(γ + 2)n+k

1

zk+1
.

The following corollary will be important to estimate the denominator of Pn,0(β) and Pn,1(β) when β ∈ Q and

f(z) is a binomial function as in Corollary 2.3.

Corollary 3.6. Let ω ∈ K \Z. We use the same notation as in Proposition 3.5. Suppose (α, γ, δ) = (1,−1, 1+ω).

Then we have

Pn,0(z) =

n∑
k=0

(−1)n−k

(
n+ k − 1

k

)(
n− ω − 1

n− k

)
zk,

Pn,1(z) =

n−1∑
k=0

(−1)n−1−k

(
n+ k

k

)(
n+ ω

n− 1− k

)
zk.

Proof. The identity for Pn,0(z) is directly obtained by Proposition 3.5 by our choice of parameters. We now

prove the identity for Pn,1(z). For ω ∈ K \ Z and non-negative integer n, we write fω(z) = 1/z · (1− 1/z)ω and

RDn,ω :=
1

n!

(
d

dz
+

−z + 1 + ω

(z − 1)z

)n

(z − 1)nzn.

Set P̃n,1(z) :=

n−1∑
k=0

(−1)k+1

(
n+ k

k

)(
n+ ω

n− 1− k

)
zk. Note that, by a straightforward calculation, the coefficients of

zn−1, zn−2, zn−3 of Pn,1(z) and P̃n,1(z) are respectively the same. By (8), we get

P̃n,1(z) · z2 = RDn−1,−ω(z
2).(10)
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Recall that for each ℓ ∈ N, we denote by (1/zℓ) the ideal of K[[1/z]] generated by 1/zℓ. Since Rn(z) = Pn,0(z)fω(z)−
Pn,1(z) ∈ (1/zn+1), by multiplying Rn(z) by fω(z)

−1 = z2f−ω(z), we obtain

Pn,0(z)− Pn,1(z)z
2f−ω(z) ∈ (1/zn).(11)

By (10), the same argument in the proof of Proposition 3.5 ensures that there exists a polynomial P̃n,0(z) with

P̃n,0(z)− P̃n,1(z)z
2fω(z) ∈ (1/zn).(12)

Subtracting (12) from (11), we get

(P̃n,0(z)− Pn,0(z))− (P̃n,1(z)z
2 − Pn,1(z)z

2)f−ω(z) ∈ (1/zn).

Since the coefficients of zn−1, zn−2, zn−3 of Pn,1(z) and P̃n,1(z) coincide, we find

deg
(
P̃n,1(z)z

2 − Pn,1(z)z
2
)
≤ n− 2.

It is known that all weight n − 1 Padé approximants (P0(z), P1(z)) of f−ω(z) satisfy degP0 = n − 1 (confer [31,

p. 208, II, Theorem 1. 2. 2] and [34, p. 96]). Hence P̃n,1(z)z
2 − Pn,1(z)z

2 = 0, which completes the proof.

Lemma 3.7. Let Pn,0(z), Pn,1(z) be the polynomials defined in Proposition 3.5 and set

M2,n =

(
Pn,0(z) Pn,1(z)

Pn+1,0(z) Pn+1,1(z)

)
.

Then we have

detM2,n =
(n+ γ + 2)n+1

(n+ 1)!
·
∏n

i=1(αi− δ)
∏n

j=1(α(γ + j) + δ)

(γ + 2)2n
.

In particular, under the conditions δ /∈ αN and −(αγ + δ) /∈ αN, we have detM2,n ̸= 0.

Proof. We have

−detM2,n =

∣∣∣∣∣ Pn,0(z) Rn(z)

Pn+1,0(z) Rn+1(z)

∣∣∣∣∣ = Pn,0(z)Rn+1(z)− Pn+1,0(z)Rn(z).

Since degPn,0 = n and Rn(z) ∈ (1/zn+1) for each n ∈ N, we have Pn,0(z)Rn+1(z) ∈ 1/zK[[1/z]] and

Pn+1,0(z)Rn(z) ∈
(n+ γ + 2)n+1

(n+ 1)!

∏n
i=1(αi− δ)

∏n
j=1(α(γ + j) + δ)

(γ + 2)2n
+ 1/zK[[1/z]].

We conclude by noting that detM2,n ∈ K[z].

We now prove that the sequences (Pn,0(z))n≥0 and (Pn,1(z))n≥0 forming the Padé approximants satisfy a certain

recurrence relation. This will allow us to use the Poincaré-Perron theorem to estimate their growth, when evaluated

at z = β ∈ Q with β large enough.

Lemma 3.8. Assume δ /∈ αN and −(αγ+ δ) /∈ αN. Then the sequences (Pn,0(z))n≥0, (Pn,1(z))n≥0 and (Rn(z))n≥0

defined as in Proposition 3.5 satisfy the recurrence

AnXn+1 − (z −Bn)Xn + CnXn−1 = 0 (n ≥ 1),(13)

where for each n ∈ N, we have

An :=
(n+ γ + 1)(n+ 1)

(2n+ γ + 1)(2n+ γ + 2)
, Bn :=

2αn2 + 2αn(1 + γ) + γ(α− δ)

(2n+ γ)(2n+ 2 + γ)
, Cn :=

(αn− δ)(α(γ + n) + δ)

(2n+ γ)(2n+ γ + 1)
.
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Proof. Since degPn,0 = n, the sequence (Pn,0(z))n≥0 forms a K-basis of K[z]. Consequently, there exist

An, Bn, Cn, Di,n ∈ Q such that

zPn,0(z) = AnPn+1,0(z) +BnPn,0(z) + CnPn−1,0(z) +

n−2∑
i=0

Di,nPi,0(z).

Write Pn,0(z) =
∑n

k=0 pn,kz
k with pn,k ∈ K. Then we get

An =
pn,n

pn+1,n+1
=

(n+ γ + 1)(n+ 1)

(2n+ γ + 1)(2n+ γ + 2)
and Bn =

pn,n−1

pn,n
− pn+1,n

pn+1,n+1
=

2αn2 + 2αn(1 + γ) + γ(α− δ)

(2n+ γ)(2n+ 2 + γ)
.

Note that the polynomials (Pn,0(t))n≥0 form an orthogonal system with respect to the bilinear form

⟨ , ⟩f : K[t]×K[t] −→ K; (A(t), B(t)) 7→ φf (A(t)B(t)).

Let us show that Di,n = 0 for 0 ≤ i ≤ n− 2. Using the bilinear form ⟨ , ⟩f , we find

Di,n =
⟨tPn,0(t), Pi,0(t)⟩f
⟨Pi,0(t), Pi,0(t)⟩f

=
⟨Pn,0(t), tPi,0(t)⟩f
⟨Pi,0(t), Pi,0(t)⟩f

= 0 (0 ≤ i ≤ n− 2).

Finally, we obtain

Cn =
⟨tPn,0(t), Pn−1,0(t)⟩f
⟨Pn−1,0(t), Pn−1,0(t)⟩f

=
⟨Pn,0(t), tPn−1,0(t)⟩f
⟨Pn−1,0(t), Pn−1,0(t)⟩f

=
pn−1,n−1

pn,n

⟨Pn,0(t), Pn,0(t)⟩f
⟨Pn−1,0(t), Pn−1,0(t)⟩f

.

Since ⟨Pm,0(t), Pm,0(t)⟩f = pm,m⟨tm, Pm,0(t)⟩f = pm,mφf (t
mPm,0(t)) for any non-negative integer m, we find

Cn =
φf (t

nPn,0(t))

φf (tn−1Pn−1,0(t))
=

(−1)nφf (t
n(t− α)n)

(−1)n−1φf (tn−1(t− α)n−1)
=

(αn− δ)(α(γ + n) + δ)

(2n+ γ)(2n+ γ + 1)
,

where the last equality comes from Lemma 3.3. Consequently, (Pn,0(z))n≥0 satisfies (13). We claim that (Pn,1(z))n≥0

also satisfies (13). Indeed, since Pn,1(z) = φf

(
Pn,0(z)− Pn,0(t)

z − t

)
, we get

AnPn+1,1(z)− (z −Bn)Pn,1(z) + CnPn−1,1(z)

= φf

(
An(Pn+1,0(z)− Pn+1,0(t))− (z −Bn)(Pn,0(z)− Pn,0(t)) + Cn(Pn−1,0(z)− Pn−1,0(t))

z − t

)
= φf

(
−AnPn+1,0(t) + (z −Bn)Pn,0(t)− CnPn−1,0(t)

z − t

)
= φf (Pn,0(t)) = 0

for each n ≥ 1, and our claim follows. Finally, since (Rn(z))n≥0 is a linear combination of (Pn,0(z))n≥0 and

(Pn,1(z))n≥0, it obviously satisfies (13).

4 Denominator of quotients of Pochhammer symbols and related esti-

mates

The first objective of this section is to control the size of the denominator of {Pn,0(β), Pn,1(β)}, where Pn,0(z), Pn,1(z)

are the polynomials of Proposition 3.5 and β is a non-zero rational number (see Lemma 4.2 below). For that purpose,

we first establish an important estimate for the denominator of the quotient of Pochhammer symbols, that modifies and

generalizes [32, Lemma 10]. Our second goal is to get precise estimates for the growth of the sequences (Pn,0(β))n≥0,

(Pn,1(β))n≥0 and (Rn(β))n≥0 (when defined), see Lemma 4.3 below. The proof of the latter result is based on the

Poincaré-Perron theorem.
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Lemma 4.1. Let n ∈ N and α, β ∈ Q \ {0} such that α, β are not negative integers.

