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Abstract

In this article we obtain new irrationality measures for values of functions which belong to a certain class
of hypergeometric functions including shifted logarithmic functions, binomial functions and shifted exponential
functions. We explicitly construct Padé approximations by using a formal method and show that the associated
sequences satisfy a Poincaré-type recurrence. To study precisely the asymptotic behavior of those sequences, we
establish an effective version of the Poincaré-Perron theorem. As a consequence we obtain, among others, effective
irrationality measures for values of binomial functions at rational numbers, which might have useful arithmetic
applications. A general theorem on simultaneous rational approximations that we need is proven by using new

arguments relying on parametric geometry of numbers.
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1 Introduction

Let # € R\ Q. We say that a non-negative real number p is an irrationality measure of 6 if there exist positive

constants ¢, qog such that
1) EHE

for any rational numbers p/q with ¢ > ¢qo. The irrationality exponent u(6) of 6 is defined as the infimum of the
set of its irrationality measures (with the convention that u(6) = oo if this set is empty). The theory of continued
fractions shows that p(6) > 2, with equality for almost all 8 in the sense of the Lebesque measure. On the other hand,
the theorem of K. F. Roth implies that we also have u(6) = 2 if 4 is an irrational algebraic number. However, it is
well-known that this result is non-effective; for a given p > 2 close to 2, we do not know how to compute the constants
c and qq satisfying .

One of the prominent points in the theory of Padé approximation is to produce effective or explicit estimates, as
it is crucial for specific applications to irrationality questions and Diophantine equations. See for example the results
of A. Baker [2], M. A. Bennett [3, 4, [5], D. V. Chudnovsky and G. V. Chudnovsky [13], 14} [15], which give sharp
irrationality measures related to binomial functions and refined bounds for the number of the solutions to certain
Diophantine equations, as well as the remarkable study on Pellian equations over function fields by U. Zannier [51].
The study of values of functions such as G-functions and E-functions is of particular interest, see for example the book



of N. I. Fel’dman and Y. V. Nesterenko [22] which contains most references related to the subject before 1998. There
are also several related works by S. Fischler and T. Rivoal [23], 24], A. I. Galochkin [25 26| 27], K. Va&nénen [47] 48],
P. Voutier [50] and W. Zudilin [52], which establish linear independence measures for values of certain hypergeometric
functions. Recent results on polylogarithms and generalized hypergeometric G-functions were obtained by S. David,
N. Hirata-Kohno and the first author of this article in [I'7, [18, [19] [20].

Let v, w, z be rational numbers with v ¢ {-1,-2,...}, w ¢ Z and z € QN [0,1). We give a sufficient condition
on B € Q under which § = f(3) is irrational, and we then estimate its irrationality exponent, where f(z) is a

hypergeometric function of the form
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Here, ®4(x, 2) is the s-th Lerch function (see next section for the precise definition). For given positive integers p, g and
non-zero complex numbers ai, ..., ap,b1,...,by (where by,...b, are not negative integers), the function ,F, denotes

the usual generalized hypergeometric function
A1y...,0p

F
P q(bl,...,bq
where (a)g is the k-th Pochhammer symbol (a)r = a(a+1)---(a+ k — 1) (with the convention (a)o = 1). It is worth
mentioning that the set of functions given by contains both G-functions and E-functions. More generally, we study

1\ (e (ap)e 1
Z) _Z (bl)k‘(bq)k k'Zk ’

k=0

the irrationality of the value f(8) for any hypergeometric function f(z) defined by

X MM (ai—6) 1
f(Z)ZH’L(l( ) )Zk+1’

= Y2k

with «, 3,7,0 € Q, v > —1, and where § is a “large” compared to its denominator. By choosing our parameters
(a, 7, d) respectively of the form (1,—1,1+ w), (1,z,—x) and (0,7, —1), we obtain the examples . Our aim is also

to provide new tools to approach irrationality problems in general.

In a second important and self-contained part of our article, we establish an effective version of the Poincaré-Perron
theorem, which applies in particular when the coefficients of the Poincaré-type recurrence are rational functions. This
is needed to obtain effective irrationality measures of § = f(3) as above. It might also be useful for other arithmetic
problems, such as the study of the solutions of Diophantine equations. Note that K. Alladi and M. L. Robinson [I] as
well as Chudnovsky [I3] used Poincaré-Perron theorem in their work. However, our effective version gives relatively
more precise asymptotic estimates than those found in the literature. Also note that the Poincaré-Perron theorem is

not used in [I7, [18, 19, 20], although our method to construct Padé approximants is similar to theirs.

Our strategy can be summarized as follows. Regarding f(z) as a formal Laurent series, we first construct an explicit

sequence of Padé approximants (P,,0(2), Pn,1(2)) for f(z), as in [I7, [18] [19] 20].

n>0

We then show that the sequences of polynomials (P, ¢(2))n>0 and (P,1(2))n>0 satisfy a certain Poincaré-type
recurrence of order 2, which allows us, thanks to the Poincaré-Perron theorem, to control the asymptotic behavior of
the quantities P, o(8), Pn.1(8) and R, (8) := P, o(8)f(8) — Pn,1(58) as n tends to infinity for any large enough 8 € Q.



Lastly, we control the size of the denominators of the rational numbers P, ¢(5) and P, 1(8). For that purpose, we
estimate precisely the quotient of Pochhammer symbols in Section [4l To complete our proof, we then apply a general
theorem on simultaneous rational approximations, whose proof is based on a new argument relying on parametric
geometry of numbers. This leads us to several new irrationality measures for f(5). In the case of binomial functions,
we extend our result to a more general setting by taking 8 in a number field K and by replacing the usual absolute
value by the one coming from a given place of K. In particular, if the place is non-archimedean, we obtain a p-adic
version of our theorem for binomial functions.

This article is organized as follows. Our main result is stated in Section[2] In Section [3| we construct Padé approx-
imants (Pn,o(z), Pn71(z))n>0
asymptotic estimates for | P, o(8)|, |Pn,1(8)], |Rn(8)| and for the denominators of P, o(3) and P, 1(8) are established

in Section [l modifying and generalizing estimates for the denominators of quotients of Pochhammer symbols from

as in [I7, 18] 19 20] and show that they satisfy a certain Poincaré-type recurrence. The

[32, Lemma 10]. Our main theorem is proved is Section The last argument of the proof is a consequence of a
general result on simultaneous approximations in Section [f] relying on parametric geometry of numbers. Section [7] is
devoted to the proof of an effective version of the Poincaré-Perron theorem, leading to more precise effective estimates
for | P o(B8)|, |Pn,1(B8)| and |R,(5)|. This is an important key tool to obtain effective irrationality measures. Explicit
examples of irrationality measures for cubic roots are given in Section [§] where we compare our results with previous

ones. Finally, we give a general statement on binomial functions, which covers the p-adic case in Section [9}

2 Notation and main result

We denote by N the set of strictly positive rational integers. Let z € C with |z| < 1. Consider a positive integer s and
z € Q with 0 < x < 1. The s-th Lerch function, which is a generalized polylogarithmic function, is defined by

+1

kZ:O k:-i—:v—i—l

The function ®(z, z) is called the shifted logarithmic function with shift x, and the function ®4(0, z) is the polyloga-
rithmic function Lis with depth s. These functions converge in |z| < 1. Let a,7,0 € Q be parameters with v > —1,
and define the Laurent series f(z) by

[Iiy(ai—4) 1
(3) ’;) v+2 gl

with the convention Hf;l(ai —9§) =1if k =0. We will develop f(z) at the infinity for |z| > |a|. For a given z € C
with |z| > |a|, we denote by
p1 (a7 Z) < ,02(04, Z)
the moduli of the roots 2z — o 4= 2v/22 — za of the characteristic polynomial
P(X)=X?-2(2z —a)X + o’

The condition |z| > || implies that pi(«, z) # p2(a, z) (see Lemma [4.3). Given a non-empty finite set of algebraic
numbers S, we put

den(S) = min{l < n € Z | na is an algebraic integer for each o € S}.



Let n be a non-negative integer and y € Q. We define

v(y) = H ¢V and w,(y) = H gL/ @1

g:prime g:prime
qlden(y) qlden(y)

Note that v(y +m) = v(y) and v, (y +m) = v, (y) for any integer m € Z. We are now ready to state our main result.
THEOREM 2.1 (Main Theorem). Let «, 3,7, € Q with |B] > |a|, v > —1, § ¢ aN and —(ay + §) ¢ aN. Suppose
a # 0 and define A, E and Q by
den(y)
A = den(«) - den(8) - exp (
( )P\ e ()
Q = pQ(aa/B) ' Aa

-1

E=(p1(a,B8)-A) ",

) v vio/)

where ¢ denotes the Euler’s totient function. Assume E > 1. Then the real number f(B) is irrational, and its

wrrationality exponent satisfies

M) <1+

~—

If a =0, then f(B) is irrational and pu(f(B8)) = 2.

Note that in the case a # 0, it is possible to obtain effective irrationality measures in our theorem (see Remark
for more details). When f(z) is one of the special functions of (2)), we have the following results. Note that v = 1

implies that the product of the two roots of the characteristic polynomial P is equal to 1, so that p; (1, 3) = pa(1,8) L.

COROLLARY 2.2 (shifted logarithmic function). Let 8,z € Q with |8] > 1 and 0 <z < 1. Define

B den(z)
A = den(p) - exp (gp(den(z))) -v(x),
Q= p2(17ﬁ) A,
E= p2(1aﬂ) : Aila

and assume E > 1. Then ®1(x,1/6) is irrational, and its irrationality exponent satisfies

log(Q)

w(®y(z,1/8)) <1+ los(E) °

COROLLARY 2.3 (binomial function). Let w € Q\ Z and 8 € Q with |5] > 1. Given a non-negative integer n, we

Guw) =60 (n@) (" T (") @ ("B (I T) e

0<k'<n—1

put

where GCD means the greatest common divisor. Define

A= A(W,ﬁ) = V(w) . den(ﬁ) . limsup Gn(w)_l/n’

n—oo



and assume E > 1. Then the real number (1 — 1/8)% is irrational, and its irrationality exponent satisfies

log(Q)
log(E)

n((1—=1/B8)%) <1+

In particular, since A < v(w)den(S), we have

log p2(1, 8) + log v(w) + log den(53)

log p2(1,8) — log v(w) — logden(B)

COROLLARY 2.4 (shifted exponential function). Let v € Q with v > —1. Assume § € Q with § # 0. Then the real

number exp.,(1/B) is irrational and its irrationality exponent is equal to 2.

p((1—1/8)%) <1+

REMARK 2.5. Note that the function exp, (2) is transcendental, so by Siegel-Shidlovskii’s theorem (see for example

[22, Theorem 5.5]), the number exp. (1/3) is a transcendental real number.