(i) For k = 0, . . . , n, we have

νn(α) ·
(α)k
k!

∈ Z where νn(α) =
∏

q:prime
q|den(α)

qn+⌊n/(q−1)⌋.

(ii) Denoting by φ is the Euler’s totient function, we have

lim sup
n→∞

1

n
log den

(
0!

(β)0
, . . . ,

n!

(β)n

)
≤ den(β)

φ(den(β))
.

(iii) We have

lim sup
n→∞

1

n
log den

(
1

β
, . . . ,

1

β + n− 1

)
≤ den(β)

φ(den(β))
.

Proof. The property (i) is proven in [7, Lemma 2.2]. We now prove (ii). The proof dates back to the book by

C. L. Siegel [45, p.81]. Define d = den(β), c = d · β and

Dn(β) = den

(
0!

(β)0
, . . . ,

n!

(β)n

)
.

Given a non-negative integer k, we set Nk = c(c + d) · · · (c + (k − 1)d). Let p be a prime number with p | Nk. The

following three properties hold.

(a) We have GCD(p, d) = 1. For any integers i, ℓ with ℓ > 0, there exists exactly one integer ν with 0 ≤ ν ≤ pℓ − 1

and such that pℓ | c+ (i+ ν)d.

(b) Let ℓ be a strictly positive integer with |c|+ (k − 1)d < pℓ. Then Nk is not divisible by pℓ.

(c) Set Cp,k = ⌊log(|c|+ (k − 1)d)/ log(p)⌋. Then we have

vp(k!) =

Cp,k∑
ℓ=1

⌊
k

pℓ

⌋
≤ vp(Nk) ≤

Cp,k∑
ℓ=1

(
1 +

⌊
k

pℓ

⌋)
= vp(k!) + Cp,k,

where vp denotes the p-adic valuation. We deduce that

vp

(
k!

(β)k

)
= vp

(
dkk!

Nk

)
≥

−Cp,k if p | Nk

0 otherwise,

hence

log

∣∣∣∣ k!(β)k

∣∣∣∣
p

≤

Cp,k log(p) if p | Nk

0 otherwise.

By the above identity, we obtain

log Dn =
∑

p:prime

max
0≤k≤n

log

∣∣∣∣ k!(β)k

∣∣∣∣
p

≤
∑
p|Nn

Cp,n log(p) ≤ log(|c|+ (n− 1)d)
∑
p|Nn

1

= log(|c|+ (n− 1)d)π|c|,d(|c|+ (n− 1)d),

where π|c|,d(x) = #{p : prime ; p ≡ |c| mod d, p < x} for x > 0. By Dirichlet’s prime number theorem for arithmetic

progressions, we have

lim sup
n→∞

log(|c|+ (n− 1)d)π|c|,d(|c|+ (n− 1)d)

n
=

d

φ(d)
,

and we deduce (ii). The property (iii) follows by a similar argument.

11



Lemma 4.2. Let α, β, γ, δ ∈ Q with β ̸= 0 and γ ≥ −1, x ∈ Q ∩ [0, 1) and ω ∈ Q \ Z. We denote by (Pn,0(z))n≥0

and (Pn,1(z))n≥0 the sequences of polynomials defined as in Proposition 3.5. Fix n ∈ N and set

νn(γ) =
∏

q:prime
q|den(γ)

qn+⌊n/(q−1)⌋, Dn(γ) = den

(
0!

(γ + 2)0
, . . . ,

(n− 1)!

(γ + 2)n−1

)
, dn(x) = den

(
1

1 + x
, . . . ,

1

n+ x

)
.

(i) Suppose α ̸= 0. Then κnPn,0(β), κnPn,1(β) ∈ Z, where

κn := νn(γ)νn(δ/α)Dn(γ)den(α)
nden(β)n.

(ii) Suppose α = 1, and that (γ, δ) is equal to (x,−x) or (−1, 1 + ω). Then κnPn,0(β), κnPn,1(β) ∈ Z, where

κn :=


den(x)νn(x)dn(x)den(β)

n if γ = x, δ = −x (shifted logarithmic case)

νn(ω)den(β)
n

Gn(ω)
if γ = −1, δ = 1 + ω (binomial case).

Here, Gn(ω) denotes the positive integer defined as in Corollary 2.3.

(iii) Suppose α = 0. Then κnPn,0(β), κnPn,1(β) ∈ Z, where

κn := νn(γ)Dn(γ)den(δ)
nden(β)nn!.

Proof. (i) By Proposition 3.5, we have

Pn,0(z) =

n∑
k=0

(−α)k (n+ γ + 1)n−k

(n− k)!

(n− k + 1− δ/α)k
k!

zn−k,

Pn,1(z) =

n−1∑
ℓ=0

αn−1−ℓ

(
n−1∑
k=ℓ

(−1)n−k−1 (n+ γ + 1)k+1

(k + 1)!

(k + 2− δ/α)n−k−1

(n− k − 1)!

(1− δ/α)k−ℓ

(k − ℓ)!

(k − ℓ)!

(γ + 2)k−ℓ

)
zℓ.

Applying Lemma 4.1 (i), we find

νn(γ)νn(δ/α)Dn(γ)den(α)
n · (−α)k (n+ γ + 1)n−k

(n− k)!

(n− k + 1− δ/α)k
k!

∈ Z

for 0 ≤ k ≤ n, as well as

νn(γ)νn(δ/α)Dn(γ)den(α)
n · αn−1−ℓ (n+ γ + 1)k+1

(k + 1)!

(k + 2− δ/α)n−k−1

(n− k − 1)!

(1− δ/α)k−ℓ

(k − ℓ)!

(k − ℓ)!

(γ + 2)k−ℓ
∈ Z,

for 0 ≤ ℓ ≤ n− 1 and ℓ ≤ k ≤ n− 1. Hence the assertion.

(ii) In the case of α = 1, γ = x, δ = −x (shifted logarithmic case), we simply have

Pn,0(z) =

n∑
k=0

(−1)k
(n+ 1 + x)n−k

(n− k)!

(n− k + 1 + x)k
k!

zn−k,

Pn,1(z) =

n−1∑
ℓ=0

(
n−1∑
k=ℓ

(−1)n−k−1 (n+ 1 + x)k+1

(k + 1)!

(k + 2 + x)n−k−1

(n− k − 1)!

(1 + x)

k − ℓ+ 1 + x

)
zℓ.

Applying once again Lemma 4.1 (i), we find the expected result. In the case of α = 1, γ = −1, δ = 1 + ω (binomial

case), the assertion follows from Corollary 3.6.
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(iii) Assume α = 0. By Proposition 3.5, we have

Pn,0(z) =

n∑
k=0

(n+ γ + 1)n−k

(n− k)!

δk

k!
zn−k,

Pn,1(z) =

n−1∑
ℓ=0

(
n−1∑
k=ℓ

(−1)n−k−1 (n+ γ + 1)k+1

(k + 1)!

(−δ)n−ℓ−1

(n− k − 1)!

1

(γ + 2)k−ℓ

)
zℓ.

We conclude once again by Lemma 4.1 (i).

Recall that by Lemma 3.8, the sequences (Pn,0(z))n≥0, (Pn,1(z))n≥0 and (Rn(z))n≥0 of Proposition 3.5 satisfy

a Poincaré-type recurrence. Using the Poincaré-Perron theorem, it allows us to describe precisely the asymptotic

behavior of those sequences evaluated at a rational number β with |β| > |α|.

Lemma 4.3. Let α, β, γ, δ ∈ Q with γ ≥ −1 and δ /∈ αN and −(αγ+ δ) /∈ αN. For a given z ∈ C, let ρ1(z) ≤ ρ2(z)

denote the moduli of the roots 2z − α± 2
√
z2 − zα of the polynomial equation

(14) P (X) = X2 − 2(2z − α)X + α2.

Fix z ∈ C with |z| > |α|. Then we have ρ1(z) ≤ |α| < ρ2(z), and we obtain, as n tends to the infinity:

max{|Pn,0(z)|, |Pn,1(z)|} ≤ ρ2(z)
n(1+o(1)),(15)

and

(16) |Rn(z)| ≤


nr

(2n)!

∣∣∣∣δ2z
∣∣∣∣n if α = 0

ρ1(z)
n(1+o(1)) if α ̸= 0,

where r > 0 is a constant which is independent of n.

Proof. Fix n ≥ 1 and z ∈ C with |z| > |α|. By Proposition 3.5, we have

Rn(z) =

∞∑
k=n

λn,k
zk+1

, where λn,k :=

(
k

n

)∏k
i=1(αi− δ)

∏n
j=1(α(γ + j) + δ)

(γ + 2)n+k
.(17)

Note that for each k ≥ n, we have

|λn,k+1| =
(k + 1)|α(k + 1)− δ|

(k + 1− n)|γ + n+ k + 2|
|λn,k| = (|α|+ o(1))|λn,k|

as k tends to the infinity. We deduce that Rn(z) is absolutely convergent since |z| > |α|. By Lemma 3.8, the sequences

(Pn,0(z))n≥0, (Pn,1(z))n≥0 and (Rn(z))n≥0 satisfy the recurrence relation (13), whose characteristic polynomial is

precisely P (X) defined in (14). As a consequence of Lemma 3.7, none of the three above sequences has two successive

elements equal to 0.

First, we prove that the condition |z| > |α| implies that ρ1(z) ≤ |α| < ρ2(z). If α = 0 it is trivial since in that case

the roots of P are 0 and 4z. Otherwise, suppose by contradiction that ρ1(z) = ρ2(z) = |α|. Then

2|α| = ρ1(z) + ρ2(z) ≥ 2|2z − α| ≥ 2(2|z| − |α|) > 2|α|,
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a contradiction. Since ρ1(z) < ρ2(z), we can apply the Poincaré-Perron theorem for the recurrence (13). For each

solution (Xn)n≥0 satisfying Xn ̸= 0 for infinitely many n, there exists i ∈ {1, 2} such that |Xn| = ρi(z)
n(1+o(1)), hence

(15). It remains to estimate Rn(z).

Case I: α = 0. Then, for each integers n, k with k ≥ n ≥ |γ|, we have

|λn,k+1| ≤
|δ|

k + 1− n
|λn,k|.

In particular, given n ≥ |γ| and j ≥ 0, we find |λn,n+j | ≤ |δ|j |λn,n|/j!, and we deduce the estimate

|Rn(z)| ≤
|λn,n|
|z|n+1

e|δ|/|z|.(18)

Let C be the smallest integer > |γ|. We may assume 2n > C. Then, there exists a constant c1 > 0, depending only

on γ and C, such that

|λn,n| =
|δ|2n

|(γ + 2)2n|
≤ c1

|δ|2n

(2n− C)!
≤ c1

|δ|2n(2n)C

(2n)!
.

Combining the above with (18), we obtain the first estimate in (16).

Case II: α ̸= 0. We define C as the smallest integer C > |δ/α| + |γ|. Then, there exists a constant c1 > 0,

depending only on γ and C, such that

|λn,k| =
(
k

n

)
|α|n+k |(1− δ/α)k(1 + γ + δ/α)n|

|(γ + 2)k+n|
≤ c1|α|n+k k!(k + C)!(n+ C)!

(k − n)!(k + n− C)!n!
.(19)

We may assume n ≥ 2C, so that k + n− C ≥ k + C. Then, we find

k!(k + C)!

(k − n)!(k + n− C)!
=

(k − n+ 1) · · · k
(k + C + 1) · · · (k + n− C)

≤ (k − n+ 1) · · · (k − n+ 2C)

≤ (k − n+ 2C)2C .

Together with (19) and (n+ C)!/n! ≤ (n+ C)2C , we obtain

|λn,n+j |
|z|n+j

≤ c1(n+ C)2C
∣∣∣∣α2

z

∣∣∣∣n (j + 2C)2C
∣∣∣α
z

∣∣∣j ,
for each n, j with n ≥ 2C and j ≥ 0. Combining the above with the identity (17), we deduce

|Rn(z)| ≤ c1(n+ C)2C
∣∣∣∣α2

z

∣∣∣∣n∑
j≥0

(j + 2C)2C
∣∣∣α
z

∣∣∣j ≤ c2(n+ C)2C
∣∣∣∣α2

z

∣∣∣∣n ,
where c2 does not depend on n. In particular, we have

lim sup
n→∞

log |Rn(z)|
n

≤
∣∣∣∣α2

z

∣∣∣∣ < |α|.

The Poincaré-Perron theorem together with ρ2(z) > |α|, ensures that we must have

lim
n→∞

log |Rn(z)|
n

= ρ1(z),

hence the second estimate in (16).
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5 Proof of the main theorem

Corollary 2.4 is a direct consequence of our main theorem. We explain how to get Corollaries 2.2 and 2.3 in the proof

of Theorem 2.1 below.

Proof of Theorem 2.1. Let α, β, γ, δ be as in Theorem 2.1 and let (Pn,0(z))n≥0, (Pn,1(z))n≥0 and (Rn(z))n≥0 be the

sequences constructed in Proposition 3.5 for this choice of parameters. We first suppose α ̸= 0. Fix n ∈ N and define

pn = κnPn,0(β) and qn = κnPn,1(β), where

κn := νn(γ)νn(δ/α)Dn(γ)den(α)
nden(β)n.

By Lemma 3.7 and 4.2 respectively, the point (pn, qn) is not proportional to (pn+1, qn+1) and (pn, qn) ∈ Z2. According

to Lemma 4.1, as n tends to infinity, we have the estimate

log κn
n

= log ν(γ) log ν(δ/α)
den(γ)

φ(den(γ))
den(α)den(β) + o(1).

Combined with Lemma 4.3, we finally get

|pn|, |qn| ≤ Qn+o(n) and |pnf(β)− qn| ≤ E−n+o(n),

where the quantities E and Q are defined as in the statement of Theorem 2.1. The conclusion of the theorem follows

by applying Corollary 6.2. To obtain the Corollaries 2.2 and 2.3, it suffices to replace the factor κn by the one given

by Lemma 4.2 (ii).

Suppose now α = 0 and define pn = κnPn,0(β) and qn = κnPn,1(β), where

κn := νn(γ)Dn(γ)den(δ)
nden(β)nn!.

Once again (pn, qn) is not proportional to (pn+1, qn+1), and (pn, qn) ∈ Z2. According to Lemma 4.1, we have

log(κn)/n = log n+O(1) as n tends to infinity. Combined with Lemma 4.3, we finally get

|pn|, |qn| ≤ Qn and |pnf(β)− qn| ≤ E−1
n ,

where, as n tends to infinity, we have

logQn

n
= log(n) +O(1) and

logEn

n
= log(n) +O(1).

By applying Corollary 6.2 we get µ(f(β)) = 2.

remark 5.1. We keep the notation of the proof of Theorem 2.1 and suppose that α ̸= 0. If there exist two explicit

positive constants a, b such that

|pn|, |qn| ≤ aQn and |pnf(β)− qn| ≤ bE−n,(20)

then the second part of Theorem 6.1 yields an effective irrationality measure of f(β) in Theorem 2.1, i.e. two (effective)

positive constants c and q0, depending only on f(z), β and the irrationality measure µ = 1 + logQ/ logE, such that∣∣∣f(β)− p

q

∣∣∣ ≥ c

qµ

for each rational number p/q with q ≥ q0. To get (20), it suffices to obtain effective upper bounds of the form Cρn

for the denominators Dn(γ), as well as for the quantities Pn,0(β), Pn,1(β) and Rn(β) = Pn,0(β)f(β) − Pn,1(β). For

Dn(γ), we can use an explicit version of Dirichlet’s prime number theorem for arithmetic progressions (see [40]) in the

proof of Lemma 4.1. The remaining estimates are obtained thanks to our refinement of the Poincaré-Perron theorem

(see Theorem 7.1 of Section 7).
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6 Parametric geometry of numbers

In this section, the norm ∥x∥ of a vector or a matrix x denotes the largest absolute value of its coefficients and x · y
stands for the standard scalar product between x,y ∈ Rs+1. We prove two generalizations in higher dimension of

a well-known irrationality measure result for one real number (see for example [1, Lemma 3] and [6]). We also use

parametric geometry of numbers to emphasize the duality between type I (linear forms) and type II (simultaneous)

approximation.

Definition 1. Let s be a positive integer and let θ = (θ0, . . . , θs) be a point of Rs+1 with θ0 = 1. The exponent of

best simultaneous rational approximation λ(θ) is the supremum of real numbers λ ≥ 0 such that, for infinitely many

(q, p1, . . . , ps) ∈ Zs+1 with q > 0, we have

max
1≤i≤s

|qθi − piθ0| ≤ q−λ.

The dual exponent ω(θ) is the supremum of real numbers ω ≥ 0 such that, for infinitely many non-zero y =

(y0, . . . , ys) ∈ Zs+1, we have

max
1≤i≤s

|y0θ0 + · · ·+ ysθs| ≤ ∥y∥−ω.

Note that by Dirichlet’s Theorem, we have λ(θ) ≥ 1/s and ω(θ) ≥ s.

Theorem 6.1. Let s ≥ 1 be an integer and let θ := (θ0, . . . , θs) ∈ Rs+1 with θ0 = 1. Suppose that there exist

a sequence of matrices (Mn)n≥0 in Mats+1(Z) ∩ GLs+1(Q) and two unbounded increasing sequences (Qn)n≥0 and

(En)n≥0 of real numbers ≥ 1 such that, for each n and each row x = (x0, . . . , xs) of Mn, we have

|x1|+ · · ·+ |xs| ≤ Qn and |x0θ0 + · · ·+ xsθs| ≤ E−1
n .(21)

Then at least one of the numbers θ1, . . . , θs is irrational and

λ(θ) ≤ lim sup
n→∞

logQn

logEn−1
.(22)

Moreover, if there are positive constants a, b, α, β with α, β > 1 such that Qn = aαn and En = b−1βn for each n ≥ 0,

then for each integer point (y0, . . . , ys) ∈ Zs+1 with 2by0 ≥ 1, we have

max
1≤i≤s

|y0θi − yi| ≥
1

cqλ
,(23)

where λ = logα/ log β and c = 2aα(2b)λ.

Proof. Let y = (y0, . . . , ys) ∈ Zs+1 with 2y0 ≥ E0 and let n ≥ 1 be such that

En−1 ≤ 2y0 ≤ En.