3 Explicit construction of Padé approximants and Poincaré-type recur-

remnce

Throughout the article, the letter n denotes a non-negative rational integer. Unless stated otherwise, the Landau
symbols O and small o refer when n tends to infinity. Let K be a field of characteristic 0 and let «,y,§ € K with
v ¢ {-2,-3,...}. The Laurent series

o] k .
f(Z) . Z Hi(_l(az — 5) 1

1
i e 2
satisfies L(f) = 0, where L is the differential operator
d d d
L=2( (a2l 5 K[,—}.
dz( (2 a)zdz+'yz+ )6 “dz

The goal of this section is to construct explicit Padé approximants (P, Py,1)n>0 of f(z) and to show that the
sequences (P, 0)n>0 and (P, 1)n>0 satisty a certain Poincaré-type recurrence of order 2. This is done respectively in
Proposition and Lemma For that purpose, define the K-homomorphism ¢ : K[t] — K by

k .
HiZI(al - 6) (k’ 2 0)

(v +2)k
The above function extends naturally in a K [z]-homomorphism ¢ : K|z,t] — K|[z], and then to a K[z]-homomorphism
o @ Kz, t)[[1/2]] — KJ[#][[1/7]]. With this notation, the formal Laurent series f(z) satisfies the following crucial

identit
e y )
f(z) = ¢y (Zt> :

We denote by (1/2°) the ideal of K|[1/2]] generated by 1/z¢ for £ € N. We first establish some useful properties
satisfied by .

or(t*) =

LEMMA 3.1. Letn € Z,n > 0. Define the differential operator RD,, by
1/d ~z+d6\" d
o= (i) mare e sl ].
R n! <dz * (z—a)z) (z—a)"z" € K(2) dz

Then, in the ring K(z)[-L], we have the identity :

z

1
RD, = ERDl(RDl +2z—a)---(RDy + (n—1)(2z — a)).



PROOF. Set a(z) = (2 — )z and b(z) = vz + §. Since we have

(jz + 2((2) a(z)" = {a(z)”_l (jz + 28) +(n—1)d'(2)a(2)""?| a(2)
= a(2)""Y(RD; + (n —1)d'(2)),

where a'(z) denotes the derivative of a(z), we obtain the assertion. O

LEMMA 3.2. Define the differential operator

d vt 4§ d

g ]
i o) KOG

We have E(I) C ker @y, where I denotes the ideal of K[t] generated by t(t — o). More generally, for each non-negative

integers k,n and each P(t) € I", we have

1

(@) ereneo) =

o (tF " P(t)).
In particular, if k < mn, then @y (tké’”(P(t))) =0.

PROOF. Let k,n be non-negative integers. We first prove that £(I) C kergy. It is sufficient to prove that
E(tFTL(t — a)) € ker py. By definition of £, we have E(tFT1(t — a)) = (k + 2+ v)t*1 — (a(k + 1) — §)t*. Hence

Hf:f (i —6) Hle(ai —4) N
(v + 2) k41 (Y+2)

The identity trivially holds if n = 0. From above, it also holds if k¥ = 0 (both sides are then equal to 0), so we may
assume k,n > 0. Since t*€ = £t — kt*~1 and k€71 (I") C I, we find

pr(EETH(t —a))) = (k+2+7) —(a(k+1)=9)

e (€ (P(1) = o7 (EHE™1(P(1)))) — ks (FLE"L(P(1))) = —koy (71" (P (1))
Then by induction, the identity follows. O

LEMMA 3.3. For non-negative integers n,m, we have

(=)™ T2, (i = O) [T (aly +5) +9)
(7 + 2)n+m

(5) et —a)") =

PROOF. Set A, , = ¢f(t"(t — a)™) and denote by Zlmm the right-hand side of (5)). We need to prove that
(6) A = A
It is trivial if n = 0 by definition of ;. Note that the sequence (A, 5 )n,m>0 satisfies the following recurrence relation:
(7) A1 = @p(t" (= )" ) = ("t - )" —at™(t = @)") = Apgain — @dpn

for each n,m > 0. To prove @, it suffices to show that (A~m,n)n,m20 satisfies the same recurrence, which follows by a

straightforward calculation. O

Using the identity 2% — t¥ = (z — t) Z’z:(} tF=1=£2¢ for each k > 1, we deduce the following lemma.



LEMMA 3.4. Let P(2) =Y ;_,pr2" € K[z]. Then we have

Pl PO 5 (Z MW) "

=0 \k=¢
PROPOSITION 3.5. Let n > 0 be an integer.
(i) Define the polynomials P, o(z) and P, 1(z) by

k—1
P, o(z n‘z n+7+1nk<>< (a(n —1) —5)
1=0

n—1 /n—1 n—k—2
_ ko1 (Y D [T, “(a(n — i) = 6) H [(aj —0) y
Frale) = ; (k}z—é( Y (k+1)! (n—k—l)' (Y +2)r—¢ > '

Then (P 0(2), Pn1(2)) is a Padé approzimant of f(z) of weight n.
(ii) Denote by R, (2) = Pno(2)f(2) — Pn1(2z). We have the formula

0 1;71 ai —0) [T—, (« ) + 6
e = 32 (1) Tt O Tte14949)

(v + 2)ntn g+l

k=n
PROOF. (i) Recall that

1 (d yz+8\" d
D,=—|—4+—— "z—a)"e K|z, —
R n! <dz * z(z—a)> Fz—a)te {Z dz}

and consider the polynomials

P.,L70(Z) — RDn(l) and Pn,l(z) =y (Pn,O(Z) - Pn,O(t)) )

z—1

We first prove that (P, 0, Py 1) is a Padé approximant of f(z) of weight n. We have

Puo(e)(2) = o) = oy (220) = Z“Df @ Beol®)),

it is therefore sufficient to show that
0r(t*Poo(t) =0 for 0<k<n-—1.
Since n! Py o(t) = E"(t"(t — a)™), it is a direct consequence of Lemma [3.2} We now prove that
RS k " (tr ; n—k
RD, (1) = — ;)(_1) (n+5+1)n_g (k> (g(a(n —i) — 5)) Pl

Let n, m be non-negative integers and set
P () = RD(2™),

so that P, o(z) = PTEO(%(Z) We also define

~ 1 <& n k—1
PT(L?S)(Z) = E Z(_l)k<n +m+1+ ’y)n,k (k) (H(a(n +m — ’L) _ 6)) Zn—i—m—k’7
" k=0 i=0



with the convention that Hi:ol(a(n +m—1i)—0)=1if k=0. We claim that
(8) PP (2) = P (2).
It is obvious when n = 0 (the both sides are equal to 2™). For each non-negative integer k, we have
(RDy + k(22 — @) (2™) = 2(k + 1) + m +7)z"" — (a(m + 1+ k) — §)2"™
and combined with Lemma it yields
P(:) = T RDy(RDy 422 — 0) - (RDy + (n — 1)(22 — a))(=")
= %RDl (RDy + 2z —a)--- (RD1 + (n — 2)(2z — a))[(2n +m + ) 2™ — (a(m + n) — §)2™]
:lRDmﬂ@n+m+7ﬂm“—&mn+M—5yﬂ

2n+m+7P(m+1) 10( ).

) = EIAD pnt (s - AT 2

To get , it remains to show that (PT(L 0) (2))n,m>0 satisfies the recurrence relation @), which follows by a straightfor-
ward calculation. The identity for P, 1(z) is obtained by combining the formula obtained for P, o(z) and Lemma [3.4]

(ii) By definition of R, (z) and by combining (4]) with Lemma we find

Z st Puo(t)) _ (*U"i (k) pr(th(t—a)") _ i <k) T (ai = O Ty (aly +5) +6) 1

2k+1 n Zk+1 n ('7 + 2)n+k: Sht1C

k=n k=n

O

The following corollary will be important to estimate the denominator of P, ¢(8) and P, 1(8) when f € Q and
f(z) is a binomial function as in Corollary

COROLLARY 3.6. Letw € K\Z. We use the same notation as in Proposition[3.5] Suppose (a,v,0) = (1, -1, 14w).
Then we have

n

=B () )

k=0
Busl) = Sy (TRY (e
ml R k n—-1-k)°"

PRrROOF. The identity for P, ¢(z) is directly obtained by Proposition by our choice of parameters. We now
prove the identity for P, ;(z). For w € K \ Z and non-negative integer n, we write f,(z) =1/z- (1 —1/2)* and

L/d  —z+1+w\"
RDpyi= — 4 =122 1)
’ n! (dz * (z—1)z ) (z=1)%

n—1—k
2l gnm2 g 3 of P,1(z) and Pml(z) are respectively the same. By , we get

n—1
k
Set Pn 1( Z k'H (n + > ( ntw )zk . Note that, by a straightforward calculation, the coefficients of

(10) Pp1(z) - 22 = RD,L_l,_w(zZ).



Recall that for each ¢ € N, we denote by (1/z%) the ideal of K[[1/z]] generated by 1/z°. Since R,,(z) = Py 0(2) fu(2) —
P,1(2) € (1/2"F1), by multiplying R,,(2) by f.(2)"! = 22f_.(2), we obtain

(11) Poo(2) = Pui(2)2 f-u(2) € (1/27).
By , the same argument in the proof of Proposition ensures that there exists a polynomial ﬁmo(z) with
(12) ﬁn,O(z) - ﬁn,l(z)fow(Z) € (1/2").

Subtracting from , we get
(Poo(2) = Pao(2)) = (Pan(2)2% = Pap(2)2°) f-u(2) € (1/27).
Since the coefficients of 2”1, 272, 273 of P, |(z) and P, ;(z) coincide, we find
deg (ﬁnl(z)zz —Po1(2)2*) <n—2.

It is known that all weight n — 1 Padé approximants (Py(z), P1(2)) of f_.(z) satisfy deg Py = n — 1 (confer [31]
p. 208, II, Theorem 1.2.2] and [34, p.96]). Hence P, 1(2)z? — P, 1(2)2% = 0, which completes the proof. O

LEMMA 3.7. Let P, (), Py.1(2) be the polynomials defined in Proposition and set

Mg _ ( Pn,O(Z) anl(z) ) .
" Prt10(2)  Pry11(2)

Then we have

(M+7+2)n+1 [T (ai = 9) H?:1(04(’Y +J) +46)
(n+1)! (v +2)2n '
In particular, under the conditions § ¢ aN and —(ay + 6) ¢ aN, we have det Ms ,, # 0.

det Mg,n =

PRrROOF. We have

Pho(2) R, (z)
Poi10(2) Rpya(2)

Since deg P, 0 = n and R, (z) € (1/2"!) for each n € N, we have P, o(2)R,+1(2) € 1/2K[[1/z]] and

(n 47 + 2)pp1 iz (@i = 9) H?:1(Ol(’7 + ) +9)
(n+1)! (v +2)2n

We conclude by noting that det My ,, € K|[z]. O

—det Mgm = = Pn,O(Z)Rn+1(Z) - Pn+1,0(Z)Rn(Z).