Since detMn ̸= 0, there exists a row x = (x0, . . . ,xs) of Mn such that x ·y is a non-zero integer. We deduce the lower

bound ∣∣∣ s∑
i=0

xi(y0θi − yiθ0)
∣∣∣ ≥ |x · y| − y0|x · θ| ≥ 1− y0E

−1
n ≥ 1

2
.(24)
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On the other hand, we have the upper bound∣∣∣ s∑
i=0

xi(y0θi − yiθ0)
∣∣∣ = ∣∣∣ s∑

i=1

xi(y0θi − yiθ0)
∣∣∣ ≤ s∑

i=1

|xi| max
1≤j≤s

|y0θj − yjθ0| ≤ Qn max
1≤i≤s

|y0θi − yiθ0|.(25)

Together with (24) and the inequality Qn = E
logQn/ logEn−1

n−1 ≤ (2y0)
logQn/ logEn−1 , it leads us to

1

2
≤ (2y0)

logQn/ logEn−1 max
1≤i≤s

|y0θi − yiθ0|,

hence (22). Suppose now that Qj = aαj and Ej = b−1βj for each j ≥ 0. Then βn−1 ≤ 2by0, and we write instead

Qn = aαn = aαβ(n−1) logα/ log β ≤ aα(2by0)
logα/ log β .

Eq. (23) follows by combining the above with (24) and (25).

We now give an alternative proof of the inequality (22) of Theorem 6.1, which relies on parametric geometry of

numbers (see [43], [44] and [42]). It is also possible to get an inequality of the type (23) with an explicit constant

c > 0. The main interest of this approach is to show the duality between type I and type II approximation. Given

a symmetric convex body C of Rs+1, we denote by λ1(C) ≤ . . . ≤ λs+1(C) the (s + 1) successive minima associated

to C with respect to the lattice Zs+1. The idea is as follows. The condition (21) allows to bound from above the last

minimum λs+1 of the family of symmetric convex bodies (related to type I approximation)

Cθ(q) := {x = (x0, . . . , xs) ∈ Rs+1 ; |x1|+ · · ·+ |xs| ≤ 1 and |x · θ| ≤ e−q} (q ≥ 0).

On the other hand, Mahler’s duality implies that

1 ≤ λ1(C∗
θ(q))λs+1(Cθ(q)),

where C∗
θ(q) is the polar (or dual) convex body of Cθ(q) defined as the set of points y = (y0, . . . , ys) ∈ Rs+1 such

that |y · x| ≤ 1 for each x = (x0, . . . , xs) ∈ Cθ(q) (see for example [10, Chap. VIII]). The key-point is to notice that

C∗
θ(q) ⊆ C′

θ(q) ⊆ 2C∗
θ(q), where C′

θ(q) denotes the symmetric convex body (related to type II approximation)

C′
θ(q) := {y = (y0, . . . , ys) ∈ Rs+1 ; |y0| ≤ eq and max

1≤i≤s
|y0θi − yiθ0| ≤ 1} (q ≥ 0).

This can be proved by using the identity

x · y = y0(x · θ) +
s∑

i=1

xi(θ0yi − y0θi).

So, an upper bound for λs+1(Cθ(q)) leads to a lower bound for λ1(C′
θ(q)) thanks to Mahler’s duality. Lastly, the

exponent λ(θ) can be obtained by using its parametric analog through the classical identity

λ(θ) =
−ψ
1 + ψ

, where ψ := lim inf
q→∞

log λ1(C′
θ(q))

q
(26)

(it is a corollary of [43, Theorem 1.4], also see [42, Corollary 1.4]). This will lead us to (22).

Alternative proof of (22) of Theorem 6.1. For simplicity we write λs+1(q) := λs+1(Cθ(q)) and λ∗1(q) := λ1(C′
θ(q)).

Given a non-zero x ∈ Rs+1 and q ≥ 0, we define Lx(q) as the minimum of all L ≥ 0 such that x ∈ eLCθ(q). A short

computation shows that

Lx(q) := max
{
log
( s∑

i=1

|xi|
)
, log |x · θ|+ q

}
∈ R,
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with the convention log(0) = −∞ (see [42, Section 2.2]). By definition of λs+1, we deduce that for any non-empty set

A ⊂ Zs+1 containing at least s+ 1 linearly independent points, we have

log λs+1(q) ≤ max
x∈A

Lx(q).(27)

Fix an index n ≥ 0. Our hypotheses on Mn imply that the set An ⊂ Zs+1 of its rows contains (s + 1) linearly

independent points. Moreover, for each x ∈ An we have Lx(q) ≤ max{logQn,− logEn + q} by (21). Using (27) we

get

log λs+1(q) ≤ P (q) := min
n∈N

(
max{logQn,− logEn + q}

)
(q ≥ 0).

The function P is continuous, piecewise linear with slopes 0 and 1. More precisely, P changes from slope 0 to slope

1 at q′n := log(EnQn) and from slope 1 to slope 0 at qn := log(EnQn+1) for each n ≥ 0. Writing In := [q′n−1, q
′
n] for

each n ≥ 1, it follows that

sup
q∈In

log λs+1(q)

q
≤ sup

q∈In

P (q)

q
=
P (qn−1)

qn−1
=

logQn

logQn + logEn−1
≤ 1− 1

1 + lim supj→∞ logQj/Ej−1
,

and by Mahler’s duality, we infer

ψ := inf
q≥0

log λ∗1(q)

q
≥ −1 +

1

1 + lim supn→∞ logQn/En−1
.

Inequality (22) is a direct consequence of the above combined with (26).

We can deduce the following corollary from Theorem 6.1.

Corollary 6.2. Let θ ∈ R \ {0}. Suppose there exist a sequence of integer points (pn, qn)n≥0 and two unbounded

increasing sequences of positive real numbers (En)n≥0 and (Qn)n≥0 such that, for each integer n, the points (pn, qn)

and (pn+1, qn+1) are linearly independent and satisfy

|qn| ≤ Qn and |qnθ − pn| ≤ E−1
n .

Then θ is irrational and its irrationality exponent µ(θ) satisfies

µ(θ) ≤ 1 + lim sup
n→∞

logQn+1

logEn−1
.(28)

Proof. Set θ := (1, θ) and for each n ≥ 0 let Mn denote the matrix whose rows are (−pn, qn) and (−pn+1, qn+1).

Then Mn satisfies the hypotheses of Theorem 6.1 with Qn replaced by Qn+1. Theorem 6.1 yields (28) by noticing

that µ(θ) = λ(θ) + 1.

remark 6.3. If En = En(1+o(1)) and Qn = Qn(1+o(1)) for given real numbers E,Q > 1, then we find that θ is

irrational with

µ(θ) ≤ 1 +
logQ

logE
,

which is exactly [1, Lemma 3] in the case K = Q.

Our next result is a dual version of Theorem 6.1. We will only give a basic proof, although it is also possible to

give a proof using parametric of numbers.
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Theorem 6.4. Let s ≥ 1 be an integer and let θ := (θ0, . . . , θs) ∈ Rs+1 with θ0 = 1. Suppose that there exist

a sequence of matrices (Mn)n≥0 in Mats+1(Z) ∩ GLs+1(Q) and two unbounded increasing sequences (Qn)n≥0 and

(En)n≥0 of real numbers ≥ 1 such that, for each n and each row x = (x0, . . . , xs) of Mn, we have

|x0| ≤ Qn and max
1≤i≤s

|x0θi − xiθ0| ≤ E−1
n .

Then θ0, . . . , θs are linearly independent over Q and

ω(θ) ≤ lim sup
n→∞

logQn

logEn−1
.(29)

Moreover, if there are positive constants a, b, α, β with α, β > 1 such that Qn = aαn and En = b−1βn for each n ≥ 0,

then for each integer point (y0, . . . , ys) ∈ Zs+1 with Y :=
∑s

i=1 |yi| ≥ 1/(2b), we have

|y0θ0 + · · ·+ ysθs| ≥
1

cY ω
,(30)

where ω = logα/ log β and c = 2aα(2b)ω.

Proof. Let y = (y0, . . . , ys) ∈ Zs+1 with 2
∑s

i=1 |yi| ≥ E0 and let n ≥ 1 be such that

En−1 ≤ 2

s∑
i=1

|yi| ≤ En.

Since detMn ̸= 0, there exists a row x = (x0, . . . ,xs) of Mn such that x · y is a non-zero integer. We deduce that

1

2
≥

s∑
i=1

|yi|E−1
n ≥

∣∣∣ s∑
i=0

yi(x0θi − xiθ0)
∣∣∣ ≥ |θ0||y · x| − |x0||y · θ| ≥ 1−Qn|y · θ|,

hence the lower bound 2Qn|y · θ| ≥ 1. In particular, the coordinates of θ are linearly independent over Q. We get

(29) by combining the above with the inequality

Qn = E
logQn/ logEn−1

n−1 ≤
(
2

s∑
i=1

|yi|
)logQn/ logEn−1

≤
(
2s∥y∥

)logQn/ logEn−1

.

Suppose now that Qj = aαj and Ej = b−1βj for each j ≥ 0. Then, we write instead

Qn = aαn = aαβ(n−1) logα/ log β ≤ aα
(
2b

s∑
i=1

|yi|
)logα/ log β

,

and (30) follows by combining the above with 2Qn|y · θ| ≥ 1.

7 Effective Poincaré-Perron theorem

The main result of this section is Theorem 7.3, which implies Theorem 7.1 below. As a consequence, the irrationality

measures provided by Theorem 2.1 in the case α ̸= 0 can be made effective (see Remark 5.1). Note that in the binomial

case, f(β) is an algebraic number and Roth’s theorem yields µ(β) = 2, but this irrationality measure is not effective.

Then Corollary 2.3 becomes of interest since the irrationality measures that it provides can be made effective.
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Theorem 7.1. Let α, β, γ, δ ∈ Q with |β| > |α| > 0, γ ≥ −1, δ /∈ αN and −(αγ + δ) /∈ αN. Consider the

Poincaré-type recurrence (13), which can be rewritten as

Xn+1 + anXn + bnXn−1 = 0 (n ≥ 1),(31)

where an = −(β − Bn)/An, bn = Cn/An, and An, Bn, Cn are defined as in Lemma 3.8. Denote by λ1, λ2 the roots

2β − α± 2
√
β2 − βα of the characteristic polynomial

P (X) = X2 − 2(2β − α)X + α2.

Write ρi := |λi| for i = 1, 2 and suppose ρ1 < ρ2. Let N be the smallest positive integer such that

2

|λ2 − λ1|

(
2|bn − λ1λ2|+ (ρ1 + ρ2)|an + λ1 + λ2|

)
≤ ρ2 − ρ1.

Let (Xn)n≥0 be a non-zero solution of (31). For each n ≥ N , define in as the largest index i ∈ {1, 2} satisfying

|Xn+1 − λiXn| = min
j=1,2

{
|Xn+1 − λjXn|

}
.

Then (in)n≥N is non-decreasing and tends to an index i ∈ {1, 2}. Given N2 ≥ N such that in = i for each n ≥ N2,

there exists a positive constant C, explicit in function of α, β, γ, δ, X0, X1 and N2, such that, for each n ≥ 1, we

have

|Xn| ≤
C√
n
ρni .(32)

Furthermore, there exists an index N2 as above which is explicit in function of α, β, γ, δ, X0, X1 and f(β).

The proof of this result is at the end of this section. We now give a more general statement. Let k be a positive

integer, and for i = 0, . . . , k − 1 let ai ∈ C and εi : N → C such that εi(n) tends to 0 as n tends to infinity. We also

suppose that ε0(n) ̸= a0 for each n ≥ 0. Consider the Poincaré-type recurrence

g(n+ k) +
(
ak−1 − εk−1(n)

)
g(n+ k − 1) + · · ·+

(
a0 − ε0(n))g(n) = 0 (n ≥ 0),(33)

and suppose that the roots λ1, . . . , λk ∈ C of its characteristic polynomial P (X) = Xk + ak−1X
k−1 + · · ·+ a0 satisfy

ρk > · · · > ρ1 ≥ 0, where ρi := |λi| for i = 1, . . . , k. Then, the Poincaré-Perron theorem states that there is a

fundamental system of solutions (g1, . . . , gk) of (33) satisfying

lim
n→∞

gi(n+ 1)

gi(n)
= λi (i = 1, . . . , k).

This is a stronger version of Poincaré theorem, which simply states that for each non-zero solution g of (33), there

exists i ∈ {1, . . . , k} such that g(n + 1)/g(n) tends to λi as n tends to infinity (see [35]). When the functions εi

converge to 0 “fast enough”, it is possible to describe more precisely the asymptotic behavior of a solution. In [39],

M. Pituk obtained a very nice and general result which implies the following one. Suppose that

∞∑
n=0

|εi(n)|2 <∞ for i = 0, . . . , k − 1.

Then, there exist n0 ≥ 0 and a fundamental system of solutions (g1, . . . , gk) of (33) such that, as n tends to infinity,

we have

gi(n) = (1 + o(1))

n−1∏
m=n0

(
λi +

λk−1
i εk−1(m) + · · ·+ λiε1(m) + ε0(m)

P ′(λi)

)
(i = 1, . . . , k).
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For our purpose, we need an effective version of the above result. However, we could not find a proper reference in the

literature. In the following, we denote by τ the right-shift operator, defined by (τ · f)(n) = f(n+ 1) for each function

f : N → C and each n ≥ 0. For j = 1, . . . , k, we define Qj as the polynomial of C[X] satisfying

P (X) = (X − λj)Qj(X).

The next lemma comes from a classical step in the proof of Poincaré Theorem. It will be useful to define the

quantities N , i(g) and N1(g,N) appearing in Theorem 7.3 below.

Lemma 7.2. Let g be a non-zero solution of the Poincaré-type recurrence (33) and let u1, . . . , uk : N → C denote

the (unique) functions satisfying

τ ℓ · g = λℓ1u1 + · · ·+ λℓkuk (ℓ = 0, . . . , k − 1).(34)

Then, for j = 1, . . . , k and n ≥ 0, we have uj = P ′(λj)
−1Qj(τ) · g and

uj(n+ 1) = λjuj(n) +
E(n)

P ′(λj)
, where E := P (τ) · g.(35)

For each n ≥ 0, define in as the largest index i ∈ {1, . . . , k} such that |ui(n)| = max1≤j≤k |uj(n)| =: u(n), and N as

the smallest index satisfying( 1

|P ′(λi)|
+

1

|P ′(λj)|

) k−1∑
ℓ=0

(ρℓ1 + · · ·+ ρℓk)|εℓ(n)| < ρj − ρi (1 ≤ i < j ≤ k)(36)

for each n ≥ N . Then (in)n≥N is non-decreasing and therefore tends to an index i(g) ∈ {1, . . . , k}. We define N1(g,N)

as the smallest n ≥ N for which in = i(g).

Proof. For each n ≥ 0, the k-tuple (u1(n), . . . , uk(n)) is the unique solution of the linear system defined by the

k equations

g(n+ ℓ) = λℓ1u1(n) + · · ·+ λℓkuk(n) (ℓ = 0, . . . , k − 1)

(this system is not singular since the λi are pairwise distinct). Note that u(n) > 0 since g(n) = · · · = g(n+ k− 1) = 0

implies that g = 0 by (33). Let j ∈ {1, . . . , k} and write Qj(X) =
∑k−1

ℓ=0 bℓX
ℓ. We now prove (35). Using (34), we

find

(
Qj(τ) · g

)
(n) =

k−1∑
ℓ=0

bℓg(n+ ℓ) =

k−1∑
ℓ=0

bℓ

k∑
p=1

λℓpup(n) =

k∑
p=1

up(n)

k−1∑
ℓ=0

bℓλ
ℓ
p =

k∑
p=1

up(n)Qj(λp).

Observe that Qj(λp) = 0 if p ̸= j, and Qj(λj) = P ′(λj) ̸= 0, so that Qj(τ) · g = P ′(λj)uj . We get (35) by noticing

that E = P (τ) · g = (τ − λj) ◦Qj(τ) · g.

It remains to prove that (in)n≥N is non-decreasing (the existence of i(g) and N1(g,N) easily follows). By definition

of E and using (33) we find

E(n) = g(n+ k) + ak−1g(n+ k − 1) + · · ·+ a0g(n) =

k−1∑
ℓ=0

εℓ(n)g(n+ ℓ) =

k∑
p=1

up(n)

k−1∑
ℓ=0

λℓpεℓ(n).

Fix n ≥ N and for simplicity, write i = in and j = in+1. By (35) we have

ρiu(n)−
|E(n)|
|P ′(λi)|

≤ |ui(n+ 1)| ≤ u(n+ 1) = |uj(n+ 1)| ≤ ρju(n) +
|E(n)|
|P ′(λj)|
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so that

ρi − ρj ≤
( 1

|P ′(λi)|
+

1

|P ′(λj)|

) |E(n)|
u(n)

≤
( 1

|P ′(λi)|
+

1

|P ′(λj)|

) k−1∑
ℓ=0

k∑
p=1

ρℓp|εℓ(n)|.

Our hypothesis (36) on N implies j ≥ i. The sequence (in)n≥N is therefore non-decreasing.

Theorem 7.3. Consider the recurrence (33) and suppose furthermore that there exist ε, η : N → (0,+∞) which

tend to 0 as n tends to infinity and satisfy

lim
n→∞

ε(n+ 1)

ε(n)
= lim

n→∞

η(n+ 1)

η(n)
= 1,(37)

as well as

max
1≤i≤k

|εi(n)| ≤ ε(n) and max
1≤i≤k

|εi(n+ 1)− εi(n)| ≤ η(n)(38)

for each n ≥ 0. Let g be a non-zero solution of (33) and let N , N1 = N1(g,N) and i = i(g) be as in Lemma 7.2.

Then, there exist positive constants C and N2 ≥ N1 depending on ε, η, the roots λj, and N1, such that, for each

n ≥ N2, we have g(n) ̸= 0 and∣∣∣g(n+ 1)

g(n)
−
(
λi +

λk−1
i εk−1(n) + · · ·+ λiε1(n) + ε0(n)

P ′(λi)

)∣∣∣ ≤ C ×

{ (
ε0(n) + ε(n)2

)2
if λi = 0

η(n) + ε(n)2 if λi ̸= 0.

Moreover, if for i = 0, . . . , k− 1, there exist αi, βi ∈ C[X] with βi ̸= 0 such that εi = αi/βi, and if (38) are equalities,

then C and N2 can be computed explicitly in function of the coefficients of the αi, βi, the roots λj, and N1 only.