Poi1,0(z)Rn(2) €

+1/zK[[1/Z]].

We now prove that the sequences (Py,,0(2))n>0 and (P 1(2))n>0 forming the Padé approximants satisfy a certain
recurrence relation. This will allow us to use the Poincaré-Perron theorem to estimate their growth, when evaluated
at z = f € Q with g large enough.

LEMMA 3.8. Assume § ¢ aN and —(ay+0) ¢ aN. Then the sequences (Pr,0(2))n>0, (Pn1(2))n>0 and (Ry(2))n>0
defined as in Proposition [3.5 satisfy the recurrence
(13) ApnXpi1— (22— Bp) X+ CpXp1=0 (n>1),
where for each n € N, we have

n+~v+1)(n+1) _ 2an? 4 2an(1+7v) + y(a — 9) o (an —8)(a(y+n)+4)

A, = , By,: , = .
2n+~+1)2n+~+2) 2n+7)(2n +2+7) 2n+4)2n +y+1)




PROOF. Since deg P,y = n, the sequence (P, (2))n>0 forms a K-basis of K[z]. Consequently, there exist
AnanaCn,Dim S Q such that

n—2

2Py 0(2) = AnPat1,0(2) + BuPao(2) + CnPao1,0(2) + ZDi,an‘,o(Z)
=0

Write P, o(2) =Y 1 Pn.kz® with p, x € K. Then we get

A — Pnn o (TL + v+ 1)(” + 1) and B. — Pnn—1  Pniin 2an? + 2an(1 + ’Y) + 7(0‘ - 5)
" Pnrimtr Cn+y+1)2n+y+2) " Pam Datlat (2n+7)2n+2+7)

Note that the polynomials (P, o(t))n>0 form an orthogonal system with respect to the bilinear form
(,)f s K[t] x K[t] — K3 (A(t), B(t)) = @5 (A(t)B(t))-
Let us show that D; ,, =0 for 0 <4 < n — 2. Using the bilinear form (, ), we find

Dip = {tPro(t), Pio(®))s _ (Pao(t), tPio(t))y _ 0<i<n—2).

(Pio(t), Pio(t)) s (Pio(t), Pio(t)) s

Finally, we obtain

(tPao(t)s Pacro®)s (Paol®)tPac1o()y _ Protnt  (Prolt), Puolt))s
(Pr10(t), Pa10(t)) s (Pa—1.0(t), Pac1,0()) s Prn (Pao10(t), Pac10(t)) s
Since (P 0(t), Prm,o(t)) f = Pm,m &, Pmo(8)) f = Dm.m@ (™ Py o(t)) for any non-negative integer m, we find
e P Certt-a))  _ (en =)l ) +9)
ot P o(t)  (FD) e (E— )T (e )20y + 1)
where the last equality comes from Lemma Consequently, (P, 0(z))n>0 satisfies (I3). We claim that (P, 1(2))n>0

P, — P,o(t
also satisfies (13). Indeed, since P, 1(2) = ¢y ( 0(2) " 0(t)
> —

Cp =

9

, we get

AnPnJrl,l(Z) - (Z - Bn)Pn,l(Z) + CnPnfl,l(Z)

- (AH(P’IH-LO(Z) — Pot1,0(t) = (2 = By)(Puo(2) = Po(t)) + Co(Pa—1,0(2) — Pn—l,O(t)))
- z—1

_ (Pf (_AnPnJrl,O(t) + (Z - Bn)Pn,O(t) - CnPnl,O(t)>
z—t

— ¢1(Pao®) =0

for each n > 1, and our claim follows. Finally, since (R, (2))n>0 is a linear combination of (P, (z))n>0 and
(Pp,1(2))n>0, it obviously satisfies (13). O

4 Denominator of quotients of Pochhammer symbols and related esti-

mates

The first objective of this section is to control the size of the denominator of { P, (8), Pn,1(8)}, where P, o(2), Pn1(%)
are the polynomials of Proposition and [ is a non-zero rational number (see Lemma below). For that purpose,
we first establish an important estimate for the denominator of the quotient of Pochhammer symbols, that modifies and
generalizes [32] Lemma 10]. Our second goal is to get precise estimates for the growth of the sequences (P, 0(5))n>0s
(Pn1(8))n>0 and (R, (8))n>0 (when defined), see Lemma below. The proof of the latter result is based on the

Poincaré-Perron theorem.
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LEMMA 4.1. Letn € N and o, B € Q\ {0} such that o, B are not negative integers.

(i) For k=0,...,n, we have

vn(a)-%ez where v (a) =[] qm+i/a=D
q

k! .
iprime
q|den(a)
(ii) Denoting by ¢ is the Euler’s totient function, we have
. 1 0! n! den(p)
hmsuplogden( e )S .
n—oo N (B)o (B)n/) ~ @(den(B))
(iii) We have
. 1 1 1 den(s)
lim sup — log d — .. < .
T (ﬁ’ Brn- 1) = plden(d))

PROOF. The property (i) is proven in [7, Lemma 2.2]. We now prove (ii). The proof dates back to the book by
C. L. Siegel [45] p.81]. Define d = den(8), c=d - 8 and

0! n!
D, (B) = den (,..., ) .
(B)o (B)n

Given a non-negative integer k, we set Ny = c(c+d)---(c+ (k — 1)d). Let p be a prime number with p | N;. The
following three properties hold.

(a) We have GCD(p,d) = 1. For any integers i, £ with £ > 0, there exists exactly one integer v with 0 < v < pf —1
and such that p’ | ¢+ (i + v)d.

(b) Let £ be a strictly positive integer with || + (k — 1)d < p*. Then Ny, is not divisible by p’.

(c) Set Cpr = |log(|c| + (k —1)d)/log(p)|. Then we have

Cp.k Cp.k

i) = Y- | 2] < o < > (1+ |5 ]) = ootk + G

(=1

where v, denotes the p-adic valuation. We deduce that

< k! ) (d’%!) —Cpr if p| Ng
Vp |l )| =0 | — ] 2
(B)k Ni 0 otherwise,

hence
’ k! Cprlog(p) if p| Ny
log |——| <
(B)k p 0 otherwise.
By the above identity, we obtain
k!
log Dy, = o log | 7| < > Cpnlog(p) <log(le| + (n—1)d) Y 1

p:prime p p| Ny p|Nn

= log(|e| + (n = V)d)mcp.alle] + (n = 1)d),

where 7| q(z) = #{p : prime ; p = |c| mod d, p < x} for x > 0. By Dirichlet’s prime number theorem for arithmetic

progressions, we have
i log(|c[ 4+ (n — Dd)mcalle] + (n—1)d)  d
im sup = )
n—o0 n ¢(d)

and we deduce (ii). The property (iii) follows by a similar argument. O
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LEMMA 4.2. Let o, 3,7, € Q with 8 #0 and vy > —1, z € QN 0,1) and w € Q\ Z. We denote by (P 0(2))n>0
and (P, 1(2))n>0 the sequences of polynomials defined as in Proposition . Fixn € N and set

_ 0! (n—1)! 1 1
— | I ntln/(¢-1)] p =d dnp(x) =d .
Vn(IY) q 9 n(’Y) €1 (('Y 4 2)03 9 ('Y + 2)n—1> ) (ZL') en 1 + Z‘, ) n + T

q:prime
qlden(y)

(1) Suppose o # 0. Then knPr0(8), knPni1(B) € Z, where

K = Un(7)Vn(0/a) Dy (y)den(a)*den(5)".
(i) Suppose oo =1, and that (7, 9) is equal to (x,—x) or (—1,1+w). Then kp, Py 0(B), knPn1(8) € Z, where

den(z)vy, (x)d, (z)den(B)* if v = x,0 = —x (shifted logarithmic case)

Vn(w)den(B)" o _ ) ‘
@) ify=—-1,0 =14 w (binomial case).

Here, G, (w) denotes the positive integer defined as in Corollary .
(iil) Suppose a = 0. Then knPpo(8), knPrn1(B) € Z, where

K = Un () Dy (7y)den(d)"den(s)"n!.

PROOF. (i) By Proposition [3.5] we have

P, o(z) = zn:(_a)k(n +y+ ) (n—k+1-— 6/a)kzn—k7

~ (n—k)! k!
& (8 i v D (k2= 6/@)uit (L= /)i (k= 0)!
Ppa(z) = ;a ‘ <k2_:z<—1> ’ (k+1)! : (n—k—1) (k=0v (v+ 2)ke> +

Applying Lemma (i), we find

() (3/0) Da)den(a)" - (~ay XL o (Z RS =00 ¢

for 0 < k < n, as well as

n+’7+1)k+1 (k+2—5/a)n,k,1 (1—5/01)]6,[ (k—g)' c7
(k+1)! (n—k—1) E—00 (vt 2p

Vn(Y)vn(8/a) Dy (y)den(a)™ - anfl—z(

for0</¢/<n-—1and ¢ <k<n-—1. Hence the assertion.

(ii) In the case of « = 1,7 = x,0 = —x (shifted logarithmic case), we simply have

Pao(z) = (-1 O I D (0 2B L 2y

’ = (n—k)! k!
n—1 /n—1
e 1+ @)1 (B+2+2) k-1 (1+x)
P — 1" k 1(Tl+ + é-
n1(2) 2 (,;( ) k+ 1) n—k-1)! k—ft+1+z)"

Applying once again Lemma (i), we find the expected result. In the case of « = 1,7 = —1,6 = 1 + w (binomial
case), the assertion follows from Corollary

12



(iii) Assume o = 0. By Proposition we have

- n+’y+1n & OF ik
D P A TR

nO -
k=0

n—1 /n—1
_ _qyn—k—1 (n+7y+Dgg1 (=6)n¢1 1 y
Fra) = =0 (kz—:é( ! (k+1! (n—k—1)! (7+2)k—€> .

We conclude once again by Lemma (1). O

Recall that by Lemma [3.8] the sequences (P, 0(2))n>0, (Pn,1(2))n>0 and (R, (2))n>0 of Proposition satisfy
a Poincaré-type recurrence. Using the Poincaré-Perron theorem, it allows us to describe precisely the asymptotic

behavior of those sequences evaluated at a rational number 5 with |3] > |a.

LEMMA 4.3. Let o, 3,7,0 € Q withy > —1 and § ¢ aN and —(ay+9) ¢ aN. For a given z € C, let p1(z) < p2(2)
denote the moduli of the roots 2z — o = 2v/22 — za of the polynomial equation

(14) P(X)=X?-2(2z - a)X + o’

Fiz z € C with |z| > |a|. Then we have p1(z) < |a| < p2(z), and we obtain, as n tends to the infinity:

(15) max{|P, o(2)|, |Pn1(2)|} < pQ(Z)n(lJro(l))’
and
T 62 n
eilz| Y=o
(16) [Rn(2)] <

pr(2)" 1) if a0,

where r > 0 is a constant which is independent of n.