Remarks. The hypotheses (37) are automatically fulfilled if ε(n) and η(n) are non-zero rational functions in n

(this is the situation that we are interested in). Also note that, contrary to the result of Pituk [39], our theorem covers

cases such as ε(n) = n−1/2 or ε(n) = 1/ log(n+ 1).

Proof. Let g be a non-zero solution of (33). We keep the notation of Lemma 7.2 for the functions u1, . . . , uk,

u = max1≤j≤k |uj |, the function E and the quantities N , N1 = N1(g,N) and i = i(g) associated with g. Recall that

E(n) =

k∑
p=1

up(n)
k−1∑
ℓ=0

λℓpεℓ(n) = O
(
u(n)ε(n)

)
.

Unless stated otherwise, all the constants (including the implicit constants coming with the big O notation) depend

on the functions ε, η, the roots λi of P , and N1. If for i = 0, . . . , k − 1 we have εi = αi/βi, with αi, βi ∈ C[X] and

βi ̸= 0, then they can be computed explicitly in function of the λi, the coefficients of the αi and βi, and the parameter

N1 only. Our goal is to prove that there exists N2 ≥ N1 such that, for each n ≥ N2 we have g(n) ̸= 0 and

g(n+ 1)

g(n)
= λi +

∑k−1
ℓ=0 λ

ℓ
iεℓ(n)

P ′(λi)
+

{
O
(
ε0(n)

2
)
+O

(
|ε0(n)|ε(n)2

)
+O

(
ε(n)4

)
if λi = 0

O
(
η(n) + ε(n)2

)
if λi ̸= 0.

(39)

Fix j ∈ {1, . . . , k} with j ̸= i and n ≥ N1. Recall that u(n) = |ui(n)| ≥ |uj(n)|.

Case λi = 0. By (35) we have ui(n + 1) = O
(
u(n)ε(n)

)
, and therefore |uj(n + 1)| ≤ |ui(n + 1)| = O

(
u(n)ε(n)

)
.

Eq. (35) also yields

uj(n) = λ−1
j uj(n+ 1) +O

(
u(n)ε(n)

)
= O

(
u(n)ε(n)

)
,
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so that,

E(n) = ui(n)
(
λk−1
i εk−1(n) + · · ·+ ε0(n)

)
+O

(
u(n)ε(n)2

)
= ui(n)ε0(n) +O

(
u(n)ε(n)2

)
.

Moreover, we obtain the more precise estimate |uj(n+1)| = O
(
u(n+1)ε(n+1)

)
= O

(
u(n)ε(n)ε(n+1)

)
. Using once

again Eq. (35), we get

λj
uj(n)

ui(n)
=
uj(n+ 1)

ui(n)
− E(n)

P ′(λj)ui(n)
= − ε0(n)

P ′(λj)
+O

(
ε(n)2

)
.

Thus, using the above estimate and the identity 1/P ′(λ1) + · · ·+ 1/P ′(λk) = 0 (which can be proven by studying the

partial fraction decomposition of 1/
(
(x− λ2) . . . (x− λk)

)
evaluated at x = λ1), we find

g(n)

ui(n)
=

k∑
j=1

uj(n)

ui(n)
= 1 +O(|ε0(n)|

)
+O

(
ε(n)2

)
and

g(n+ 1)

ui(n)
=

k∑
j=1

λj
uj(n)

ui(n)
=
∑
j ̸=i

λj
uj(n)

ui(n)
= −

∑
j ̸=i

ε0(n)

P ′(λj)
+O

(
ε(n)2

)
=

ε0(n)

P ′(λi)
+O

(
ε(n)2

)
.

The case λi = 0 of (39) follows.

Case λi ̸= 0. We claim that

uj(n+ 1)

ui(n+ 1)
=
λj
λi

· uj(n)
ui(n)

+
κ(n)

λiP ′(λj)
+O

(
ε(n)2

)
where κ(n) :=

k−1∑
ℓ=0

λℓiεℓ(n),(40)

and

uj(n+ 1)

ui(n+ 1)
=

κ(n)

(λi − λj)P ′(λj)
+O

(
η(n) + ε(n)2

)
=

Ljκ(n)

λiP ′(λj)
+O

(
η(n) + ε(n)2

)
, where Lj :=

λi
λi − λj

.(41)

Let us show that (41) (for j ∈ {1, . . . , k} with j ̸= i) implies (39). Since g(n) = ui(n)
(
1+O

(
ε(n)

))
, there existsN2 ≥ N1

such that g(n) ̸= 0 for each n ≥ N2. Given n ≥ N2 and writing g(n) = ui(n)+
∑

j ̸=i uj(n) and g(n+1) =
∑k

ℓ=1 λℓuℓ(n),

we then get

g(n+ 1)

g(n)
=
(
λi +

∑
j ̸=i

λj
uj(n)

ui(n)

)(
1−

∑
j ̸=i

uj(n)

ui(n)
+O

(
ε(n)2

))
= λi +

∑
j ̸=i

(λj − λi)
uj(n)

ui(n)
+O

(
ε(n)2

)
= λi −

∑
j ̸=i

κ(n)

P ′(λj)
+O

(
η(n) + ε(n)2

)
,

hence (39) (since 1/P ′(λi) = −
∑

j ̸=i 1/P
′(λj)).

Set q(n) := qj(n) := uj(n)/ui(n) and t(n) := q(n) − Ljκ(n)/(λiP
′(λj)). Eq. (41) is equivalent to t(n) =

O(η(n) + ε(n)2
)
. Similarly, we claim that (40) is implied by v(n)/u(n) = O(ε(n)), where

v(n) := max
ℓ ̸=i

{|uℓ(n)|}.

Indeed, Eq. (35) gives ui(n+ 1)/ui(n) = λi +O
(
ε(n)

)
and

uj(n+ 1)

ui(n)
= λj

uj(n)

ui(n)
+

E(n)

P ′(λj)ui(n)
= λj

uj(n)

ui(n)
+

κ(n)

P ′(λj)
+O

( v(n)
u(n)

ε(n)
)
,
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hence

q(n+ 1) =
λj
λi
q(n) +

κ(n)

λiP ′(λj)
+O

( v(n)
u(n)

ε(n)
)
+O(ε(n)2) =

λj
λi
q(n) +O

(
ε(n)

)
.(42)

This proves our claim. Note that if (40) holds, then

t(n+ 1) =
λj
λi
t(n) +

κ(n)

λiP ′(λj)

(
1 +

λj
λi
Lj

)
− Lj

λiP ′(λj)
κ(n+ 1) +O

(
ε(n)2

)
=
λj
λi
t(n) +O

(
η(n) + ε(n)2

)
(43)

since 1+Ljλj/λi = Lj and κ(n+1)−κ(n) = O
(
η(n)

)
. To prove that v(n)/u(n) = O

(
ε(n)

)
and t(n) = O

(
η(n)+ε(n)2

)
,

we distinguish between two cases.

Case i < j. Then, by (42) there exists a constant c1 such that |q(n)| ≤ r|q(n+1)|+ c1ε(n), where r = |λi/λj | < 1.

Fix s with r < s < 1. By (37), we can suppose N2 large enough so that, for each m ≥ n, we have

rm+1ε(m+ 1) ≤ srmε(m).

Then, by induction and since rm|q(n+m)| ≤ rm tends to 0 as k tends to infinity, we get

|qj(n)| ≤ c1
(
ε(n) + rε(n+ 1) + r2ε(n+ 2) + · · ·

)
= O

(
ε(n)

∞∑
m=0

sm
)
= O

(
ε(n)

)
.

It implies that maxj ̸=i |qj(n)| = v(n)/u(n) = O
(
ε(n)

)
, so (40) holds. Similarly, by (43), there exists a constant c2

such that

|t(n)| ≤ c2
∑
ℓ≥0

(
η(n+ ℓ) + ε(n+ ℓ)2

)
rℓ = O(η(n) + ε(n)2),

hence (41).

Case i > j. Then, by (42) there exists a constant c1 such that |q(n+1)| ≤ r|q(n)|+ c1ε(n), where r = |λj/λi| < 1.

By induction, we get

|q(n+ 1)| ≤ rn−N2+1|q(N2)|+ c1
(
ε(n) + rε(n− 1) + · · ·+ rn−N2ε(N2)

)
.

Fix s with r < s < 1. Once again, using (37) we can assume, without loss of generality, that N2 is large enough so

that, for each m = 1, . . . , n−N2, we have

rmε(n−m) ≤ srm−1ε(n−m+ 1)(44)

as well as rm
(
η(n−m) + ε(n−m)2

)
≤ srm−1

(
η(n−m+ 1) + ε(n−m+ 1)2

)
. Eq. (44) yields

ε(n) + rε(n− 1) + · · ·+ rn−N2ε(N2) =

n−N2∑
m=0

rmε(n−m) ≤ ε(n)

n−N2∑
m=0

sm = O
(
ε(n)

)
.

We obtain qj(n) = O(rn) +O
(
ε(n)

)
= O

(
ε(n)

)
, and once again it implies (40). Similarly, by (43), we find

|t(n+ 1)| ≤ O
( n−N2∑

m=0

(
η(n−m) + ε(n−m)2

)
rm
)
= O

(
η(n) + ε(n)2

)
.

So (41) holds too.
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For the sake of completion, we now give a proof of the classical Poincaré-Perron theorem.