PROOF. Fix n > 1 and z € C with |z| > |a|. By Proposition [3.5] we have

& (T (0 = O TTT_ (aly + 5) + 6)
(17) R,(z) = kz:; sy where A, i == (n) CE .

Note that for each k > n, we have

(k+1)|a(k+1) — 4
E+1—n)ly+n+k+2|

An k] = ( Akl = (laf + o(1))[An k]

as k tends to the infinity. We deduce that R,,(z) is absolutely convergent since |z| > |a|. By Lemmal[3.8] the sequences
(Pr0(2))n>0, (Pn1(2))n>0 and (R,(2))n>0 satisfy the recurrence relation (13), whose characteristic polynomial is
precisely P(X) defined in . As a consequence of Lemma none of the three above sequences has two successive
elements equal to 0.

First, we prove that the condition |z| > |a implies that p1(2) < |a| < p2(2). If a = 0 it is trivial since in that case
the roots of P are 0 and 4z. Otherwise, suppose by contradiction that p1(z) = p2(z) = |a|. Then

2laf = pi(2) + p2(2) = 222 — af 2 2(2[2| = |af) > 2|al,
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a contradiction. Since pi(z) < p2(z), we can apply the Poincaré-Perron theorem for the recurrence (13). For each
solution (X,,),>0 satisfying X,, # 0 for infinitely many n, there exists i € {1,2} such that |X,,| = p;(2)"(**°(1) hence
(15). It remains to estimate R, (z).

Case I: @ = 0. Then, for each integers n, k with k > n > |v|, we have

1)
Dogesa| < — 1

—— Mkl
*k+1—n| #

In particular, given n > |y| and j > 0, we find | Ay n1j] < 01| An.nl/s!, and we deduce the estimate

Annl s
(18) IR, (2)] < #el /121
Let C be the smallest integer > |y|. We may assume 2n > C. Then, there exists a constant ¢; > 0, depending only

on v and C, such that

N N 0
(Y +2)20] = T 2n—CO) = (2n)!

Combining the above with (18], we obtain the first estimate in (16).

‘/\n,n| =

Case II: o # 0. We define C as the smallest integer C' > [0/« + |y|. Then, there exists a constant ¢; > 0,
depending only on v and C, such that

(B kA= 6/a)(1+ v+ 6/a)n win Kk +O)(n+0O)
19) Pl = (n>|a " (Y + 2)krn] < cale™** k—n)l(k+n—C)nl"

We may assume n > 2C, so that k+n — C > k+ C. Then, we find

KE+0)  (k—n+1)-k
F—m\itn—C)l ~ GrrC+D) - (han—0) =kt D-(h=n+20)

< (k—n+2C)%C.

Together with and (n + O)!/n! < (n+ C)%¢, we obtain

| An,nt4 2C a?|" J
WSQ(TL-&-C) —

)

(j + 2C)%¢ ]%

for each n,j with n > 2C and j > 0. Combining the above with the identity , we deduce

n
(67 Oé2

S +20)%° ];‘j < es(n+C)*
>0

[Ra(2)] < cr(n+C)*¢

3

n
042‘

where ¢y does not depend on n. In particular, we have

a2

<

log | Rn(2)|
n

lim sup < |el.

n—oo

The Poincaré-Perron theorem together with pa(z) > |o, ensures that we must have

L log|Ra(2)

n—00 n

hence the second estimate in (T6)). O

= p1(2),
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5 Proof of the main theorem

Corollary 2:4)is a direct consequence of our main theorem. We explain how to get Corollaries 2.2 and 2.3]in the proof
of Theorem 2.1] below.

Proof of Theorem[2.1] Let a, 8, 7, 6 be as in Theorem and let (Pp,0(2))n>0, (Pn,1(2))n>0 and (R, (2))n>0 be the
sequences constructed in Proposition for this choice of parameters. We first suppose a # 0. Fix n € N and define

Pn = knPno(8) and ¢, = £, Py 1(8), where
Rp = Vn(’Y)Vn(5/a)Dn(V)den(a)nden(ﬁ)n'

By Lemmaand1respectively7 the point (p,, ¢,) is not proportional to (pny1,qns1) and (pp,qn) € Z2. According
to Lemma [{.1] as n tends to infinity, we have the estimate

den(7)

logrn _ log v(7) log y(g/a)mden(a)den(ﬁ) +o(1).

Combined with Lemma we finally get

pal, lan] < Q"™ and  [pnf(B) — gu| < E7"HM,

where the quantities £ and () are defined as in the statement of Theorem The conclusion of the theorem follows
by applying Corollary To obtain the Corollaries and it suffices to replace the factor x, by the one given

by Lemma [4.2] (ii).
Suppose now « = 0 and define p,, = k, Py, o(8) and ¢, = knPp1(8), where
K = Un(7) Dy (7y)den(d)"den(5)"n!.

Once again (pn,q,) is not proportional to (Pni1,qni1), and (pn,q,) € Z%  According to Lemma we have
log(k,)/n =1logn + O(1) as n tends to infinity. Combined with Lemma we finally get

Palslgn| <Qn and  |puf(B) — anl < E, Y,
where, as n tends to infinity, we have

log Q. log E;,
n

= log(n) + O(1).
By applying Corollary we get pu(f(8)) = 2. O

REMARK 5.1. We keep the notation of the proof of Theorem [2.1] and suppose that a # 0. If there exist two explicit

=log(n) + O(1) and

positive constants a, b such that

(20) pnlslan| < aQ™ and  [pnf(B) — qu| < DE™T,

then the second part of Theorem [6.1] yields an effective irrationality measure of f(f3) in Theorem [2.1] i.e. two (effective)

positive constants ¢ and qo, depending only on f(z), 8 and the irrationality measure p = 1 4 log @/ log E, such that
p

HORHES

for each rational number p/q with ¢ > qo. To get , it suffices to obtain effective upper bounds of the form Cp™

for the denominators D, (7y), as well as for the quantities P, o(8), Pn1(8) and R, (8) = Pnro(8)f(8) — Pa,1(B). For

D, (), we can use an explicit version of Dirichlet’s prime number theorem for arithmetic progressions (see [40]) in the

c

proof of Lemma The remaining estimates are obtained thanks to our refinement of the Poincaré-Perron theorem

(see Theorem [7.1] of Section [7)).
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6 Parametric geometry of numbers

In this section, the norm ||x|| of a vector or a matrix x denotes the largest absolute value of its coefficients and x - y
stands for the standard scalar product between x,y € R*T!. We prove two generalizations in higher dimension of
a well-known irrationality measure result for one real number (see for example [I, Lemma 3] and [6]). We also use
parametric geometry of numbers to emphasize the duality between type I (linear forms) and type II (simultaneous)
approximation.

DEFINITION 1. Let s be a positive integer and let 8 = (6, .. .,0,) be a point of R**! with §y = 1. The exponent of
best simultaneous rational approximation A(0) is the supremum of real numbers A > 0 such that, for infinitely many
(q,p1,-..,ps) € Z°T1 with ¢ > 0, we have

0; — ;00| < g .
112?2(5"” pifo| < ¢

The dual exponent w(0) is the supremum of real numbers w > 0 such that, for infinitely many non-zero y =
(y07 cee 7ys) S ZSJFI, we have

0, < il
112%)2 |y090 + + y595| = HYH

Note that by Dirichlet’s Theorem, we have A\(8) > 1/s and w(8) > s.

THEOREM 6.1. Let s > 1 be an integer and let 6 := (0o, ...,0s) € RS with 0y = 1. Suppose that there exist

a sequence of matrices (M,)n>0 in Mats1(Z) N GLs+1(Q) and two unbounded increasing sequences (Qn)n>0 and

(En)n>o0 of real numbers > 1 such that, for each n and each row & = (o, ...,xs) of My, we have
(21) |1+ + |zs] € Qn and  |xoby + -+ w0, < B

Then at least one of the numbers 01,...,05 is irrational and

(22) A(0) < limsup 108G

n—oo logEnfl )

Moreover, if there are positive constants a,b, o, 8 with o, 3 > 1 such that Q,, = aa™ and E,, = b=1B" for each n > 0,

then for each integer point (yo,...,ys) € Z5T1 with 2byy > 1, we have

1
] >
(23) max [yob; — yil 2 s

where A = log a/log B and ¢ = 2ac(2b)*.
PROOF. Let y = (yo,...,¥s) € Z*t! with 2y > Ey and let n > 1 be such that

E, 1< 2y0 < E,.

Since det M,, # 0, there exists a row x = (Xo,...,Xs) of M,, such that x-y is a non-zero integer. We deduce the lower
bound
2 1
(24) ‘ vai(yo@i —yibo)| = |x -yl —yolx- 0] > 1 —yE, ' > 3
i=0
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On the other hand, we have the upper bound
(25) ‘ z;xi(?m@i - yieo)‘ = ‘ Z;xi(?m@i - Z/ﬂo)‘ < z; || nax Y00 — yi00] < Qn Joax lyobi — yibol.
1= 1= 1=

Together with and the inequality @, = E:lo,ng"/log Enot < (2y0)'08 @/ 108 En—1 it Jeads us to

< (2yp)'o8 Qn/ Tog Ena max lyobi — yibol,

N

hence (22). Suppose now that Q; = aa’ and E; = b'37 for each j > 0. Then "' < 2by,, and we write instead
Qn = aa™ = aaﬁ(n—l)loga/logﬁ S aa(2by0)loga/logﬁ.
Eq. follows by combining the above with and . O

We now give an alternative proof of the inequality of Theorem which relies on parametric geometry of
numbers (see [43], [44] and [42]). It is also possible to get an inequality of the type with an explicit constant
¢ > 0. The main interest of this approach is to show the duality between type I and type II approximation. Given
a symmetric convex body C of R*T! we denote by A(C) < ... < A41(C) the (s + 1) successive minima associated
to C with respect to the lattice Z*T1. The idea is as follows. The condition allows to bound from above the last

minimum As41 of the family of symmetric convex bodies (related to type I approximation)
Co(q) == {x=(z0,...,x5) ER i |2q|+ - +|zs| <1 and [|x-0]<e %} (¢>0).
On the other hand, Mahler’s duality implies that

1< Mi(Ca(a)As+1(Co(a)),

where C}(g) is the polar (or dual) convex body of Cg(q) defined as the set of points y = (yo,...,ys) € R*T! such
that |y - x| < 1 for each x = (xq,...,2s) € Co(q) (see for example [10, Chap. VIII]). The key-point is to notice that
Co(q) € Cy(q) C 2C4(q), where Cy(g) denotes the symmetric convex body (related to type II approximation)

Co(q) ={y = Wo,---,ys) €ER*; [yo| < e? and Juax lyo0; — yibo| <1} (g >0).

This can be proved by using the identity

x-y =yo(x-0)+ Y wi(boy: — yobi)-

i=1
So, an upper bound for A\s11(Ce(g)) leads to a lower bound for A\ (Cpy(g)) thanks to Mahler’s duality. Lastly, the

exponent A(@) can be obtained by using its parametric analog through the classical identity

B !/
= i, where 1) := lim inf log M1(Cp(q))
1+ b p

— 00 q
(it is a corollary of [43, Theorem 1.4], also see [42, Corollary 1.4]). This will lead us to ([22).

Alternative proof of of Theorem[6.1] For simplicity we write As41(q) := As11(Co(q)) and Aj(q) := M1 (Ch(q)).
Given a non-zero x € R**! and ¢ > 0, we define Ly(g) as the minimum of all L > 0 such that x € elCg(q). A short

computation shows that

(26) A(9)

Lx(q) := max { log (i |xi|),1og |x- 0|+ q} e R,

i=1

17



with the convention log(0) = —oo (see [42], Section 2.2]). By definition of As;1, we deduce that for any non-empty set

A C Z*t! containing at least s + 1 linearly independent points, we have
(27) log As1(g) < max Ly(q).

Fix an index n > 0. Our hypotheses on M,, imply that the set A, C Z**! of its rows contains (s + 1) linearly
independent points. Moreover, for each x € A,, we have Lx(q) < max{log@Q,,—log E, + ¢} by . Using we
get

log As+1(q) < P(q) == meilr\ll (max{log Qn,—log E,, +q}) (g = 0).

n

The function P is continuous, piecewise linear with slopes 0 and 1. More precisely, P changes from slope 0 to slope
1 at ¢/, := log(E,Q,) and from slope 1 to slope 0 at ¢, := log(F,Qn+1) for each n > 0. Writing I, := [¢},_;, q,] for
each n > 1, it follows that

log A P P(gn- log Qn 1
sup %8 +1(q)§sup (@) _ Plan) _ 0g Q <

- 1— i
g€l q qel, 4 qn—1 log @, +1log By — 1+ limsup;_, . logQ;/FE;j_1

b

and by Mahler’s duality, we infer

log A} 1
¥ = inf log Ai(g) > 14 : )
- 920 q 1+ lim SUPp 00 log Qn/En—l
Inequality (22)) is a direct consequence of the above combined with (26]). O

We can deduce the following corollary from Theorem [6.1}

COROLLARY 6.2. Let § € R\ {0}. Suppose there exist a sequence of integer points (P, gn)n>0 and two unbounded
increasing sequences of positive real numbers (Ep)n>0 and (Qn)n>0 such that, for each integer n, the points (pn,qn)

and (Pn+1, @n+1) are linearly independent and satisfy
|an| < Q@ and |gnt — pu| < B

Then 0 is irrational and its irrationality exponent u(0) satisfies

. IOan+1
2 0)<1+1 —ontl
(28) o) <1+ msup

PROOF. Set 0 := (1,6) and for each n > 0 let M,, denote the matrix whose rows are (—pp, ¢n) and (—pnt1, gnt1)-

Then M, satisfies the hypotheses of Theorem with @, replaced by @Q,4+1. Theorem yields by noticing
that p(0) = A(0) + 1. O

REMARK 6.3. If E,, = E"1+°() and Q,, = Q"(1+°(1) for given real numbers E,Q > 1, then we find that 6 is
irrational with

log @
logE’

) <1+

which is exactly [I, Lemma 3] in the case K = Q.

Our next result is a dual version of Theorem We will only give a basic proof, although it is also possible to

give a proof using parametric of numbers.
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THEOREM 6.4. Let s > 1 be an integer and let 0 := (0,...,0s) € R*Tt with g = 1. Suppose that there exist
a sequence of matrices (M,)n>0 in Mats1(Z) N GLs11(Q) and two unbounded increasing sequences (Qn)n>0 and

(En)n>o of real numbers > 1 such that, for each n and each row © = (xq,...,xs) of M,, we have

|zl < Qn and lrglagxs |z08; — 00| < E; .

Then 6Oy, ...,0s are linearly independent over Q and

. log Qn
29 ) <1 _o<n
(29) w(B) < s

Moreover, if there are positive constants a,b, o, 8 with a, 3 > 1 such that Q, = aa™ and E, = b='3" for each n > 0,

then for each integer point (yo,...,ys) € Zt' with Y := 37| |y;| > 1/(2b), we have

O + -+ + ysbs| > —,
(30) [yobo + -+ + ys0s| > B
where w = log o/ log B and ¢ = 2aa(2b)%.
PrOOF. Let y = (yo,...,ys) € Z*T' with 23°7_, |y;| > Ep and let n > 1 be such that
i=1

Since det M, # 0, there exists a row x = (xg,...,Xs) of M, such that x -y is a non-zero integer. We deduce that
1 S S
5 > ;L%'\E;l > ‘;yi(eri —$i90)‘ > |bolly - x| = |zolly - 0] > 1 = Quly - 6],

hence the lower bound 2Q,|y - 8] > 1. In particular, the coordinates of 8 are linearly independent over Q. We get
by combining the above with the inequality

S log Q. /log Ep—1 log Qn/log Ey—1
1 n/log Epn_
Qu = 518t < (23 |y < (2slyl) :
i=1
Suppose now that Q; = aa’ and E; = b~'7 for each j > 0. Then, we write instead

. i log o/ log B
Qn = aa™ = aafD0se/ 1088 < g (262 Iyil) :

i=1

and follows by combining the above with 2Q,|y - 6| > 1. O

7 Effective Poincaré-Perron theorem

The main result of this section is Theorem which implies Theorem below. As a consequence, the irrationality
measures provided by Theorem in the case a # 0 can be made effective (see Remark. Note that in the binomial
case, f(p) is an algebraic number and Roth’s theorem yields p(8) = 2, but this irrationality measure is not effective.
Then Corollary 2.3 becomes of interest since the irrationality measures that it provides can be made effective.
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THEOREM T7.1. Let o, 8,7,0 € Q with |B| > |a| > 0, v > —1, 6 ¢ aN and —(ay + 6) ¢ aN. Consider the
Poincaré-type recurrence , which can be rewritten as

(31) Xn+1 +anXn +b, X 1=0 (n > 1)a

where a, = —(8 — Bn)/An, by = Cy /Ay, and Ay, B,, C, are defined as in Lemma . Denote by A1, Ay the roots
28 — a+24/B2% — Ba of the characteristic polynomial
P(X)=X?-2(28—-a)X + o

Write p; :== |\i| for i = 1,2 and suppose p1 < pa. Let N be the smallest positive integer such that

2
A2 — A

Let (Xp)n>0 be a non-zero solution of . For each n > N, define i, as the largest index i € {1,2} satisfying

(2|bn — M2+ (p1 + p2)lan + M + >\2|) < p2 — p1.

| X1 — NiXa| = JHZ%HQ {|Xn+l - /\an|}‘

Then (in)n>nN is non-decreasing and tends to an index i € {1,2}. Given Ny > N such that i, = i for each n > Na,
there exists a positive constant C, explicit in function of a, B, v, §, Xo, X1 and Na, such that, for each n > 1, we

have

C
32 X, | < —p.
(32) Xl < =

Furthermore, there exists an index N as above which is explicit in function of «, 8, v, 6, Xo, X1 and f(B).

The proof of this result is at the end of this section. We now give a more general statement. Let k be a positive
integer, and for i = 0,...,k — 1 let a; € C and ¢; : N — C such that ¢;(n) tends to 0 as n tends to infinity. We also

suppose that eg(n) # ag for each n > 0. Consider the Poincaré-type recurrence
(33) g(n+k) + (ar—1 — ex-1(n))g(n + k — 1) + -+ (ao — eo(n))g(n) =0 (n >0),

and suppose that the roots \q, ..., \x € C of its characteristic polynomial P(X) = X* 4+ ap_1 X*~! + ... + q¢ satisfy
pr > -+ > p1 > 0, where p; := |N\;| for i« = 1,... k. Then, the Poincaré-Perron theorem states that there is a
fundamental system of solutions (g1, ..., gx) of satisfying
; 1

im 40D Gk,
This is a stronger version of Poincaré theorem, which simply states that for each non-zero solution g of , there
exists ¢ € {1,...,k} such that g(n 4+ 1)/g(n) tends to A; as n tends to infinity (see [35]). When the functions ¢;
converge to 0 “fast enough”, it is possible to describe more precisely the asymptotic behavior of a solution. In [39],

M. Pituk obtained a very nice and general result which implies the following one. Suppose that
Z|Ei(n)|2<oo fori=0,...,k—1.
n=0

Then, there exist ng > 0 and a fundamental system of solutions (g1, ..., gx) of such that, as n tends to infinity,

we have

n_l k_l m e i€1 m m
gi(n) = (1+0(1) [ (Aﬂr/\i 2 HP,(;)M( )+ o )> (i=1,...,k).

m=ngo
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For our purpose, we need an effective version of the above result. However, we could not find a proper reference in the
literature. In the following, we denote by 7 the right-shift operator, defined by (7 - f)(n) = f(n + 1) for each function
f:N—Candeachn>0. For j=1,...,k, we define ; as the polynomial of C[X] satisfying

P(X) = (X = X))@, (X).

The next lemma comes from a classical step in the proof of Poincaré Theorem. It will be useful to define the
quantities N, i(g) and Ny(g, N) appearing in Theorem below.

LEMMA 7.2. Let g be a non-zero solution of the Poincaré-type recurrence and let uy,...,ur : N — C denote

the (unique) functions satisfying
(34) g =Mu o Nu, (=0, k1)

Then, for j =1,...,k and n >0, we have u; = P'(\;)7'Q;(7) - g and

E
(35) wy(n+1) = Ay (n) + 2 here B = P(r) - g

P'(X)
For each n > 0, define i, as the largest index i € {1,...,k} such that |u,(n)| = maxi<;j<k |uj(n)| = u(n), and N as
the smallest index satisfying

k— 1
(30) (5 ) e < - (Si<i<H
Foul PG 2 J sieis

for eachn > N. Then (in)n>nN is non-decreasing and therefore tends to an indexi(g) € {1,...,k}. We define N1(g,N)
as the smallest n > N for which i, =i(g).