Theorem 7.4 (Poincaré-Perron). There exists a fundamental system of solutions (g1, . . . , gk) of (33) satisfying

lim
n→∞

gi(n+ 1)

gi(n)
= λi (i = 1, . . . , k).(45)

Proof. Step 0. We first start by giving a short proof of Poincaré theorem, namely that g(n + 1)/g(n) tends to

a root of the characteristic polynomial P for any non-zero solution g of (33). We keep the notation of Lemma 7.2

for the functions u1, . . . , uk, u, E and the quantities N , N1 = N1(g,N) and i = i(g) associated with such a g. Let

j ∈ {1, . . . , k} with j ̸= i and define r(n) := |uj(n)/ui(n)| ∈ [0, 1] for each n ≥ 0. By (35), we have

r(n+ 1) =
ρjr(n) + o(1)

ρi + o(1)

as n tends to infinity. If ρi = 0, then ρj ̸= 0 and the above implies r(n) = o(1) (since r(n + 1) is bounded). Assume

that ρi ̸= 0 and set A = lim supn→∞ r(n). By the above, we have A = ρjA/ρi. Since A ≤ 1 and ρj/ρi ̸= 1, we must

have A = 0. So, in both case we find uj(n) = o(ui(n)) as n tends to infinity. Writing g(n) = u1(n) + · · ·+ uk(n) and

g(n+1) = λ1u1(n)+ · · ·+λkuk(n), we deduce that limn→∞ g(n+1)/g(n) = λi. We denote this root by λ(g) := λi(g).

Step 1. We now prove the Poincaré-Perron theorem. Since ρ1 < · · · < ρk, if i(h) < i(g) for two solutions h, g, then

h(n)/g(n) tends to 0 as n tends to infinity. In particular, solutions (g1, . . . , gk) satisfying (45) are necessarily linearly

independent over C. Moreover, for i = 1, . . . , k, we also find that the set Si of solutions g such that i(g) ≤ i is a

subspace of the k-dimensional space of solutions. The existence of (g1, . . . , gk) as above is equivalent to

dimSi = i (i = 1, . . . , k).(46)

Suppose i ≥ 2 and let g1, . . . , gi be i linearly independent solutions of (33). For j = 1, . . . ,m, we denote by u
(j)
1 , . . . , u

(j)
k

the functions u1, . . . , uk associated to gi by Lemma 7.2. Let µ1, . . . , µi ∈ C (not all zero) and set g = µ1g1+ · · ·+µigi.

Denote by (in)n≥N and by u1, . . . , uk the quantities associated to g by Lemma 7.2. Then

uj = µ1u
(1)
j + · · ·+ µiu

(i)
j (j = 1, . . . , k).

By choosing µ1, . . . , µi (not all 0) so that u1(N) = · · · = ui−1(N) = 0, we get iN ≥ i by definition of iN . Since

(in)n≥N is non-decreasing, it yields i(g) ≥ i, and so g /∈ Si−1. It shows that dimSi−1 ≤ i − 1. We now prove

that given g, h ∈ Si \ Si−1, there exists a non-zero α ∈ C such that h(n)/g(n) converges to α as n tends to infinity.

In particular, since for ĥ = h − αg ∈ Si the ratio ĥ(n)/g(n) tends to 0, necessarily ĥ ∈ Si−1. As a consequence

dimSi−1 ≥ (dimSi) − 1. Combined with dimSi ≤ i and dimSk = k, it implies (46) (and thus implies the Poincaré-

Perron theorem). Let h, g be as above and for simplicity, write λ := λi (note that λ(g) = λ(h) = λ). Let N2 ≥ N be

such that g(n) ̸= 0 and h(n) ̸= 0 for each n ≥ N2, and for such n define

q(n) :=
h(n)

g(n)
and t(n) :=

q(n+ 1)

q(n)
− 1.

Note that t(n) = o(1) since g(n + 1)/g(n) and h(n + 1)/h(n) both tend to λ. We suppose N2 large enough so that

|t(n)| < 1. The function q is a solution of the Poincaré-type recurrence

q(n+ k) + ãk−1(n)q(n+ k − 1) + · · ·+ ã0(n)q(n) = 0 (n ≥ N2),(47)

where for j = 0, . . . , k − 1, we have

ãj(n) =
(
aj − εj(n)

) g(n+ j)

g(n+ k)
=

aj
λk−j

+ o(1)
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as n tends to infinity. The characteristic polynomial of the above recurrence is precisely P (λX)/λk Moreover, since g

is solution of (33), the solution constant equals to 1 is solution of (47), so that

−1 = ãk−1(n) + · · ·+ ã0(n) (n ≥ N2).

We deduce from (47) and the above that

t(n+ k − 1) =
q(n+ k)

q(n+ k − 1)
− 1 =

k−1∑
j=0

ãj(n)
(
1− q(n+ j)

q(n+ k − 1)

)
=

k−2∑
j=0

ãj(n)
q(n+ j)

q(n+ k − 1)

(q(n+ k − 1)

q(n+ j)
− 1
)
.

Now, since t(n) = o(1), for j = 0, . . . , k − 2, we have

q(n+ k − 1)

q(n+ j)
− 1 =

k−2∏
ℓ=j

(
t(n+ ℓ) + 1

)
− 1 =

k−2∑
ℓ=j

(1 + o(1))t(n+ ℓ).

Therefore, the function t satisfies a Poincaré-type recurrence of order k − 1 whose characteristic polynomial is

Q(X) = Xk−1 −
k−2∑
j=0

aj
λk−j

(
Xj + · · ·+Xk−2

)
.

A short computation shows that (X − 1)Q(X) = P (λX)/λk, so the roots of Q are λj/λi with j ̸= i. Poincaré

theorem ensures that t(n + 1)/t(n) converges to one of these roots. Since t(n) = o(1), such a root has modulus < 1.

So, the series
∑

n≥N2
t(n) converges absolutely. Equivalently, the infinite product

∏
n≥N2

(1 + t(n)) converges in C∗.

Since t(n) + 1 = q(n + 1)/q(n), we obtain the convergence in C∗ of q(n) = h(n)/g(n). This ends the proof of the

Poincaré-Perron theorem.

Proof of Theorem 7.1. A simple computation gives

an = −2(2β − α) +
2β − α

n
+O

( 1

n2

)
and bn = α2 − α2

n
+O

( 1

n2

)
,

which can be rewritten as

an = −(λ1 + λ2) +
λ1 + λ2

2n
+O

( 1

n2

)
and bn = λ1λ2 −

λ1λ2
n

+O
( 1

n2

)
,

where the implicit constants depend on α, β, γ, δ only (and can be computed explicitly). Note that the index N and

the sequence (in)n≥N are those of Theorem 7.3. Therefore, there exist i, j ∈ {1, 2} with i ̸= j such that, for each

n ≥ N2, we have

Xn+1

Xn
= λi +

−(λi + λj)λi + 2λiλj
λi − λj

· 1

2n
+O

( 1

n2

)
= λi − λi

1

2n
+O

( 1

n2

)
,

from which we deduce

|Xn| ≤ ρni

n∏
k=1

(
1− 1

2n
+O

( 1

n2

))
= O

( ρni√
n

)
,

where the implicit constant depends on α, β, γ, δ, X0, X1 and N2. It remains to prove that N2 can be explicitly chosen

in function of α, β, γ, δ, X0, X1 and f(β). Let Y = (Yn)n≥0 be a non-zero solution of (31) such that Yn+1/Yn tends

to λ1 (up to a multiplicative constant, this sequence is (Rn)n≥0 defined as in Lemma 3.8). Then, since the associated
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sequence (in(Y ))n≥N is non-decreasing and tends to 1, we have in = 1 for each n ≥ N , so that N1(Y,N) = N .

Similarly, we have N1(Z,N) = N for the solution Z = (Zn)n≥0 defined by the condition

XN = 1 + 1 and XN+1 = λ1 + λ2,

since the corresponding non-decreasing sequence (in(Z))n≥N satisfies iN = 2. By the above, we can assume that

Xn+1/Xn tends to λ2 (otherwise we can take N2 = N1 = N). Then, writing (Xn)n≥0 = aY + bZ (where a, b depend

on the two initial values of (Xn)n≥0, Y and Z), we can deduce an index N2 ≥ N , explicit in function of α, β, γ, δ, a,

b, Y0, Y1, Z0 and Z1, for which |XN2+1 − λ1XN2 | > |XN2+1 − λ2XN2 |. Finally, note that Z0 and Z1 depends only on

α, β, γ, δ, and Y1 depends only on Y0, α, β, γ, δ and f(β) (since Y is proportional to (Rn)n≥0).

8 Examples

In this section, we compute the irrationality measures for some cubic roots and compare them to previous results.

Lemma 8.1. We keep the notation of Corollary 2.3. Let β ∈ Q with |β| > 1. Then we have

∆(1/3, β) ≤ 3
√
3 · den(β)

2
.

Proof. Let (Pn,0(z), Pn,1(z)) be the weight n Padé approximants of 1/z(1 − 1/z)1/3 defined as in Corollary 3.6

for ω = 1/3. Notice that (znPn,0(1/z), z
n−1Pn,1(1/z)) is a weight (n, n− 1) Padé approximant of (1, (1− z)1/3). By

[41, Lemma 3.3], we have

znPn,0(1/z) = (−1)n
n∑

k=0

 k∑
j=0

(−1)k−j

(
n+ 1/3

j

)(
2n− 1− j

n− j

)(
n− j

k − j

) zk,
zn−1Pn,1(1/z) = (−1)n+1

n−1∑
k=0

(
n+ 1/3

k

)(
2n− k − 1

n− 1− k

)
zk.

Set

G(n) := GCD

(
3⌊3n/2⌋

(
n+ 1/3

j

)(
2n− j − 1

n− j

))
0≤j≤n

,

and Gn := GCD(G(n), G(n− 1)). Then Bennett shows in [3, Lemma 3.2] that Gn > (1/5563) · 2n. This implies that

Gn(1/3) > (1/5563) · 2n. The lemma follows from the above and the definition of ∆(1/3, β).

Example 8.2. Let ω = 1/3 and β = 9. Then, by Lemma 8.1, we have ∆(1/3, 9) ≤ 3
√
3/2 and ρ2(1, β) = 17+12

√
2.

Corollary 2.3 yields

µ(
3
√
3) ≤ 1 +

log(17 + 12
√
2) + log

(
3
√
3/2
)

log(17 + 12
√
2)− log

(
3
√
3/2
) = 2.7428036524 · · · .

Note that Bennett obtained µ( 3
√
3) ≤ 2.76 in [4].

In the tables below, the number θ can be written as the product of β−1(1−1/β)1/3 by a non-zero rational number.

The exponent µ is the irrationality measure for β−1(1− 1/β)1/3 (and thus θ) obtained by combining Lemma 8.1 and

Corollary 2.3 as in Example 8.2. In the last column, we put the irrationality measure obtained by Bennett in [4].
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θ β µ results in [4]

3
√
3 9 2.74 · · · 2.76 · · ·

3
√
6 4673/5 2.32 · · · 2.35 · · ·

3
√
15 25 2.52 · · · 2.54 · · ·

3
√
17 183 2.20 · · · 2.22 · · ·

3
√
19 −83 2.28 · · · 2.30 · · ·

3
√
20 −193 2.20 · · · 2.23 · · ·

3
√
26 33 2.51 · · · 2.53 · · ·

3
√
28 −33 2.50 · · · 2.52 · · ·

3
√
30 −9 2.71 · · · 2.72 · · ·

θ β µ results in [4]

3
√
37 103 2.26 · · · 2.27 · · ·

3
√
42 49 2.44 · · · 2.46 · · ·

3
√
43 −73 2.30 · · · 2.32 · · ·

3
√
62 32 2.49 · · · 2.50 · · ·

3
√
63 43 2.41 · · · 2.43 · · ·

3
√
65 −43 2.41 · · · 2.43 · · ·

3
√
66 −32 2.48 · · · 2.50 · · ·

3
√
83 −(253)3/19 2.69 · · · 2.72 · · ·

3
√
91 93 2.27 · · · 2.29 · · ·

Figure 1: Effective irrationality measures for some cubic roots

9 Algebraic binomial case

In this section, we show a p-adic and algebraic version of Theorem 2.1 for binomial functions. We will adapt it to

study the S-unit equation in a forthcoming work.

Let K be a number field. We denote the set of places of K by MK (respectively by M∞
K for archimedean places,

by Mf
K for finite places). Given v ∈ MK , we denote by Kv the completion of K with respect to v. We define the

normalized absolute value | · |v as follows :

|p|v := p
−

[Kv :Qp]
[K:Q] if v ∈ Mf

K and v | p,

|x|v := |σv(x)|
[Kv:R]
[K:Q] if v ∈ M∞

K ,

where p is a rational prime and σv the embedding K ↪→ C corresponding to v.

Let β be an algebraic number. We denote the v-adic absolute Weil height of β by Hv(β) = max(1, |β|v), the
absolute Weil height of β by

H(β) =
∏

v∈MK

Hv(β).

Lemma 9.1. Let K be an algebraic number field and v0 a non-archimedean place. Let ω ∈ Q \ Z. Denote by p be

the rational prime under v0. Define δp(ω) =

0 if p ∤ den(ω)

1 if p | den(ω)
. Let β ∈ K. Assume

|β|v0 >

1 if p ∤ den(ω)

|p|−p/(p−1)
v0 if p | den(ω).

(48)

Let n be a non-negative integer and (Pn,0(z), Pn,1(z)) be the weight n Padé approximants of 1/z(1− 1/z)ω defined as

in Corollary 3.6. Put Rn(z) = Pn,0(z) · 1/z(1− 1/z)ω − Pn,1(z). Then we have∣∣∣∣νn(ω)den(β)nGn(ω)
Rn(β)

∣∣∣∣
v0

≤

(
|p|−2pδp(ω)/(p−1)

v0

∣∣∣∣den(β)β

∣∣∣∣
v0

)n

.
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Proof. Set
νn(ω)

Gn(ω)
Pn,0(z) =

n∑
j=0

ajz
j ∈ Z[z].

Since Rn(z) belongs to the ideal (1/zn+1) of Q[[1/z]] and

1

z

(
1− 1

z

)ω

=

∞∑
k=0

(−ω)k
k!

1

zk+1
,

we have

νn(ω)den(β)
n

Gn(ω)
Rn(z) =

∞∑
k=n

 n∑
j=0

aj · (−ω)k+j

(k + j)!

 1

zk+1
.

Using the identity above and the strong triangle inequality, we have∣∣∣∣νn(ω)den(β)nGn(ω)
Rn(β)

∣∣∣∣
v0

≤ max
k≥n

(∣∣∣∣νn+k(ω)
−1den(β)n

βk+1

∣∣∣∣
v0

)
≤

(
|p|−2pδp(ω)/(p−1)

v0

∣∣∣∣den(β)β

∣∣∣∣
v0

)n

.

Note that the last inequality follows from (48).

Theorem 9.2. Let ω ∈ Q \ Z. Let K be an algebraic number field and v0 a place of K. Let β ∈ K with

|β|v0 >

1 if v0 | ∞, or v0 ∤ ∞ and p ∤ den(ω)

|p|−p/(p−1)
v0 otherwise,

where p is the rational prime under v0 when v0 ∤ ∞. Define the real number :

V (β) :=


− [Kv0 : R]

[K : Q]
log ρ1(1, σv0(β))− log ∆(ω, β)−

∑
v|∞
v ̸=v0

[Kv : R]
[K : Q]

log ρ2(1, σv(β)) if v0 | ∞

− log
(
|p|−2pδp(ω)/(p−1)

v0 |den(β)/β|v0
)
− log ∆(ω, β)−

∑
v|∞

[Kv : R]
[K : Q]

log ρ2(1, σv(β)) if v0 ∤ ∞.

Assume V (β) > 0. Then for any 0 < ε < V (β), there exists a constant H0 = H0(ε) > 0 depending on ε and the given

data such that the following property holds. For any λ := (λ0, λ1) ∈ K2 \ {0} satisfying H0 ≤ H(λ), we have

|λ0(1− 1/β)ω − λ1|v0
> C(ε)Hv0(λ)H(λ)−µ(ε),

where

µ(ε) :=


−[Kv0 : R](log ρ1(1, σv0

(β)− log ρ2(1, σv0(β))

[K : Q](V (β)− ε)
if v0 | ∞

log
(
|p|−2pδp(ω)/(p−1)

v0 |den(β)/β|v0
)

(V (β)− ε)
if v0 ∤ ∞,

C(ε) := exp

[
−
(

log(2)

V (β)− ε
+ 1

)]
·

exp

[
−[Kv0 : R](log ρ1(1, σv0(β)− log ρ2(1, σv0(β))

[K : Q]

]
if v0 | ∞

|p|−2pδp(ω)/(p−1)
v0 · |den(β)/β|v0 if v0 ∤ ∞.

Proof. Let n be a non-negative integer. Let (Pn,0(z), Pn,1(z)) be the weight n Padé approximants of 1/z(1−1/z)ω

defined in Corollary 3.6. We put

pn :=
νn(ω)den(β)

nPn,0(β)

Gn(ω)
, qn :=

νn(ω)den(β)
nPn,1(β)

Gn(ω)
, Mn :=

(
pn qn

pn+1 qn+1

)
.
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Thanks to Lemma 3.7, we have Mn ∈ GL2(K). Using Lemma 4.3 and Lemma 9.1, we get

log |pn|v0 ≤


[Kv0 : R]
[K : Q]

(log ρ2(1, σv0(β)) + log ∆(ω, β))n+ o(n) if v0 | ∞

0 if v0 ∤ ∞,

log |pn · 1/β(1− 1/β)ω − qn|v0 ≤


[Kv0 : R]
[K : Q]

(log ρ1(1, σv0(β)) + log ∆(ω, β))n+ o(n) if v | ∞

n log
(
|p|−2pδp(ω)/(p−1)

v0 |den(β)/β|v0
)

if v ∤ ∞,

log ∥Mn∥v ≤


[Kv0 : R]
[K : Q]

(log ρ2(1, σv0(β)) + log ∆(ω, β))n+ o(n) if v | ∞

0 if v ∤ ∞.

Applying linear independence criterion [18, Proposition 3] for θ1 := 1/β(1−1/β)ω and the family of invertible matrices

(Mn)n≥0, we obtain the assertion.
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[39] M. Pituk, Asymptotic behavior of a Poincaré recurrence system, J. Approx. Theory 91 (2) (1997) 226–243.
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