PRrROOF. For each n > 0, the k-tuple (ui(n),...,ur(n)) is the unique solution of the linear system defined by the

k equations
gn+€) = Mui(n) + -+ Neug(n) £=0,....,k—1)

(this system is not singular since the \; are pairwise distinct). Note that u(n) > 0 since g(n) =---=g(n+k—1) =0

implies that g = 0 by . Let j € {1,...,k} and write Q;(X) = if;(} by X*¢. We now prove . Using , we
find

k=1 k k k—1 k
(Q;(7) Zbgg n+/f) = Zng)\f;up(n) = Zup(n)Zbg)\f, = Zup(n)Q
=0 p=1 p=1 =0 p=1

Observe that Q;(\,) = 0if p # j, and Q;(X;) = P'(A;) # 0, so that Q;(7) - g = P'(\j)u;. We get (BF) by noticing
that E=P(1)-g=(1—Xj)oQ;(7) g

It remains to prove that (i, ),>n is non-decreasing (the existence of i(g) and N (g, N) easily follows). By definition
of E and using we find

k—1 k—1
E(n)=g(n+k)+ar—19(n+k—1)+---+apg(n) 225 gn+1¢) = Zup )Z)\f,sg(n)
=0 p=1 =0
Fix n > N and for simplicity, write ¢ = i,, and j = i,,41. By we have

[E(n)| _
piu(n) — PO = ui(n + 1) <u(n +1) = |uj(n + 1) < pju(n) +
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so that

k=1 k

1 1 |E(n)]| ( 1 )
—p: < <
e b= (\P’(Ai)l " \P'<A3>|> u(n) = \[P'(N)] |P' ;;,,lep'”
Our hypothesis on N implies j > 4. The sequence (iy,),>n is therefore non-decreasing. O

THEOREM 7.3. Consider the recurrence and suppose furthermore that there exist £, : N — (0,400) which
tend to 0 as n tends to infinity and satisfy

1 1
(37) i S0ED gy, 2t
n— oo 5(n n— oo n(n)
as well as
< , —ei(n)| <
(38) max [ei(n)] < e(n) and - max lei(n+1) —&i(n)] < n(n)

for each m > 0. Let g be a non-zero solution of and let N, Ny = Ni(g,N) and i = i(g) be as in Lemma [7.3
Then, there exist positive constants C' and No > Np depending on €, n, the roots \;, and Ni, such that, for each
n > Na, we have g(n) # 0 and

‘g(nJr 1)

gy~ Ot

Pr(\) n(n) +e(n)” if \i #0.

Moreover, if fori=0,...,k—1, there exist a;, B; € C[X] with B; # 0 such that &; = o;/B;, and if are equalities,
then C and Ny can be computed explicitly in function of the coefficients of the oy, B;, the roots Aj, and Ny only.

Mlep1(n) + - 4 Ner(n) +€o(n)>’ <O« { (e0(n) +6(n)2)2 if Ai =0

Remarks. The hypotheses are automatically fulfilled if £(n) and n(n) are non-zero rational functions in n
(this is the situation that we are interested in). Also note that, contrary to the result of Pituk [39], our theorem covers
cases such as e(n) = n~'/2 or e(n) = 1/log(n +1).

PROOF. Let g be a non-zero solution of ([33). We keep the notation of Lemma for the functions w1, ..., us,
u = maxi<j<k |4;|, the function E and the quantities N, N1 = N1(g, N) and 7 = i(g) associated with g. Recall that

k k-1
= Z up(n) Z Aiﬁe(n) = O(u(n)e(n)).
p=1 £=0

Unless stated otherwise, all the constants (including the implicit constants coming with the big O notation) depend
on the functions ¢, n, the roots A; of P, and Ny. If for i = 0,...,k — 1 we have ¢; = a;/f;, with «;, 8; € C[X] and
Bi # 0, then they can be computed explicitly in function of the A;, the coefficients of the «; and §;, and the parameter
Nj only. Our goal is to prove that there exists No > Nj such that, for each n > Ny we have g(n) # 0 and

Vo Meg(n) O(e0(n)?) + O(leo(n)]e(n)?) + O(e(n)*) if A; =0
P'(\;) O(n(n) +£(n)?) if \; # 0.

Fix j € {1,...,k} with j # i and n > N;. Recall that u(n) = |u;(n)| > |u;(n)|.

gln+1)

(39) g(n)

=\ +

Case \; = 0. By we have u;(n + 1) = O(u(n)e(n)), and therefore |u;(n + 1) < |u;(n+ 1) = O(u(n)e(n)).
Eq. also yields

uj(n) = /\j_luj(n + 1) + O(u(n)e(n)) = O(u(n)e(n)),
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so that,

E(n) = ui(n)()\fflek,l(n) + -+ E(](TL)) + (’)(u(n)s(n)2) = u;(n)eo(n) + O(u(n)e(n)Q)

Moreover, we obtain the more precise estimate |u;(n+1)| = O(u(n+1)e(n+1)) = O(u(n)e(n)e(n +1)). Using once
again Eq. , we get

) _wn+1)  Bn) _ eo(n) o
& ui(n)  w(n)  P'Au(n)  P'(\) +0(e(n)?).

Thus, using the above estimate and the identity 1/P’(A1) 4 ---+1/P’(Ax) = 0 (which can be proven by studying the
partial fraction decomposition of 1/((z — A2) ... (z — Ax)) evaluated at z = Ay), we find

=14 O(lzo(n)]) + O((n)?)

9(n) o= uy(n)

u;(n) o i n)
and
LED @ W) _ 2ol oo S o
ZA ui(n) ;AJ ui(n) ; P'()) + O P'(\) 0.

The case \; = 0 of . follows.

Case A; # 0. We claim that

uj(n+1) A u;(n) K(n) 2 _
(40) PRCES) R W + NP0 + O(e(n)?) where k(n) := z_:)\fag(n)
and
u;i(n Kk(n L.k(n by

(41) uj((n I i)) = Ov = /\(j);,(/\j) +O(n(n) +e(n)?) = )\Zéyg)\j) + O(n(n) +£(n)?), where L; := N

Let us show that (forj e {1,..., k} with j # ¢) implies . Since g(n) = u;(n) (1—}—(’)(5(71))), there exists No > Ny
such that g(n) # 0 for each n > Np. Givenn > Ny and writing g(n) = u;(n)+3_,; uj(n) and g(n+1) = Zlgzl Aeug(n),
we then get

gin+1) n u;(n) u;(n) 2
o) (/\ +Z>\ n)( ;ui(n)_FO( )_A +; n)—|—(9(€(n))
—Eip n(n) +=(n)°),

J#i

hence (since 1/P'(Ni) = =32, 1/P'(\5)).
Set g(n) = gj(n) = uj(n)/u;(n) and t(n) := ¢(n) — Ljr(n)/(NiP'(};)). Eq. is equivalent to t(n) =
O(n(n) +£(n)?). Similarly, we claim that is implied by v(n)/u(n) = O(e(n)), where
v(n) = max{ue(n)]}-

Indeed, Eq. gives u;(n + 1)/u;(n) = A\; + O(e(n)) and

D) wn) | B) | w(n) k) oo
) =Mt POt = a0yl ™)
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hence

K(n

Aj )
7“M+APQH

(42) aln+1) = 32

This proves our claim. Note that if holds, then

rn k(n+1) + 0(g(n)?) = Qt(n) + O(n(n) +e(n)?)

Aj ) v L;
M0+ 5 (U k)~ g N

(43) tin+1)= N

since 1+ L;\;/\; = Lj and k(n+1)—r(n) = O(n(n)). To prove that v(n)/u(n) = O(e(n)) and t(n) = O(n(n)+e(n)?),

we distinguish between two cases.

Case i < j. Then, by there exists a constant ¢; such that |g(n)| < r|g(n+1)|+c1e(n), where r = |\;/\;| < 1.
Fix s with r < s < 1. By , we can suppose No large enough so that, for each m > n, we have

r™He(m +1) < sr™e(m).

Then, by induction and since r™|q(n + m)| < r™ tends to 0 as k tends to infinity, we get

o

lg;(n)| < c1(e(n) + re(n+1) +r’e(n+2)+---) = O(e(n) Z sm) = O(e(n)).

m=0
It implies that max;; |¢;(n)| = v(n)/u(n) = O(e(n)), so holds. Similarly, by (43), there exists a constant c;
such that

|<CQZ (n+0) +e(n+0)2)r" = O0(n(n) +e(n)?),
£>0

hence .

Case i > j. Then, by there exists a constant ¢; such that |¢(n+1)| < r|g(n)|+c1e(n), where r = |X; /A < 1.

By induction, we get
la(n +1)| <7 N g(No)| + er(e(n) +re(n = 1) + - 41" N22(Ny)).

Fix s with 7 < s < 1. Once again, using (37) we can assume, without loss of generality, that Ny is large enough so

that, for each m =1,...,n — N5, we have
(44) rme(n —m) < sr™le(n —m +1)

as well as r™(n(n —m) +e(n —m)?) < sr™(n(n —m+1) +e(n —m+1)?). Eq. yields

n—No n—Na

e(n)re(n—1) 4+ 1" e(No) = 3 rMe(n—m) <e(n) Y 5™ = O(e(n).

m=0 m=0

We obtain g;(n) = O(r™) + O(e(n)) = O(e(n)), and once again it implies (40). Similarly, by ([43), we find

n—Na
lt(n+1)| < o( 3" (nn—m) +e(n - m)Q)Tm) = O(n(n) + £(n)?).
m=0
So holds too. O
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For the sake of completion, we now give a proof of the classical Poincaré-Perron theorem.
THEOREM 7.4 (Poincaré-Perron). There exists a fundamental system of solutions (g1,...,gxr) of satisfying

(45) im 20D 0 G2k,
n—oo  g;(n)

PROOF. Step 0. We first start by giving a short proof of Poincaré theorem, namely that g(n 4+ 1)/g(n) tends to

a root of the characteristic polynomial P for any non-zero solution g of . We keep the notation of Lemma
for the functions uq,...,uk, u, E and the quantities N, N1 = Ni(g, N) and i = i(g) associated with such a g. Let

j €{1,...,k} with j # i and define r(n) := |u;j(n)/u;(n)| € [0,1] for each n > 0. By (B35), we have

pir(n) +o(1)
pi +o(1)

as n tends to infinity. If p; = 0, then p; # 0 and the above implies r(n) = o(1) (since 7(n + 1) is bounded). Assume

r(n+1)=

that p; # 0 and set A = limsup,,_, . 7(n). By the above, we have A = p;A/p;. Since A <1 and p;/p; # 1, we must
have A = 0. So, in both case we find u;(n) = o(u;(n)) as n tends to infinity. Writing g(n) = u1(n) + - - - + ux(n) and
g(n+1) = Auy(n) +- - + Agug(n), we deduce that lim,, o g(n+1)/g(n) = A;. We denote this root by A(g) := Xi(g)-

Step 1. We now prove the Poincaré-Perron theorem. Since p1 < -+ < pg, if i(h) < i(g) for two solutions h, g, then
h(n)/g(n) tends to 0 as n tends to infinity. In particular, solutions (g1, ..., gx) satisfying are necessarily linearly

independent over C. Moreover, for i = 1,...,k, we also find that the set S; of solutions g such that i(g) < i is a
subspace of the k-dimensional space of solutions. The existence of (g1, ..., gx) as above is equivalent to
(46) dim S; =1 (i=1,...,k).

Suppose ¢ > 2 and let g1, ..., g; be i linearly independent solutions of . For j =1,...,m, we denote by uy j) ey u,(cj)

the functions uy, . .., u associated to g; by Lemma Let p1,...,u; € C (not all zero) and set g = p1g1 +- - - + pigs.
Denote by (in)n>n and by ug, ..., u the quantities associated to g by Lemma Then

By choosing g1, ..., pu; (not all 0) so that u1(N) = -+ = u;—1(N) = 0, we get iy > i by definition of iy. Since
(in)n>n is non-decreasing, it yields i(g) > ¢, and so g ¢ S;—1. It shows that dimS;_; < i — 1. We now prove
that given g,h € S; \Sl 1, there exists a non-zero a € C such that h(n)/g(n) converges to « as n tends to infinity.
In particular, since for h = h — ag € S; the ratio h( )/g(n) tends to 0, necessarily h € Si_1. As a consequence
dim S;—1 > (dim S;) — 1. Combined with dim.S; < ¢ and dim Sy = k, it implies (46) (and thus implies the Poincaré-
Perron theorem). Let h, g be as above and for simplicity, write A := A; (note that A(g) = A(h) = A). Let Ny > N be
such that g(n) # 0 and h(n) # 0 for each n > N», and for such n define

h(n) qg(n+1)
g(n) :=—= and t(n):=-——"=">
T B )
Note that t(n) = o(1) since g(n + 1)/g(n) and h(n + 1)/h(n) both tend to A. We suppose Nz large enough so that

[t(n)] < 1. The function ¢ is a solution of the Poincaré-type recurrence

— 1.

(47) q(n+k) +ak-1(n)g(n+k—1)+---+ao(n)gn) =0  (n = Na),

where for j =0,...,k — 1, we have




as n tends to infinity. The characteristic polynomial of the above recurrence is precisely P(AX)/A\* Moreover, since g
is solution of , the solution constant equals to 1 is solution of , so that

—1=ag_1(n)+ - +ag(n) (n > Na).

We deduce from and the above that

k-2

q(n+k) qg(n+j - gin+3j) rqln+k—1)
tn+k—1)= an+k—1) Za] ( n—!—k—l) z: n—!—k—l)( qg(n+j) _1)'
Now, since t(n) = o(1), for j =0,...,k — 2, we have
gln+k—1) L k2 . L = o n
Tt 1—g(t( +0)+1) 1_;(1+ (1))t(n +0).

Therefore, the function ¢ satisfies a Poincaré-type recurrence of order & — 1 whose characteristic polynomial is

k—2

_ yk—1
QX) = X" -3
=0

(X7 4 X,

A short computation shows that (X — 1)Q(X) = P(AX)/A*, so the roots of @ are \;j/\; with j # i. Poincaré
theorem ensures that t(n + 1)/t(n) converges to one of these roots. Since t(n) = o(1), such a root has modulus < 1.
So, the series ) -y, t(n) converges absolutely. Equivalently, the infinite product [],5 v, (1 +¢(n)) converges in C*.
Since t(n) + 1 = ¢q(n + 1)/q(n), we obtain the convergence in C* of ¢(n) = h(n)/g(n). This ends the proof of the
Poincaré-Perron theorem. O

Proof of Theorem[7. A simple computation gives

P2 o(L) and bn:ag_agm(%),

an = —2(28 —a) +

which can be rewritten as

an =—(A1 4+ X)) + /\12—;)\2—#(’)( ) and bn:)\l)\2_>\1n>\2+0(%>7

where the implicit constants depend on «, 3, v, § only (and can be computed explicitly). Note that the index N and
the sequence (in),>n are those of Theorem Therefore, there exist i,j € {1,2} with ¢ # j such that, for each
n > Ny, we have

Xt (A AN 20, 1 1 1 1
=\ =+ 0[5 ) =X - N+ 0,
Xn + Aif)\j 2n+ (TL2) 2n+ (n2)

from which we deduce

i 11 2 vo( ) -o(2),

where the implicit constant depends on «, 3, v, §, Xo, X1 and N>. It remains to prove that N5 can be explicitly chosen
in function of , 8, 7, §, Xo, X1 and f(B). Let Y = (¥},,)n>0 be a non-zero solution of such that Y,,11/Y,, tends
to A1 (up to a multiplicative constant, this sequence is (Ry,),>0 defined as in Lemma. Then, since the associated
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sequence (i,(Y))n>n is non-decreasing and tends to 1, we have 4,, = 1 for each n > N, so that N;(Y,N) = N.
Similarly, we have N1(Z, N) = N for the solution Z = (Z,,),,>¢ defined by the condition

Xy=1+1 and XN+1:>‘1+/\27

since the corresponding non-decreasing sequence (i, (Z)),>n satisfies iy = 2. By the above, we can assume that
Xn+1/X,, tends to A2 (otherwise we can take Np = Ny = N). Then, writing (X,,),>0 = aY + bZ (where a,b depend
on the two initial values of (X,,),>0, Y and Z), we can deduce an index Ny > N, explicit in function of «, 3, 7, 4, a,
b, Yo, Y1, Zo and Z3, for which |Xn,+1 — M Xn,| > | XNy+1 — A2aXn,|. Finally, note that Zy and Z; depends only on
a, B, 7, §, and Y7 depends only on Yy, «, 8, 7, ¢ and f(8) (since Y is proportional to (Ry,)n>0)- O

8 Examples
In this section, we compute the irrationality measures for some cubic roots and compare them to previous results.
LEMMA 8.1. We keep the notation of Corollary . Let B € Q with |8] > 1. Then we have

A(1/3,8) < M.

PROOF. Let (P,0(2), Pu.1(2)) be the weight n Padé approximants of 1/z(1 — 1/2)*/3 defined as in Corollary
for w = 1/3. Notice that (2" P, (1/2),2" ' P, 1(1/2)) is a weight (n,n — 1) Padé approximant of (1, (1 — 2)'/?). By
[41, Lemma 3.3], we have

Po(1/2) = (1Y :(—1)“(”+.1/3) (Gl [ | B

k=0 | j= J n=J

j n_j 0<5<n

and G,, :== GCD(G(n),G(n — 1)). Then Bennett shows in [3| Lemma 3.2] that G,, > (1/5563) - 2™. This implies that
G,(1/3) > (1/5563) - 2. The lemma follows from the above and the definition of A(1/3, ). O

Set

EXAMPLE 8.2. Let w =1/3 and 8 = 9. Then, by Lemma we have A(1/3,9) < 3v/3/2 and pa(1, B) = 17+12V/2.
Corollary 2.3 yields

W) <14 log(17 + 12v/2) + log (3v/3/2)

= 2.7428036524 - - - .
log(17 + 12v/2) — log (3v/3/2)
Note that Bennett obtained u(3/3) < 2.76 in [].

In the tables below, the number # can be written as the product of ~(1 —1/8)'/3 by a non-zero rational number.
The exponent y is the irrationality measure for =1 (1 — 1/8)"/? (and thus 6) obtained by combining Lemma [8.1| and
Corollary as in Example In the last column, we put the irrationality measure obtained by Bennett in [4].
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0 B 1 results in [4] 0 B 1 results in [4]
V3 9 2.74- - 2.76 - - - /37 103 2.26- - 2.27---
V6 || 4673/5 | 2.32- - 2.35- - V42 49 2.44 - - 2.46 - - -
V15 25 | 252 254 V43 73 230 232
VIT| 18 |220--- 2.22- .- V62 32 2.49- .- 2.50 -
V19| -8 | 228 2.30--- /63 43 2.41--- 2.43---
V20 | —193 | 2.20--- 2.23- - V65 —43 2.41--- 2.43---
/26 32 | 251--- 2.53--- /66 —32 2.48--- 2.50---
V28 || =33 | 250 252 V83 || —(253)%/19 | 2.69- - - 272
/30 | -9 |2.71-- 2.72--- /91 93 2.27--- 2.29---

Figure 1: Effective irrationality measures for some cubic roots

9 Algebraic binomial case

In this section, we show a p-adic and algebraic version of Theorem for binomial functions. We will adapt it to

study the S-unit equation in a forthcoming work.

Let K be a number field. We denote the set of places of K by My (respectively by M for archimedean places,
by i)ﬁﬂ for finite places). Given v € Mg, we denote by K, the completion of K with respect to v. We define the
normalized absolute value | - |, as follows :

 [Kw:Qy]
Iplo :==p KU ifve Dﬁ{( and v | p,

[Ky:R]
|z|y = |oy(z)] KO if v e ME,

where p is a rational prime and o, the embedding K < C corresponding to v.

Let 8 be an algebraic number. We denote the v-adic absolute Weil height of 8 by H,(5) = max(1,|8],), the
absolute Weil height of g by

HB) = [ Ho8).

vEM K
LEMMA 9.1. Let K be an algebraic number field and vg a non-archimedean place. Let w € Q\ Z. Denote by p be

. . 0 i ptfden(w)
the rational prime under vy. Define é,(w) = . Let p € K. Assume

1 ifp|den(w)

if ptden(w)

(48) 1Bluy >
plo?/ " if p| den(w).

Let n be a non-negative integer and (P 0(z), P,1(2)) be the weight n Padé approzimants of 1/z(1 —1/2)% defined as
in Corollary 3.6 Put Ry(z) = Pno(z)-1/2(1 —1/2)* — Py 1(z). Then we have
’Uo)

den(8)
3

< <|p|U02p5p(w)/(p1)
vo
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PROOF. Set

we have

Using the identity above and the strong triangle inequality, we have

Vp(w)den(B)" Vntk(w)~tden(B)" a5 _1y |den(p) !
R, < < pdp(w)/(p—1) )
On() Tnl)] < pox T )=\ o 51,
Note that the last inequality follows from (48)). O

THEOREM 9.2. Let w € Q\ Z. Let K be an algebraic number field and vy a place of K. Let 8 € K with

if v | 00, or vyt oo and p1den(w)
Bloo >4 —p/to-1) :
[Pvg otherwise,

where p is the rational prime under vo when vy 0o. Define the real number :

R] (K, : R]

" —%Mgpla,%(ﬁ»—log Aw ) = Lupe T qp 1082100 (3) i vo | o0
V ﬁ — . VFEVQ : .
log (|p|;02p6p<w>/<p71> Iden(ﬁ)/ﬂlvo) —1og AW, B) ~ ¥y 1m0 [[I]if’:g] log pa(1,0(8))  if wo 1 0.

Assume V(B) > 0. Then for any 0 < e < V(B), there exists a constant Hy = Hy(e) > 0 depending on & and the given
data such that the following property holds. For any X := (Ao, A1) € K2\ {0} satisfying Hy < H(X), we have

Mo(1=1/8)% = Atl,, > C(e)Huy (N H (X)),

where
[y : Rl0g 11, 000 () ~log pa(low(B) e |
- [K:QI(V(B) -2
HEV = tog (Inf "™ den(s) /61, ) |
GGED) if vt oo,
—[Ky, : R](log p1(1, 0, —log pa(1, 04, (B .
C(e) = exp {_(Vl(cf;?jﬂ)]. eXP[ [y, : ] (log pa [K:g]) gp2(1,0u, >>] o0 00
c plos PP den(8)/81,, if vo 1 0.

PROOF. Let n be a non-negative integer. Let (P, 0(2), Pn,1(2)) be the weight n Padé approximants of 1/2(1—1/2)“
defined in Corollary We put

L Vn(w)den(ﬂ)n n,O(ﬂ) L Vn(w)den(ﬂ)n n,l(ﬁ) L Pn dn
Pn = Gr(w) i Gp(w) ) M= (pn+1 Qn+1> '
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Thanks to Lemma we have M,, € GLy(K). Using Lemma [4.3] and Lemma we get

10g [Pn vy < w (log p2(1,04,(8)) +log A(w, B))n+o(n)  if vy | co

0 if vg 1 00,

M fe) o O, w n o(n if vl oo
log |p”'1/6(1_1//6)w_qn|v0 S [KQ] (1 gpl(l) UO(ﬁ))+1 gA( 76)) + ( ) f |

ntog (o™ jaenp)/8, ) it oo
IOgHMn”v S m(logPQ(lﬁavo(ﬁ))—i_log A(%ﬁ))n—i—o(n) if v | 00

0 if v 1 oo.

Applying linear independence criterion [I8, Proposition 3] for 6, := 1/5(1—1/8)% and the family of invertible matrices
(My)n>0, we obtain the assertion. O

Acknowledgments

The authors are grateful to Professor Sinnou David for his suggestions. The second author is supported by JSPS
Postdoctoral Fellowships No. PE20746 for Research in Japan, together with Research Support Allowance Grant for
JSPS Fellows. He is also thankful for the hospitality of College of Science and Technology, Nihon University.

References

[1] K. Alladi and M. L. Robinson, Legendre polynomials and irrationality, J. Reine Angew. Math. 318 (1980) 137-155.
[2] A. Baker, Rational approzimation to /2 and other algebraic numbers, Quart. J. Math. Oxford 15 (1964) 375-383.

[3] M. A. Bennett, Simultaneous rational approzimation to binomial functions, Trans. Amer. Math. Soc. 348 no. 5
(1996) 1717-1738.

[4] M. A. Bennett, Effective measures of irrationality for certain algebraic numbers, J. Austral. Math. Soc. series A
62 (1997) 329-344.

[5] M. A. Bennett, Rational approzimation to algebraic numbers of small height: the Diophantine equation |ax™ —
byY| =1, J. Reine Angew. Math. 535 (2001) 1-49.

[6] M. A. Bennett, Irrationality via the Hypergeometric method, American Institute of Physics, AIS CP 976, 200
(2008) 7-18.

[7] F. Beukers, Irrationality of some p-adic L-values, Acta Math. Sin. 24 no. 4 (2008) 663—686.

[8] E. Bombieri and P. Cohen, Siegel’s Lemma, Padé Approzimations and jacobians, with an appendix by U. Zannier,
Ann. Sc. Norm. Super. Pisa Cl. Sci. 25 (1997) 155-178.

[9] Y. Bugeaud and D. H. Kim, On the b-ary expansions of log(1 + %) and e, Ann. Sc. Norm. Super. Pisa CI. Sci.
(5) 17 (2017) 931-947.

[10] J. W. S. Cassels, An introduction to the Geometry of Numbers, Springer Science & Business Media, 2012.

30



[11]

[12]

[13]

[14]

[15]

[17]

[18]

(28]

[29]

G. V. Chudnovsky, Padé approximations to the generalized hypergeometric functions I, J. Math. Pures Appl. 58
(1979) 445-476.

G. V. Chudnovsky, Hermite-Padé approximations to exponential functions and elementary estimates of the mea-
sure of iwrrationality of w, Lecture Notes in Math. 925, 1982, 299-322.

G. V. Chudnovsky, On the method of Thue-Siegel, Ann. of Math. 117 (1983) 325-382.

D. V. Chudnovsky and G. V. Chudnovsky, Recurrences, Padé Approximations and their Applications, In: Classical
and Quantum Models and Arithmetic Problems, Lecture Notes in Pure and Applied Math. 92 1984, 215-238.

G. V. Chudnovsky, On applications of Diophantine approximations, Proc. Nat. Acad. Sci. U.S.A. 81 (1984)
1926-1930.

D. V. Chudnovsky and G. V. Chudnovsky, Applications of Padé approzimations to diophantine inequalities in
values of G-functions, Lecture Notes in Math. 1135, 1985, 9-51.

S. David, N. Hirata-Kohno and M. Kawashima, Can polylogarithms at algebraic points be linearly independent?,
Mosc. J. Comb. Number Theory 9 (2020) 389-406.

S. David, N. Hirata-Kohno and M. Kawashima, Linear Forms in Polylogarithms, Ann. Sc. Norm. Super. Pisa CI.
Sci, in press, available at https://arxiv.org/abs/2010.09167 .

S. David, N. Hirata-Kohno and M. Kawashima, Linear independence criteria for generalized polylogarithms with
distinct shifts, preprint, https://arxiv.org/abs/2202.13931.

S. David, N. Hirata-Kohno and M. Kawashima, Generalized hypergeometric G-functions take linear independent
values, preprint, http://arxiv.org/abs/2203.00207.

J. -H. Evertse, On equations in S-units and the Thue-Mahler equation, Invent. Math. 75 (1984) 561-584.

N. I. FeI’dman and Y. V. Nesterenko, Number theory. IV. Transcendental Numbers, Encyclopaedia of Mathemat-
ical Sciences 44 (1998), Springer, Berlin.

S. Fischler and T. Rivoal, On the values of G-functions, Comment. Math. Helv. 29, no. 2 (2014) 313-341.

S. Fischler and T. Rivoal, Rational approximation to values of G-functions, and their expansions in integer bases,

Manuscripta Math. 155 (2018) 579-595.

A. 1. Galochkin, Lower bounds of polynomials in the values of a certain class of analytic functions, Mat. Sb.

(N. S.) 95 (137) (1974) 396-417, 471; English translation in Math. USSR-Sb. 24 no. 3 (1974).

A. 1. Galochkin, Lower bounds of linear forms of the values of certain G-functions, Mat. Zametki 18 no. 4 (1975)
541-552; English translation in Math. Note 18 (1975).

A. 1. Galochkin, Criterion for membership of hypergeometric Siegel functions in a class of E-functions, Mat.
Zametki 29 no. 1 (1981) 3-14, 154; English translation in Math. Note 29 (1981) 3-8.

M. Hata, On the linear independence of the values of polylogarithmic functions, J. Math. Pures Appl. 69 (1990)
133-173.

M. Hata, Rational approximations to the dilogarithms, Trans. Amer. Math. Soc. 336 (1993) 363-387.

31



[30]

[31]

[36]

37]

[38]

[45]
[46]

[47]

[48]

[49]

P. L. Ivankov, Arithmetic properties of values of hypergeometric functions, Mat. Sh. 182 (1991) 283-302; English
translation in Math. USSR-Sb. 72 (1992) 267-286.

H. Jager, A multidimensional generalization of the Padé table. I, I, I, IV, V, VI, Nederl. Ak. Wetenschappen,
67 (1964) 192-249.

G. Lepetit, On the linear independence of values of G-functions, J. Number Theory 219 (2021) 300-343.

K. Mahler, Ein Beweis des Thue-Siegelschen Satzes iiber die Approzimation algebraischer Zahlen fiir binomische
Gleichungen, Math. Ann. 105 (1931) 267-276.

K. Mahler, Perfect systems, Compos. Math. 19 (1968) 95-166.

L. M. Milne-Thomson, The calculus of finite differences, America, Math. Soc., 2000, originally published in
Macmillan Press, 1933.

Yu. Nesterenko, Hermite-Padé approzimants of generalized hypergeometric functions, Mat. Sb. 185, no. 10 (1994)
39-72; English translation in Russian Acad. Sci. Sb. Math. 83 (1995) 189-219.

H. Padé, Sur la représentation approchée d’une fonction par des fractions rationnelles, Ann. Sci. Ecole Norm.
Sup. 9 (1892) 3-93.

H. Padé, Mémoire sur les développements en fractions continues de la fonction exponentielle, pouvant servir

d’introduction a la théorie des fractions continues algébriques, Ann. Sci. Ecole Norm. Sup. 16 (1899) 395-426.
M. Pituk, Asymptotic behavior of a Poincaré recurrence system, J. Approx. Theory 91 (2) (1997) 226-243.
O. Ramaré and R. Rumely, Primes in arithmetic progressions, Math. Comp. 65 (213) (1996) 397-425.

J. H. Rickert, Simultaneous rational approrimations and related diophantine equations, Math. Proc. Cambridge
Philos. Soc. 113 (1993) 461-472.

D. Roy, On Schmidt and Summerer parametric geometry of numbers, Ann. of Math. 182 (2015) 739-786.

W. M. Schmidt and L. Summerer, Parametric geometry of numbers and applications, Acta Arith. 140 (2009)
67-91.

W. M. Schmidt and L. Summerer, Diophantine approrimation and parametric geometry of numbers, Monatsh.
Math. 169 (2013) 51-104.

C. Siegel, Transcendental Numbers, Annals of Mathematics Studies 16, Princeton Univ. Press, 1950.
L. F. Slater, Generalized Hypergeometric Functions, Cambridge Univ. Press, 1966.

K. Véédnénen, On linear forms of a certain class of G-functions and p-adic G-functions, Acta Arith. 36 (1980)
273-295.

K. Vidnanen, On a result of Fel’dman on linear forms in the values of some E-functions, Ramanujan J. 48 (2019)
33-46.

C. Viola and W. Zudilin, Linear independence of dilogarithmic values, J. Reine Angew. Math. 736 (2018) 193-223.

32



[50] P. Voutier, Rational approzimations toy/2 and other algebraic numbers revisited, J. Théor. Nombres Bordeaux

19, no. 1 (2007) 263-288.

[61] U. Zannier, Hyperelliptic continued fractions and generalized Jacobians, Amer. J. Math. 141 (2019) 1-40.

[52] W. Zudilin, On a measure of irrationality for values of G-functions, Izv. Ross. Akad. Nauk Ser. Mat. 60 no. 1
(1996) 87-114; English translation in Izv. Math. 60 (1996) 91-118.

Poéls, Anthony,
poels.anthony@nihon-u.ac.jp
Department of Mathematics
College of Science & Technology
Nihon University

Kanda, Chiyoda, Tokyo
101-8308, Japan

33

Makoto Kawashima,
kawashima.makoto@nihon-u.ac.jp
Department of Liberal Arts

and Basic Sciences

College of Industrial Engineering
Nihon University

Izumi-chou, Narashino, Chiba
275-8575, Japan



	Introduction
	Notation and main result
	Explicit construction of Padé approximants and Poincaré-type recurrence
	Denominator of quotients of Pochhammer symbols and related estimates
	Proof of the main theorem
	Parametric geometry of numbers
	Effective Poincaré-Perron theorem
	Examples
	Algebraic binomial case

